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Localising finite algebras

e (finite, nonempty) algebras A = (A; F), where
FCOu= U A4

nelN
@ analysis up to term equivalence, i.e. equality of

Clo (A) = Term (A)
@ restriction of algebras to subsets U C A

Aly = <u {frua,f feClo(A) A F[UTf] C u}>
@ in fact, not ordinary subsets,

Definition (neighbourhood)
U € NeighA <= U = e|A] for some
T% %eslgenem A o= {g%gclx%(w:)l ﬁ dls\gbuqvega}\ces using RST slide 4 of 19
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Localising finite algebras via relations

@ relational counterpart A = (A; Inv A), where
InvA:= | J SubA”

mG]N+
@ restriction to neighbourhoods U € Neigh A
Aly = (U;{Slu| SelInvA}), where S|y :=Sn U™

@ corresponds to Aly.
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Separating invariant relations

Definition (Separation, Cover)
Lletme Ny, S, T e lnv™A := SubA™,
V € Neigh A and &/ C NeighA.
@ V separates Sand T iff S|y # Tly. (STy :=SnVvm)
® U separates Sand T iff 3U e U: U separates Sand T
(i.e. STU 75 Tfu)
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Separating invariant relations T

Definition (Separation, Cover)
Lletme Ny, S, T e lnv™A := SubA™,
V € Neigh A and &/ C NeighA.
@ V separates Sand T iff S|y # Tly. (STy :=SnVvm)
® U separates Sand T iff 3U e U: U separates Sand T
(|e Sfu 75 Tfu)
@ U/ € Cov (A) iff U covers A iff every nonidentical pair
S, T elnvA, S+ T', ¢ € N, is separated by U:

Gty —  AUeY: Ty = V.
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Characterisation of covers Cft)J

Theorem (Kearnes, A. Szendrei, 2001)

Let A be a finite algebra and E C ldem A. Set
U:={ime| ec E}. Tfae.:

@ U coversA.
@ JgecNie,..., eq € E3gy, ..., gq € CloV (A)
3)\6C|O(Q)(A) )‘O(e1og1/-'-,eqogq):idA.
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Characterisation of covers Cft)J

Theorem (Kearnes, A. Szendrei, 2001)
Let A be a finite algebra and E C ldem A. Set
U:={ime| ec E}. Tfa.e.:
@ U covers A.
@ JgeNie,..., eq€ Edg, ..., gq € Clo" (A)
AN e Clo@ (A): Ao(ejogi,...,eq00q) =ida.
© JgeIN3(Uy,...,Uy) eU9: A isaretract of
AJy, x --- x AJy,, I.e. there are relational morphisms
such that

q
A 1Al LA FA) commutes.

1a

~
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Benefit of covers

@ decomposition equation = way to globalisation
Ao(ej009,...,6q00q) =ida
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q
@ A< []Al,

=1
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@ decomposition equation = way to globalisation
Ao(e1009,...,6q00g) =idp

q
@ ALTAlL, & B Al
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Benefit of covers

@ decomposition equation = way to globalisation
Ao(e1009,...,6q00g) =idp

a
@ A< [[Al, « ®,A|

=1

© VarA = Var (9, Al
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When localisation is useless . ..

A irreducible, iff every cover U C Neigh A contains A € U. I
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When localisation is useless . ..

A irreducible, iff every cover U C Neigh A contains A € U. l

U € Neigh A irreducible :<= A|y irreducible.
Irr (A) := {U € NeighA | Uis irreducible}.
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Better localisations—refinement of covers

Fori,V € Cov (A):
V <,ef U quasiorder
~—=VVeyvileld: VCU

refinement-minimal A irredundant <=: U € Cov (A) nonrefinable
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Existence and uniqueness of covers

Theorem (Kearnes, A. Szendrei, 2001, MB, 2009)

Every finite algebra A has got exactly one nonrefinable cover
U up to isomorphism.

Furthermore, all neighbourhoods inU are irreducible.

This does not clarify the structure of such a cover precisely.

Theorem (MB, FMS, 2011)

The unique nonrefinable cover of a finite algebra A consists
of a system of =-representatives of the maximal strictly
irreducible neighbourhoods of A.



















Definition

Let U, V € NeighA.
e U=V <= AJy=AJy (indexed by Inv A)
e UZV :=3JWeNeighA: U=ZW CV

Lemma
LetS, T € Invi™A, U € NeighA.
@ (NeighA, 3) is a quasiordered set.
e Afinite = T Ng==.
e UZVei3fgecCo (A)( f[ACVg[A CUand
Yu e U( g(f(u)) = u)).
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Q Polynomial expansions of distributive lattices
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Polynomial expansions?

A= (AF) ~ AA_<AFU{()‘a6A}>
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Polynomial expansions?

A= (AF) ~ Ay= <A;FU{C§O)‘ aeA}>

A finite = polynomial operations instead of term op's.
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Neighbourhoods of distributive lattices

Definition
D = (D; A, V) (distributive) lattice, a, b € D. Set
eap(X) :=aV (bAx)forx e D.

Lemma
For bounded distributive lattices D
© Clo" (Dp) = ldemDp = {e,, | a b e D}

={ezp| a< b} CHom(D,D)

Q@ ime,p,=[a aVvb
© NeighDp={[a b]| abe D a< b}
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Irreducibility of distributive lattices

A finite algebra A is irreducible iff
Clo™ (A)\ Sym A € Sub (A4).
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Irreducibility of distributive lattices

Lemma (irreducibility criterion)

A f/n/z‘e algebra A is irreducible iff
Clo"! ( )\ Sym A € Sub (AA)

Lemma
For bounded distributive lattices D
@ Clo") (Dp)\ SymD = { s | (a b) € D2\ {(0,1)}}

© D finite: Dp irreducible <= 0 A-irreducible and (5

1 \/-irreducible D

0

V.
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Strictly irreducible neighbourhoods

Proposition
For a finite distributive lattice D, we have

Ir* (Dp) = Irr (Dp) = {[a, bl ‘ a<b,a\[-ir, b \-irr. in|a, ]}

4

Proof.
Lleta< b, U:=imezp = [a b]. Then e;p € Hom (D,D) = Dp|y = Uy|u.

Uirr. inDp <= Dp|y =Uyl|yir. <= Uy irr. polyn. exp. of U = [a, b]p
< a\/-m, b /\-ir. in [a, blp.
€,p € Hom (D,D) —

tu: Iv™Dp —s Inv(™Dp|y complete lattice hom.
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Proposition
For a finite distributive lattice D, we have

Ir* (Dp) = Irr (Dp) = {[a, bl ‘ a<b,a\[-ir, b \-irr. in|a, ]}

4

Proof.
Lleta< b, U:=imezp = [a b]. Then e;p € Hom (D,D) = Dp|y = Uy|u.

Uirr. inDp <= Dp|y =Uyl|yir. <= Uy irr. polyn. exp. of U = [a, b]p
> a\/[-ir, b /\-irr.in [a, blp.
€,p € Hom (D,D) —
tu: Iv™Dp —s Inv(™Dp|y complete lattice hom.

[demDp € Hom (D,D) = Irr* (Dp) = Irr (Dp) O
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Lemma (Characterisation of isomorphic neighbourhoods)
Let D be a bounded distributive lattice, a < b, ¢ < d. Then

[a, b] = [c, d] iff one of the following cases is true
@ a2<c b<dandf g are inverse lattice hom's

f: [ab] — J[cd g: [cd — lab
X +— XxVc' y +— VyADb

@ a>c b>dandf g are inverse lattice hom's

f: [ab] — J[cd g: [cd — J[ab]
X +— XAd’ y +——> yVva

10
ZQJ);*
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Toy example
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