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Automorphism groups of Fraissé limits

Questions:
@ Probabilistic construction
o Simplicity of the automorphism group
o Small index property
o Bergman property
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Automorphism groups of Fraissé limits

Questions:
@ Probabilistic construction
o Simplicity of the automorphism group
o Small index property
o Bergman property

A helpful assumption: Aut(F) is oligomorphic

Contrast: rational Urysohn space
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Automorphism groups of Fraissé limits

We would like to consider some of these questions but in the setting
where Aut(F) is not oligomorphic.

Our starting point: labeled graphs

The requirement that Aut(F) be oligomorphic will be replaced by other
types finiteness requirements.
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Labeled structures

L = {R; : i € N} — countable relational language
Ar(L) ={ar(R): R € L}

A relational language L has bounded arity if there is an n € N such that
Ar(L) € {1,2,...,n}.

Definition. An L-structure A is labeled if for every n € Ar(L) and every
a € A" there exists exactly one R € L, such that A = R(a).

An L-structure A is partially labeled if for every n € Ar(L) and every
a € A" there exists at most one R € L, such that A = R(a).
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Labeled structures

Definition. A labeled L-structure A* is a filling of a partially labeled
L-structure A if they have the same base set and A < A*.

A class A of partially labeled L-structures has uniform fillings in a class
B of labeled L-structures if there is a mapping

() :A=B

such that for all A,B € A:
o A*is afilling of A, and
o if f is an isomorphism from A onto B, then f is also an
isomorphism from A* onto B*.
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Labeled structures

Our labeled structures may implement certain restrictions expressed
by means of special Horn clauses over L U {#}.

A Horn restriction over L is a Horn clause of the form
® =—(R1(V1) A... ARn(Vn))

where Ry,...,R, € LU{#} and R; € L for at least onei.
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Labeled structures — The setup

Condition (A)
o L — a countable relational language of bounded arity
@ ¥ — a set of Horn restrictions over L
9 X, isfinite for every finite Lo C L
@ Py — the class of all finite partially Ibld L-structures satisfying
0 Ky — the class of all labeled structures in Py
o forall A/B € Ks: AUB € Py
o forall A)B,C € Kyx: B Up C belongs to Ps;
@ Py has uniform fillings in Ks.

Fact. s is a Fraissé class.
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Example: Graphs

L= {RO('v ')a Rl('a )}

Y —Ry(x,x)
=(R1(X,¥) ARo(y,x) AX #Y)
Uniform fillings:
o if (a,a) is not labeled in G, label it by Ry;
o if Ry(a,b) but (b, a) is unlabeled, label (b, a) by Ry;
o if neither (a, b) nor (b, a) are labeled, label both by Ry.
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Example: Ky,-free graphs

L= {RO('7 ')a Rl('v )}
Y =Ri(X,X)
~(R1(X,y) ARo(y,X) AX #Y)
- <A1<i<j<m (Xi 7 % AR1(Xi, %) A Rl(Xj,Xi)))

Uniform fillings:
o if (a,a) is not labeled in G, label it by Ro;
o if Ry(a,b) but (b, a) is unlabeled, label (b, a) by Ry;
o if neither (a, b) nor (b, a) are labeled, label both by Ry.
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Example: Edge-colored graphs

| — a nonempty countable set
0 € | — arbitrary but fixed

L = {Ro(~) :b e 1}

Y, —Rp(x,x)forallb eI\ {0}
—(Rp(X,¥) ARc(y,x)Ax #y)forallb,cels.t.b#c

Uniform fillings:
symmetrize, label every unlabeled tuple by Rg.
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Example: Metric spaces with rational distances

Limet = {Dq g e Q>O}

2 met : _‘(X #FY A DO(X7Y))
—Dq(x,x) foreveryqg € Qs.t.q >0

—(Dp(X,Y) ADq(y,x)) forallp,q € Q*°s.t. p #q

—(Dg, (u1,V1) A ... A Dg,(Un,Vn) A Dg,(Uo, Vo)),
forallqo,q1,...,9n € Q@s.t. 4o,d1,...,qn >0
and qo > Q1 + ...+ gn, and all possible choices
(ui,vi) € {(X_1,%i), (Xi,Xj_1)} where 1 <i <n
and (up, Vo) € {(Xo, Xn), (Xn, X0)}

Uniform fillings: nontrivial, but obvious

Dragan MasSulovi¢ and Igor Dolinka (UNS) Labeled structures

17 Mar 2012 11/23



(@Q.<)
[up to 1-dim bi-interpretability]



The small index property

G = Aut(F) has the small index property if, for every H < G:
H is openifand only if (G : H) < 2¢
Theorem. Assume that (A) holds and let Ky be the Fraissé limit of K.

Then Ky has ample generic automorphisms, and therefore it has the
small index property.

cf. A. S. Kechris, C. Rosendal: Turbulence, amalgamation, and

generic automorphisms of homogeneous structures, Proc. London
Math. Soc. (3) 94 (2007) 302-350.
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The small index property

Consequently, the following Fraissé limits have the small index
property:
o the random graph R (proved by W. Hodges, |. Hodkinson,
D. Lascar, S. Shelah 1993),
o the Henson graph Hm, m > 3 (proved by Herwig 1998),
o the edge-colored random graph over a countable set of colors | (if

| is finite, the strong small index property was proved by Cameron
and Tarzi),

o the random deterministic transition system over a countable set of
transitions |,

o the random I-fuzzy graph, where | is a countable bounded
meet-semilattice,

o the rational Urysohn space, and the Urysohn sphere of radius 1
(follows from the results of Kechris and Rosendal 2007, Solecki
2005).
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The Bergman property

An infinite group G has the Bergman property if for any generating
subset E C G such that 1 € E = E~ we have G = EX for some
positive integer k.

Droste, Gobel 2005:
strong uncountable cofinality = Bergman property
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The Bergman property

Condition (A+) Assume that (A) holds, and that there is a uniform
filling (-)* : Px — Ky such that:
o forallA;B,C,D € Ky suchthatCNnD =g, iff : C — Aand
g:D—B,thenfug:(CuD)"— (AUB)* and

o for all pairwise disjoint A,B, C € Ky we have
(AuB)*UC)*=(Au(BULC) )™

Example. Metric spaces with rational distances do not fulfill (A+), but if
the distances are bounded by 1, then (A+) holds.
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The Bergman property

Theorem. Assume that (A+) holds and let Ky be the Fraissé limit of

Ksx. Then Aut(Kx) has [strong uncountable cofinality, and
consequently] the Bergman property.

cf. C. Rosendal: A topological version of the Bergman property,
Forum Math. 21 (2009) 299-332.
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The Bergman property

The automorphism groups of the following Fraissé limits have the
Bergman property:
o the random graph R (Kechris and Rosendal 2007),
o the Henson graph #Hn», m > 3 (Kechris and Rosendal 2007),
o the edge-colored random graph over a cntbl set of colors I,

o the random deterministic transition system over a countable set of
transitions I,

o the random I-fuzzy graph, where | is a countable bounded
meet-semilattice, and

o the Urysohn sphere of radius 1 (Rosendal 2009).
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A general probabilistic construction

Recall: s is a Fraissé class, so let Ks be its Fraissé limit.
pn(-) — prob measure on Ly s. t. un(R) > 0 for all R € Ly

We start with &g = @ € Px

Given a labeled L-structure ¢, € Py with the base set {a;,...,an} we
construct ¢,,1 € Ky C Py with the base set {a;,...,an,an+1} as
follows.
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A general probabilistic construction

Step 1. Choose a new point a1 ¢ ®n, let <D,(32

an+1 IS an isolated point. NB: ¢§821 € Ps.

1 = ®nU{any1} where

Step 2. Arrange all admissible words over the alphabet {a;,...,an:1}
in a cunning manner:

ag,... ,5|1,§|1+1,... ,§|2,...7§|n+1,... , am
———

Wo Wy Wh
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A general probabilistic construction

(j+1)

Step 3. Foreachj € {0,...,m — 1} we take CD( ) 41 and construct &,

on the same base set as follows.

Let k be the length of the tuple & 1, which is a tuple that contains an 1

and is not labeled in <1>§H)rl Let

Mi;1={R €Lk : ¢£11<R Qj41) < Vfor some ¥ € Ky
with the same base set as ‘D(J+1}

Clearly, Mj11 # @, so choose R € M;, 1 with probability 4 (R | Mj;1)

+1 =
and let ¢ﬂ+1) = d>f]‘)+l<R,aj+1>.
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A general probabilistic construction

Step 4. By the construction, ¢§]Tr)l is a labeled structure. Therefore,

o™ € Kz, and we set ®p 1 = ).

Then ¢, < ¢, < ... s an increasing chain of L-structures from Ky
whose limit & = | J;-; ®; is Ks.
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A general probabilistic construction

Vershik — a probabilistic construction of the rational Urysohn space.

Vershik constructs successive one-point extensions of finite metric
spaces, using probabilities assigned to entire one-point extensions.
These probability measures can be seen as “outer” measures since
they take into account complete structures.

We can specialize the above general probabilistic construction to
metric spaces and thus obtain an “inner” probabilistic construction of
the rational Urysohn space which is more in the fashion of Erdés and
Rényi’s probabilistic construction of R.
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