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Compatible relations — congruences, quasiorders
(A, F) universal algebra
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Compatible relations — congruences, quasiorders

(A, F) universal algebra
compatible (invariant) relation g C A x A:
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Compatible relations — congruences, quasiorders

(A, F) universal algebra
compatible (invariant) relation g C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.

(al, bl), ey (an, bn) cq — (f(al, e a,,)7 f(bl, ceey bn)) €q.
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Compatible relations — congruences, quasiorders

(A, F) universal algebra
compatible (invariant) relation g C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.

(al, bl), ceey (am bn) cq — (f(al, e a,,)7 f(bl, ceey bn)) €q.

Con(A, F) compatible equivalence relations = congruences
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)
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Compatible relations — congruences, quasiorders

(A, F) universal algebra
compatible (invariant) relation g C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.

(a1,b1),...,(an,bn) € ¢ = (f(a1,...,an),f(b1,...,bn)) €q.

Con(A, F) compatible equivalence relations = congruences
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)
Generalization of Pord(A, F) and Con(A, F):

Quord(A, F) compatible quasiorders (reflexive, transitive)
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Compatible relations — congruences, quasiorders
(A, F) universal algebra
compatible (invariant) relation g C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.

(a1,b1),...,(an,bn) € ¢ = (f(a1,...,an),f(b1,...,bn)) €q.
Con(A, F) compatible equivalence relations = congruences
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)
Generalization of Pord(A, F) and Con(A, F):
Quord(A, F) compatible quasiorders (reflexive, transitive)

Remark
(Con(A, F),C) is a lattice and it is a complete sublattice of the
lattice (Eq(A), ©) of all equivalence relations on A.
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Compatible relations — congruences, quasiorders
(A, F) universal algebra
compatible (invariant) relation g C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.
(a1,b1),...,(an,bn) € ¢ = (f(a1,...,an),f(b1,...,bn)) €q.
Con(A, F) compatible equivalence relations = congruences
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)
Generalization of Pord(A, F) and Con(A, F):
Quord(A, F) compatible quasiorders (reflexive, transitive)
Remark

(Con(A, F),C) is a lattice and it is a complete sublattice of the
lattice (Eq(A), ©) of all equivalence relations on A.

Problem
Describe the lattice
& = ({Con(A, F) | F set of operations on A}, C).
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Compatible relations — congruences, quasiorders
(A, F) universal algebra
compatible (invariant) relation g C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.

(a1,b1),...,(an,bn) € ¢ = (f(a1,...,an),f(b1,...,bn)) €q.
Con(A, F) compatible equivalence relations = congruences
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)

Generalization of Pord(A, F) and Con(A, F):
Quord(A, F) compatible quasiorders (reflexive, transitive)

Remark
(Con(A, F),C) is a lattice and it is a complete sublattice of the
lattice (Eq(A), ©) of all equivalence relations on A.

Problem

Describe the lattice

& = ({Con(A, F) | F set of operations on A}, C).
(in particular atoms and coatoms)
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Reduction to (mono)unary algebras

H := unary polynomial operations of (A, F) (i.e. H= (FuU C)M).
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Reduction to (mono)unary algebras
H := unary polynomial operations of (A, F) (i.e. H= (F U C)().
It is well-known that

Con(A, F) = Con(A, H)

Con(A, H) = () Con(A, f).
feH
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Reduction to (mono)unary algebras

H := unary polynomial operations of (A, F) (i.e. H= (F U C)().
It is well-known that

Con(A, F) = Con(A, H)

Con(A, H) = () Con(A, f).
feH

Thus & = ({Con(A, H) | H < A%}, Q).

Description of &: look for V- and A-irreducible elements,
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H := unary polynomial operations of (A, F) (i.e. H= (F U C)().
It is well-known that

Con(A, F> = Con(A, H)

Con(A ﬂ Con(A, f).
feH

Thus & = ({Con(A, H) | H < A%}, Q).

Description of &: look for V- and A-irreducible elements,
here only atoms and coatoms.
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Reduction to (mono)unary algebras

H := unary polynomial operations of (A, F) (i.e. H= (F U C)().
It is well-known that

Con(A, F> = Con(A, H)

Con(A ﬂ Con(A, f).
feH

Thus & = ({Con(A, H) | H < A%}, Q).

Description of &: look for V- and A-irreducible elements,
here only atoms and coatoms.

Remark: End — Con is a Galois connection (induced by ).
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What are the V-irreducibles?

»xe€l:=Con(A,H) = HCEnd»x =

Con(A, H) D Con(A,End ) = L =1J,,., Con(A, End x).

nel
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What are the V-irreducibles?
»xe€l:=Con(A,H) = HCEnd»x =
Con(A, H) 2 Con(A,Endx) = L =J,; Con(A,End ).
Thus each V-irreducible element L = Con(A, H) in & is of the form

L, := Con(A, End x) for some s € Con(A).
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»xe€l:=Con(A,H) = HCEnd»x =

Con(A, H) 2 Con(A,Endx) = L =J,; Con(A,End ).

Thus each V-irreducible element L = Con(A, H) in & is of the form
L, := Con(A, End x) for some s € Con(A).

Question: Which ¢ yield V-irreducibles?
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What are the V-irreducibles?
»xe€l:=Con(A,H) = HCEnd»x =
Con(A, H) 2 Con(A,Endx) = L =J,; Con(A,End ).
Thus each V-irreducible element L = Con(A, H) in & is of the form
L,, := Con(A, End 5) for some s € Con(A).

Question: Which ¢ yield V-irreducibles?

Answer: Every nontrivial s
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What are the V-irreducibles?
»we€l:=Con(A,H) = HCEnd» =
Con(A, H) 2 Con(A,Endx) = L =J,; Con(A,End ).
Thus each V-irreducible element L = Con(A, H) in & is of the form
L,, := Con(A, End 5) for some s € Con(A).
Question: Which ¢ yield V-irreducibles?

Answer: Every nontrivial s

Proof: By a result of Pdschel/Radeleczki 2007:
Quord(A, End 5c) = {A, 5, V} for s € Eq(A).

Thus L,, = Con(A, End ) = {A, 5, V} is an atom (since {A,V}
is the only proper sublattice), in particular it is V-irreducible. []
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Summarizing we have (for arbitrary A):

Theorem
The completely V-irreducibles of £ are exactly the congruence
lattices of the form

L, := Con(A,End ») = {A,,V}
where 3 € Eq(A) \ {A, V} is an arbitrary equivalence relation.

Moreover, each V-irreducible is an atom in &, i.e. the lattice € is
atomistic.
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A-irreducibles and coatoms

A-irreducibles, in particular coatoms, are of the form Con(A, f) for
some nontrivial f € AA.
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A-irreducibles and coatoms

A-irreducibles, in particular coatoms, are of the form Con(A, f) for
some nontrivial f € AA.

Which f yield coatoms?
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A-irreducibles and coatoms

A-irreducibles, in particular coatoms, are of the form Con(A, f) for
some nontrivial f € AA.

Which f yield coatoms?

Strategy: search for candidates among the coatoms in the lattice £
of quasiorders lattices Quord(A, f)
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A-irreducibles and coatoms

A-irreducibles, in particular coatoms, are of the form Con(A, f) for
some nontrivial f € AA.

Which f yield coatoms?

Strategy: search for candidates among the coatoms in the lattice £
of quasiorders lattices Quord(A, f) (because these are known).

Why this must work?
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A-irreducibles and coatoms

A-irreducibles, in particular coatoms, are of the form Con(A, f) for
some nontrivial f € AA.

Which f yield coatoms?

Strategy: search for candidates among the coatoms in the lattice £
of quasiorders lattices Quord(A, f) (because these are known).

Why this must work?

Proposition

A lattice L is a coatom in & only if there exist an operation
f € A? such that L = Con(A, f) and Quord(A, f) is a coatom in L.

here £ := {Quord(A, F) | F set of operations on A} is the lattice of
quasiorder lattices
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A-irreducibles and coatoms

A-irreducibles, in particular coatoms, are of the form Con(A, f) for
some nontrivial f € AA.

Which f yield coatoms?

Strategy: search for candidates among the coatoms in the lattice £
of quasiorders lattices Quord(A, f) (because these are known).

Why this must work?

Proposition

A lattice L is a coatom in £ if and only if there exist an operation
f € A? such that L = Con(A, f) and Quord(A, f) is a coatom in L.

here £ := {Quord(A, F) | F set of operations on A} is the lattice of
quasiorder lattices

AAA90, Novi Sad, June, 2015 R. Poschel, Atoms and coatoms in the lattice of congruence lattices (10/16)



Notions and notations V-irreducibles (in particular atoms) of £ Coatoms of £
(e]e] (e]e] 0@00000

Proof (“only if" part)
to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.

Proof. Let L = Con(A, g) be a coatom in £.
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Proof (“only if" part)
to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.
Proof. Let L = Con(A, g) be a coatom in £.

= Con(A,g) # Eq(A) = Quord(A, g) # Quord(A)
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Proof (“only if" part)
to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.
Proof. Let L = Con(A, g) be a coatom in £.
= Con(A,g) # Eq(A) = Quord(A, g) # Quord(A)
= 3 coatom Quord(A, f) in L : Quord(A, g) C Quord(A, f)
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Proof (“only if" part)
to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.
Proof. Let L = Con(A, g) be a coatom in £.
= Con(A, g) # Eq(A) = Quord(A, g) # Quord(A)
= 3 coatom Quord(A, f) in L : Quord(A, g) C Quord(A, f)
= Con(A, g) = Eq(A) N Quord(A, g) C Eq(A) N Quord(A, f) = Con(A, f)
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Proof (“only if" part)

to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.

Proof. Let L = Con(A, g) be a coatom in £.

= Con(A, g) # Eq(A) = Quord(A, g) # Quord(A)

= 3 coatom Quord(A, f) in L : Quord(A, g) C Quord(A, f)

= Con(A, g) = Eq(A) N Quord(A, g) C Eq(A) N Quord(A, f) = Con(A, f)

Con(A, g) is a coatom

= Con(A,g) = Con(A, ) (q.e.d.)
or Con(A, f) = Eq(A)
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Proof (“only if" part)
to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.
Proof. Let L = Con(A, g) be a coatom in £.

= Con(A, g) # Eq(A) = Quord(A, g) # Quord(A)
= 3 coatom Quord(A, f) in L : Quord(A, g) C Quord(A, f)
= Con(A, g) = Eq(A) N Quord(A, g) C Eq(A) N Quord(A, f) = Con(A, f)

Con(A, g) is a coatom

= Con(A,g) = Con(A, ) (q.e.d.)
or Con(A, f) = Eq(A)

the latter is impossible since it would give

{ida} = End Eq(A) = End Con(A, f) D End Quord(A, f)
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Proof (“only if" part)
to show: L coatom of & = L = Con(A, f) for some f with Quord(A, f)
coatom in L.
Proof. Let L = Con(A, g) be a coatom in £.

= Con(A, g) # Eq(A) = Quord(A, g) # Quord(A)
= 3 coatom Quord(A, f) in L : Quord(A, g) C Quord(A, f)
= Con(A, g) = Eq(A) N Quord(A, g) C Eq(A) N Quord(A, f) = Con(A, f)

Con(A, g) is a coatom

= Con(A,g) = Con(A, ) (q.e.d.)
or Con(A, f) = Eq(A)
the latter is impossible since it would give
{ida} = End Eq(A) = End Con(A, f) D End Quord(A, f)

= Quord(A, f) = Quord End Quord(A, f) = Quord{ida} = Quord(A),
a contradiction!
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The coatoms of L

[JPR 2015] (Algebra Universalis, to appear): The coatoms of L are of
the form Quord(A, f) where f : A — A is of one of the following

types:

type 1T

Sl AR type III
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The coatoms of £

Theorem

The coatoms of £ are exactly the congruence lattices of the form
Con(A, f) where f € A is nontrivial (i.e., not constant and not
the identity) and satisfies

(I) f2=f, or
(IT) £2 is a constant, say 0, and |[0]uer | > 3, or

(ITT) fP =ida for some prime p such that the permutation f has at
least two cycles of length p.
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Thank you for?, S

ATTENTION!
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