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Introduction Piecewise testable languages
Examples

Definition

Let w € A*. Aword a;...a; € A* is a subword of w if
dvo, vi,..., v € A, such that w = wpaiviaz ... av,.
Notation: a1...a < w

Kamilla Katai-Urban k-piecewise testable languages



Introduction Piecewise testable languages
Examples

Definition

Let w € A*. Aword a;...a; € A* is a subword of w if
dvo, vi,..., v € A, such that w = wpaiviaz ... av,.
Notation: a1...a < w

Ci(w) = {u € A*: uis a subword of w, |u| < k}.
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Introduction Piecewise testable languages
Examples

Definition

Let w € A*. Aword a;...a; € A* is a subword of w if
dvo, vi,..., v € A, such that w = wpaiviaz ... av,.
Notation: a1...a < w

Ci(w) = {u € A*: uis a subword of w, |u| < k}.

Definition

Let u,v € A*, k € N. u~yv < Ce(u) = Ci(v).
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Introduction Piecewise testable languages
Examples

Piecewise testable languages

Definition

L is a k-piecewise testable language iff it is the union of ~ classes.
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Introduction Piecewise testable languages
Examples

Piecewise testable languages

Definition

L is a k-piecewise testable language iff it is the union of ~ classes.

Definition

L is a piecewise testable language iff 3k € N such that it is the
union of ~y classes.
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Introduction Piecewise testable languages
Examples

Piecewise testable languages

Definition

L is a k-piecewise testable language iff it is the union of ~ classes.

Definition

L is a piecewise testable language iff 3k € N such that it is the
union of ~y classes.
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Introduction Piecewise testable languages
Examples

Piecewise testable languages

Definition

L is a k-piecewise testable language iff it is the union of ~ classes.

Definition

L is a piecewise testable language iff 3k € N such that it is the
union of ~y classes.

@ V). monoid variety corresponding to k-piecewise testable
languages.
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Introduction Piecewise testable languages
Examples

Piecewise testable languages

Definition

L is a k-piecewise testable language iff it is the union of ~ classes.

Definition

L is a piecewise testable language iff 3k € N such that it is the
union of ~y classes.

@ V). monoid variety corresponding to k-piecewise testable
languages.

@ Fy,: the free monoid in V.
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Introduction Pie estable languages
Examples

Classes of ~

abbacabcababba ~1 cab
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Introduction Pie estable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a, b, c}
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

Kamilla Katai-Urban k-piecewise testable languages



Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’
v/ = babcca ~»o abbcac
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~»
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~» ba
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~» ba|b
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~, ba|b|c
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~» ba|b|c|ca
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~» ba|b|c|ca ~» ab|b|c|ac
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~; ba|b|c|ca ~2 ab|b|clac =V  normal form
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~; ba|b|c|ca ~2 ab|b|clac =V  normal form

@ w = acababa
Gy(w) ={a, b, c, ac, aa, ab, ca, cb, ba, bb}
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~; ba|b|c|ca ~2 ab|b|clac =V  normal form

@ w = acababa
Gy(w) ={a, b, c, ac, aa, ab, ca, cb, ba, bb}

w = acababa ~; a||cb|ab
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Introduction Piecewise testable languages
Examples

Classes of ~

abbacabcababba ~1 cab Ci(w) ={a,b,c} content of w

@ v = baabcacca
Gy(v) ={a, b, c, ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ~» babcca = v’

v/ = babcca ~»o abbcac v/ is not a normal form

v = baabcacca ~; ba|b|c|ca ~2 ab|b|clac =V  normal form

@ w = acababa
Gy(w) ={a, b, c, ac, aa, ab, ca, cb, ba, bb}

w = acababa ~; al||cb|ab = acbab=w  normal form
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Definition
aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Definition
aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example

w = acababa
G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example
w = acababa
G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}

B(a) = {a},
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example
w = acababa
G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}

B(a) ={a}, B(b) ={b,c}
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example
w = acababa
G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}
B(a) ={a}, B(b) ={b,c}
B(a) < B(b)
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example

w = acababa

G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}
B(a) ={a}, B(b) ={b,c}

B; = B(a) < B(b)
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example

w = acababa

G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}
B(a) ={a}, B(b) ={b,c}

B = B(a) =< B(b) =B
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

aob < {x: ax <w} ={x: bx < w} (a, b,x € A)
B(a): o class of a.

B(a) < B(c) & {x: ex <w} C {x: ax < w}
complete ordering

Example

w = acababa

G (w) = {a, b, c,ac, aa, ab, ca, cb, ba, bb}
B(a) = {a}, B(b) ={b,c}
31:B(Q)<B(b)232:>ia:1, ip = ic = 2.
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Example (cont.)

w = acababa

G (w) ={a, b, c,ac, ab, aa, ca, cb, ba, bb}
Bi={a}, By={bcl=iy=1, ip=i =2.
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Example (cont.)

w = acababa

G (w) ={a, b, c,ac, ab, aa, ca, cb, ba, bb}
Bi={a}, By={bc}=ir=1, ip=i.=2.
{x: xa<w}={ab,c}

{x: xb <w}={ab,c}
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Example (cont.)

w = acababa

G (w) ={a, b, c,ac, ab, aa, ca, cb, ba, bb}
Bi={a}, By={bc}=ir=1, ip=i.=2.
{x:xa<w}={a,b,c} =B UDBy,
{x:xb<w}={ab,c}=BUBy,
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Example (cont.)

w = acababa

G (w) ={a, b, c,ac, ab, aa, ca, cb, ba, bb}
Bi={a}, By={bc}=ir=1, ip=i. =2
{x:xa<w}={a,b,c} =B UDBy,
{x:xb<w}={ab,c}=BUBy,
{y:yc<w}={a} =B
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Example (cont.)

w = acababa

G (w) ={a, b, c,ac, ab, aa, ca, cb, ba, bb}
Bi={a}, By={bc}=ir=1, ip=i. =2
{x:xa<w}={a,b,c} =B UDBy,
{x:xb<w}={ab,c}=BUBy,
{y:yc<w}={a} =B

=Ja=Jp=2, jo=1
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

Example (cont.)

w = acababa

G (w) ={a, b, c,ac, ab, aa, ca, cb, ba, bb}
Bi={a}, By={bc}=ir=1, ip=i. =2
{x:xa<w}={a,b,c} =B UDBy,
{x:xb<w}={ab,c}=BUBy,
{y:yc<w}={a} =B

=Ja=Jp=2, jo=1

If a letter x occurs only once, then j, = ix — 1, otherwise iy < jy. J
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Word problem
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

Word problem
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

Word problem
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Normal form for k=2

Normal form for k=3

Word problem

Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,
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Normal form for k=2
Normal form for k=3

Word problem

Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa
=1 Jje=1ip=ic =2, j=jp=2.
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Normal form for k=2
Normal form for k=3

Word problem

Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa
=1 Jje=1ip=ic =2, j=jp=2.
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa
=1 Jje=1ip=ic =2, j=jp=2.
W].:al
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa
=1 jc=1ip=ic=2, ja=jp =2
wi=a, je=1but2=1i.%jc=vi=0.
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

=1 jc=1ip=ic=2, ja=jp =2
wi=a, je=1but2=1i.%jc=vi=0.
W2:Cb,
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

=L je=1 ip=ic=2, a=Jp =2
wi=a, je=1but2=1i.%jc=vi=0.
wy = cb, ja:jb:2:>v2:ab.
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

ia:]-v.jC:]-a ib:iczzaja:jb:z
wi=a, je=1but2=1i.%jc=vi=0.
W2:Cb, ja:jb:2:>v2:ab.

w=a
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

ia:]-v.jC:]-a ib:iczzaja:jb:z
wi=a, je=1but2=1i.%jc=vi=0.
W2:Cb, ja:jb:2:>v2:ab.

w = al|
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

ia:]-v.jC:]-a ib:iczzaja:jb:z
wi=a, je=1but2=1i.%jc=vi=0.
W2:Cb, ja:jb:2:>v2:ab.

w = al|cb
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

ia:1, jczl, ib:iczza ja:jb:2-
wi=a, je=1but2=1i.%jc=vi=0.
W2:Cb, ja:jb:2:>v2:ab.

w = al||cblab
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Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w € Fy,

Q Identify By, ..., Bz, in order.

@ B; ~~ w;: a letter in B; occurring just once in w placed first,
and after it the remaining letters in B; in alphabetical order.

@ v, (i=1,...,t): the product of all letters a with i, < j, =i,
ordered alphabetically.

Word problem

@ The normal form W := wiviws . .. Wi Vs,

Example (cont. (cont.))

w = acababa

ia:]-v.jC:]-a ib:iczzaja:jb:z
wi=a, je=1but2=1i.%jc=vi=0.
W2:Cb, ja:jb:2:>v2:ab.

w = al||cb|ab = acbab.

Kamilla Katai-Urban k-piecewise testable languages



Normal form for k=2
Normal form for k=3
Free spectra

Word problem

1| as ar
J
a
a
2 a6 4
3| a1 as
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

0
1| a5 ar
J
a
2 a6 as
3| a1 as
1 2 3

W = 31323535
w1
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Normal form for k=2
Normal form for k=3

Free spectra

Word problem

0
1| a5 ar
J
a
2 a6 as
3| a1 as
1 2 3

W = a1acasagas
wi w1
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

0
1| a5 ar
J
a
2 a6 as
3| a1 as
1 2 3

;
W = a1asasagasarzas
wip vi w2
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

0
1| a5 ar
J
a
2 a6 as
3| a1 as
1 2 3

;
W = a1ad2a53pa5d743a236
wip vi w2 V2
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

0
1| a5 ar
J
a
2 a6 aa
3| a1 as
1 2 3

;
W = a1acasapgasd7azazaeds
wip vi w2 vo W3
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

0
1| a5 ar
J
a
2 a6 aa
3 a1 as
1 2 3

;
W = a1323536a5a73332d6343133
Wi vi w2 Vo W3 V3
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J
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Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}. J

Kamilla Katai-Urban k-piecewise testable languages



Normal form for k=2
Normal form for k=3

Word problem Free spectra

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}.

B={bi,...,b:}, w=ubj...bv.
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Normal form for k=2
Normal form for k=3

Word problem Free spectra

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}.

B={bi,...,b:}, w=ubj...bv.

Kamilla Katai-Urban k-piecewise testable languages



Normal form for k=2
Normal form for k=3
Free spectra

Word problem

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}.

B={bi,...,b:}, w=ubj...bv.
v: normal form of v in Fy,.
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Normal form for k=2
Normal form for k=3

Word problem Free spectra

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}.

Main Step

B={bi,...,b:}, w=ubj...bv.
v: normal form of v in Fy,.
vg: the subword of v — first occurences of the elements of B.
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Normal form for k=2
Normal form for k=3

Word problem Free spectra

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp J

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}.

Main Step

B={bi,...,b:}, w=ubj...bv.

v: normal form of v in Fy,.

vg: the subword of v — first occurences of the elements of B.
wp = uvpv ~3 W.
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Normal form for k=2
Normal form for k=3

Word problem Free spectra

Normal form in Fy,

d1d2d3d2d44d2 ...d24dp

M—

a and b in block B iff
{xrax <w}U{xy:axy <w} = {x: bx <w}U{xy: bxy < w}.

Main Step

B={bi,...,b:}, w=ubj...bv.

v: normal form of v in Fy,.

vg: the subword of v — first occurences of the elements of B.
wp = uvpv ~3 W.

Note

In this step we eliminate a subword and replace it with a word
containig only the letters of the block B.
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition
The sequence |Fy, (n)|, n=1,2,... is called the free spectra of
the variety V.
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition
The sequence |Fy, (n)|, n=1,2,... is called the free spectra of

the variety V.

|Fy,(n)| = the number of ~ classes of words on at most n Ietters.J
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition
The sequence |Fy, (n)|, n=1,2,... is called the free spectra of

the variety V.

= the number of ~ classes of words on at most n Ietters.J

|Fv.(n)

|Fyv(n)] = 2"
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition
The sequence |Fy, (n)|, n=1,2,... is called the free spectra of

the variety V.

= the number of ~ classes of words on at most n Ietters.J

|Fv.(n)

[Fv(n)| =2" = log|Fv,(n)| = ©(n).
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition

The sequence |Fy, (n)|, n=1,2,... is called the free spectra of
the variety V.

|Fy,(n)| = the number of ~ classes of words on at most n Ietters.J

[Fv(n)| =2" = log|Fv,(n)| = ©(n).
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition

The sequence |Fy, (n)|, n=1,2,... is called the free spectra of
the variety V.

|Fy,(n)| = the number of ~ classes of words on at most n Ietters.J

[Fv(n)| =2" = log|Fv,(n)| = ©(n).

w o~ W G(w) = G(w).
|[Fuy(n)] < (n+1)%"
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition

The sequence |Fy, (n)|, n=1,2,... is called the free spectra of
the variety V.

|Fy,(n)| = the number of ~ classes of words on at most n Ietters.J

[Fv(n)| =2" = log|Fv,(n)| = ©(n).

w o~ W G(w) = G(w).
nt < |Fy,(n)] < (n+1)%
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Definition

The sequence |Fy, (n)|, n=1,2,... is called the free spectra of
the variety V.

|Fy,(n)| = the number of ~ classes of words on at most n Ietters.J

[Fv(n)| =2" = log|Fv,(n)| = ©(n).

w o~ W G(w) = G(w).
nl < |Fy(n)] < (n+1)>" = log|Fy,(n)] =©(nlogn).
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Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Theorem (K., Pach, Pluhdr, Pongracz, Szabd)

Let |Fy,(n)| denote the size of the n-generated free monoid in V)

o(nkt1)/2) " if k is odd,
©(n*/?logn), if k is even,

log |Fv, (n)| = {

Kamilla Katai-Urban k-piecewise testable languages



Normal form for k=2
Normal form for k=3

Word problem Free speaie

Free spectra

Theorem (K., Pach, Pluhdr, Pongracz, Szabd)

Let |Fy,(n)| denote the size of the n-generated free monoid in V)

o(nkt1)/2) " if k is odd,
©(n*/?logn), if k is even,

log |Fv, (n)| = {

where O(f) = g if 3di, da such that dy - g(n) < f(n) < d> - g(n).
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