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Autocommutators. N —autocommutators.

The autocommutator subgroup

Definition

Let G be a group, g € G an element of it, and o € Aut(G)

an automorphism of G. The element

.0l =g

1

- g® € G is called the autocommutator of the

element g with the automorphism «.
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Autocommutators. N'—autocommutators.
The autocommutator subgroup

Definition

Let G be a group, g € G an element of it, and o € Aut(G)
an automorphism of G. The element

[g,0] =g~ 1 g% € G is called the autocommutator of the
element g with the automorphism «.

Remark

The autocommutator [g, ] represents exactly the
commutator in the holomorph Hol(G)(:= G x Aut(G)) of
the elements g and «.
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Definition

Let G be a group and N’ < Aut(G) an automorphism
group of G. The subgroup of G generated by all the
autocommutators of the elements in G with the
automorphisms in N,

GN:[G7N]:<[g7V]‘g€ GaV€N>

is called the N —autocommutator subgroup. In particular,
if V' = Aut(G), the subgroup Gauy(g)y =: K(G) is called
the autocommutator subgroup of the group G.
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Remark

Consider an arbitrary element x € G of the group G, and
ix:G— G:g+—— gk =g*=x"1gx the inner
automorphism associated to x. Then

[ga ’X] = g—lgx = [g,X]

Thus, in the case when N = Inn(G)(the group of all inner
automorphisms of the group G), we obtain that

Glnn(G) =G

, (V)g,x€G.
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The next result follows directly from the definition of
N —autocommutator subgroups.

Proposition

If N1, Na < Aut(G) are two automorphism groups of the
group G, with N1 < N3, then Gp, < Gy,. In particular,

G' < K(G).
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The next result follows directly from the definition of
N —autocommutator subgroups.

Proposition

If N1, Na < Aut(G) are two automorphism groups of the
group G, with N1 < N3, then Gp, < Gy,. In particular,

G' < K(G).

Taking prop.1.5 into account, we deduce the following

Corollary

The autocommutator subgroup K(G) is a normal subgroup
of the group G. Also, the factor group G/K(G) is

commutative.

Some properties of
the
autocommutator
subgroup of a
2—group

M.Chis
West University
Timisoara
C.Chis
USAMVB
Timisoara " King
Michael | of
Romania”

Autocommutators.
N —autocommutatc
The
autocommutator
subgroup



Some properties of
the
autocommutator
subgroup of a
2—group

Proposition M.Chis
West University
Let G be a group. Then K(G) char G. Timisoar
.Chi
USAM\?B
Timisoara " King
Michael | of
Romania”

Autocommutators.
N —autocommutatc
The
autocommutator
subgroup

Finite abelian groups
as autocommutator
subgroups

Finite

sroups with the

autocommutator




Proposition

Let G be a group. Then K(G) char G.

Remark

For g € G and «, 7 € Aut(G) we also have

[g.0] = (g g") =g 7 (&) (&) T =lg"a].
Hence, the image of an autocommutator through an
automorphism is also an autocommutator. The set AC(G)

of all autocommutators of a group is thus invariant to the
action of any automorphism, so that the autocommutator
subgroup K(G) = (AC(G)) is characteristic in G.
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element x € G with respect to the natural action of the Romania”
group Aut(G), the autocommutator subgroup is given by e -

N —autocommutatc
The

K(G) = <X_1.y‘ X7y 6 G7 (EI)O( e AUt(G) . y — Xa> — autocommutator
= (xlyx,y € G,0x=0,) = (x 1y|(Q)g € G : x,y € Op) , "

wherefrom we also immediately find that K(G) char G.



Remark

If G is a finite group of order |G| > 2, then

Aut(G) # {id}, so that K(G) # 1.
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Remark

If G is a finite group of order |G| > 2, then
Aut(G) # {id}, so that K(G) # 1.

Lemma

Let G be a group and H char G with [G : H] = 2.

K(G) < H.
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Lemma
Let T be a group so that there are U,V char T such that
T=UxV. Then K(T) = K(U) x K(V).
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Lemma

Let T be a group so that there are U,V char T such that
T=UxV. Then K(T) = K(U) x K(V).

Proposition

Let G and H two finite groups of coprime orders. Then
K(G x H) = K(G) x K(H).
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Lemma
Let T be a group so that there are U,V char T such that
T=UxV. Then K(T) = K(U) x K(V).

Proposition

Let G and H two finite groups of coprime orders. Then
K(G x H) = K(G) x K(H).

Corollary

Let G be a finite nilpotent group. Then

K(G)= 1[I K(Pp), where Syl,(G) = {Pp}.
pem(G)
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From the remark 1.10 and the corollary 1.14 we then
immediately deduce

Corollary

Let G be a finite nilpotent group, p € 7(G) and
Syl,(G) ={P}. If p=2and P % G, or p > 2, then
p e n(K(G)).

Remark
In the conditions of the corollaries above, if 2 € 7(G), and
P, = G, we find that 2 f|K(G)|. This fact remains valid

also for nonnilpotent groups.
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From the remark 1.10 and the corollary 1.14 we then
immediately deduce

Corollary

Let G be a finite nilpotent group, p € 7(G) and
Syl,(G) ={P}. If p=2and P % G, or p > 2, then
p e n(K(G)).

Remark

In the conditions of the corollaries above, if 2 € 7(G), and
P, = G, we find that 2 f|K(G)|. This fact remains valid
also for nonnilpotent groups.

Proposition
Let G be a finite group of order |G| = 4k + 2, k € N. Then
|K(G)| is odd.
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Remark
A natural question one may raise is now whether for
primes p > 2 the following implication holds

pen(G) = pen(K(G)) ?

Bearing 1.14 in mind, an eventual counterexample would
be given by a nonnilpotent group.
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Example

Let G = (a, bla’” = b® =1, 3" = a?) be a noncommutative
group of order 21. Then G = {a*b'| k = 0,6,/ = 0,2} and
the orders of its elements are:

o(l)=1
o(a¥) =7, (V)k =1,
o(akb') =3, (V)k =

o ow‘
2
—

I
\_b—‘

N
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Since

it follows that for any automorphism « € Aut(G) the

following hold

()7 = ()Y = ()7,

a® € {a"| k =1,6},
b € {ab|i = 0,6} .
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The orbits determined in G by the natural action of the
group Aut(G) of all of its automorphisms are then

Oa — {a7 327 335 34) a57 36} )
Op = {b,ab,a’b,a>b, a*b, a°b, a°b} ,
O = {b?, ab? a%b?, 23b?, a*b?, 3% b?, % b} .

We deduce then that [g,a] € (a), (V)g € G,a € Aut(G), so
that K(G) C (a). Since K(G) # 1, it follows that
K(G) = (a). Hence, even if 3| |G|, we see that 3 J|K(G)
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Proposition
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A legitimate question one may raise is whether the
autocommutator subgroup K(G), generated by the
autocommutators of the elements of the group G with the
automorphisms in Aut(G), consists only of
autocommutators. It is known, in a similar context, that the
commutator subgroup G’ is not always formed just of
commutators of the elements of the group G, even if some
classes of groups are known for which G’ consists only of
commutators. The answer to this question is negative, as
one can see from the next example:
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Some properties of
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E I autocommutator
Xamp € subgroup of a
. 2—group
Let G be the group defined by the presentation
M.Chis
West University

— 4 _ K2 _ 2 42 2 Timi
G—<a,b,c,d,e| a =b=cc=d*=¢e _]_’ ggﬁ;ra

[a,x] = 1,[x,y] = &%, (Y)x,y € {b,c,d,e}) i ing
Michael | of
Romania”

The group G is a group of order |G| = 64, for which Atocommitators
I __ 2\ 2 _ — 2 3 / —autocommuta‘t(

_G —<3>—{1,a.}, Z(G)_<a>_{1.va7ava}f andG/G {r\lfwe

is elementary abelian of order 32. Taking the definig relations  autocommutator

. R subgroup
into account, for any distinct x,y,z,t € {b,c,d, e} we have

() = (2P =a*, x*=(xzt)’ =1
and we conclude immediately that

gl = |a’g| # |ag| = |a’g|, (V)g € G\ Z(G).
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x,y,z € 1{b,c,d,e}}, Supocommutater
(ab)AUt(C) = {ax, a%x, xy, a®xy, xyz, a’xyz, abcde, a°bcde|

X?.y?ZG {b7c7d7e}}'
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The set AC(G) of all autocommutators of the group G is
then

AC(G) = 3

{1, a%, x, ax, a®x, ax, xy, axy, a’xy, a>xy, xyz,
axyz, a’xyz, a>xyz, bcde, abcde, a® bede, a° bede|
x,y,z € {b,c,d,e}} = G\ {a,a’}.

Since |AC(G)| = 62 > 1 - 64 = 1| G| it follows that

K(G) = (AC(G)) = G. Hence, the elements a and a3
belong to the autocommutator subgroup K(G), without
being themselves autocommutators of some element g € G
with some automorphism « € Aut(G).

The set AC(G) of all autocommutators of a group G is thus
not necssarilly a subgroup of the group G, hence does not
always coincide with the autocommutator subgroup K(G).

N[
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Groups with given autocommutator
subgroup. Groups with the
autocommutator subgroup a p—group
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In [2], P.Hegarty has proven the following result concerning
the autocommutator subgroup of a group:

Proposition

Let K be a finite group. Then there are at most a finite
number of finite groups G such that K(G) = K.

In his article, Hegarty obtains a limitation of the order of a

group G for which K(G) = K, K being a given finite group.
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In [3], M.Deaconescu and G.Walls determine all the groups
with an subgroup autocommutator which is cyclic infinite or
cyclic of prime order. Their results are the following:

Proposition
A group G has the property that K(G) = Z if and only if
GX2Z, G2Zx GorG=EZx C = Dy.
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In [3], M.Deaconescu and G.Walls determine all the groups
with an subgroup autocommutator which is cyclic infinite or
cyclic of prime order. Their results are the following:

Proposition
A group G has the property that K(G) = Z if and only if
GX2Z, G2Zx GorG=EZx C = Dy.

Proposition

Let p be a prime, and G a finite group so that K(G) = Cp.
a) If p=2, then G = (4.

b)Ifp>2 then G=Cp,, G=Cox G, G=T or

G =T x G, where T is a partial holomorph of the cyclic
group Cp, T = Cp x (y), cuy € Aut(Cp), so that
C(Gp) = 1.
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Some groups which are not autocommutator subgroups

Lemma
Let T be a group and U < T such that U is a complete
group. Then T = U x Cy(U).
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Some groups which are not autocommutator subgroups

Lemma
Let T be a group and U < T such that U is a complete
group. Then T = U x Cy(U).

Proposition
Let G be a complete finite group such that K(G) # G.
Then there is no finite group T such that K(T) = G.
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Example

If n € N*, n # 6, the symmetric group S, is complete and
its autocommutator subgroup is K(S,) = A, # Sp. Hence
there is no group G with K(G) = S,,.

On the other hand, there are important families of groups
which can represent the autocommutator subgroup of a
group.

Example

For any n € N*, we have K(S,) C A, =S, C K(S,), so
that K(S,) = Ap.
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Proposition
If G is a finite cyclic group, then K(G) = G2.

Proposition
Let G be an abelian group of odd order. Then K(G) = G
and K(G x () = G.
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Let G be a cyclic group of order 2", and H a 2—group of ‘ L.JSACJ'\?B‘
exponent 2™, with m < n. Then K(G x H) = G2 x H. Tk"f::nu o
i
Corollary
Let nymy,ma, ..., mx € N* withn>my > my > - > my.

Then K(Czn X C2m1 X C2m2 X ... X C2’"k) =
Gon—1 X Comy X Comy X ... X Gome. Hence any finite abelian
2—group is the autocommutator subgroup of some finite

group.
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Finite groups with the autocommutator subgroup

Proposition

Let p be a prime, and K a finite p—group. If G is a finite
group with K(G) = K, then G has a unique p—Sylow
subgroup P. Also, there is a an abelian p’'—subgroup H of

a finite p—group

G, sothat G = P x H.
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Proposition

In the conditions of the previous proposition, if H < Z(G),

then
a)ifp=2, then H=1.

b)ifp>2, then H=1o0or H= G.
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Proposition

In the conditions of the previous proposition, if H < Z(G),

then

a)ifp=2, then H=1.
b)ifp>2, then H=1o0or H= G.

Proposition

In the conditions of proposition 2.13, if C = coreg(H), then
C = HN Z(G), and the abelian p'—group H/C has an
exponent less or equal to |K|— 1.
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Proposition

In the conditions of the previous proposition, if H < Z(G),

then

a)ifp=2, then H=1.
b)ifp>2, then H=1o0or H= G.

Proposition

In the conditions of proposition 2.13, if C = coreg(H), then
C = HN Z(G), and the abelian p'—group H/C has an
exponent less or equal to |K|— 1.

Corollary

If the autocommutator subgroup K of a group G is a
p—group of order p™, then the order of the group G has no
prime factors q with g > p™.
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