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Full Transformation Semigroup

X any set
a : X — X transformation on X
Tx set of all transformations on X

Tx full transformation semigroup
S < Tx
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Full Transformation Semigroup

X any set

a : X — X transformation on X

Tx set of all transformations on X

Tx full transformation semigroup

S5<Tx

rank(S) := min{|A|: AC S, (A) = S} rank of S
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Full Transformation Semigroup

o X any set

@ « : X — X transformation on X

@ Tx set of all transformations on X

@ Tx full transformation semigroup

o §< Ty

o rank(S) := min{|A|: AC S, (A) = S} rank of S
e RCS
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Full Transformation Semigroup

X any set
a : X — X transformation on X

Tx set of all transformations on X

S < Tx
rank(S) := min{|A|: AC S, (A) = S} rank of S
RCS

rank(S : R) := min{|A] : AC S, (RUA) = S} relative rank of S
modulo R

o
o
o
@ Tx full transformation semigroup
o
o
o
o
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Sierpinski’s Theorem

e Q={01,...,0,,...} C Tx countable
Theorem (Sierpinski 1935)

For each countable set Q C Tx there are o, B € Tx with Q C (a, B).
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Sierpinski’s Theorem

e Q={01,...,0,,...} C Tx countable
Theorem (Sierpinski 1935)

For each countable set Q C Tx there are o, B € Tx with Q C (a, B).

For all R C Tx, rank(Tx : R) <2 or rank(Tx : R) is uncountable.

Proof.
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e Q={01,...,0,,...} C Tx countable
Theorem (Sierpinski 1935)

For each countable set Q C Tx there are o, B € Tx with Q C (a, B).

For all R C Tx, rank(Tx : R) <2 or rank(Tx : R) is uncountable.

o If rank(Tx : R) is countable then there is countable set @ C Tx with
Tx =(RUQ)
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Sierpinski’s Theorem

e Q={01,...,0,,...} C Tx countable
Theorem (Sierpinski 1935)

For each countable set Q C Tx there are o, B € Tx with Q C (a, B).

For all R C Tx, rank(Tx : R) <2 or rank(Tx : R) is uncountable.

o If rank(Tx : R) is countable then there is countable set @ C Tx with
Tx =(RUQ)

o there are a, B € Tx with Q C («, B)
o Tx =(R,a,pB), i.e. rank(Tx : R) <2.
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Transformations with Restricted Range

e nec Ty

o imu:= {xa:x € X}

e YCX

o Tx(Y)(=T(X,Y))={aecTx:imxCY}<Tx

(transformation semigroup with restricted range : Symons, 1975)
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Transformations with Restricted Range

e nec Ty

o imu:= {xa:x € X}

e YCX

o Tx(Y)(=T(X,Y))={aecTx:imxCY}<Tx
(transformation semigroup with restricted range : Symons, 1975)

e R. S. Sullivan, Mendes-Gonzales: ideal structure of Tx(Y)

Jorg Koppitz and Nareupanat Lekkoksung (InOn Finite Generated Subsemigroups of T (X, 06/06/ 2015 4 /10



Transformations with Restricted Range

e nec Ty

o imu:= {xa:x € X}

e YCX

o Tx(Y)(=T(X,Y))={aecTx:imxCY}<Tx

(transformation semigroup with restricted range : Symons, 1975)
R. S. Sullivan, Mendes-Gonzales: ideal structure of Tx(Y)

J. Sanwong: Green s relations, regular elements of Tx(Y)
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Transformations with Restricted Range

e nec Ty

o imu:= {xa:x € X}

e YCX

o Tx(Y)(=T(X,Y))={aecTx:imxCY}<Tx

(transformation semigroup with restricted range : Symons, 1975)
R. S. Sullivan, Mendes-Gonzales: ideal structure of Tx(Y)

J. Sanwong: Green s relations, regular elements of Tx(Y)

Problem
Sierpinski s Theorem for Tx(Y)
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Observation #1

e Y C X infinite

oppitz and Nareupanat Lekkoksung (InOn Finite Generated Subsemigroups of



Observation #1

e Y C X infinite

Let 01,...,0,, ... € Tx(Y). If there is a partition {A, :y € Y} of X
such that Vy € Y and Vn € Ndz € Y with A, C 260, " then there are
06,‘3 € Tx(Y) with 01,...,0,, ... € <0€,‘B>.
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Observation #1

e Y C X infinite

Let 01,...,0,, ... € Tx(Y). If there is a partition {A, :y € Y} of X
such that Vy € Y and Vn € Ndz € Y with A, C 260, " then there are
06,‘3 € Tx(Y) with 01,...,0,, ... € <0€,‘5>.

e Y =YUYiU---UY,U...with |Y,| =1Y]
e X,:=A/ \YforyeY

e Yo=ZUYy UYpU---UYp,U... with |Yo,| =|Z] =|Y]
eletZ={a, :yeY}
a-—(X\Y Y. Y, - Z Yor - Yon-- )

: a Yor---Yon-- Z XOp---X0,---
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Observation #1

e Y C X infinite

Let 01,...,0,, ... € Tx(Y). If there is a partition {A, :y € Y} of X
such that Vy € Y and Vn € Ndz € Y with A, C 260, " then there are
06,‘3 € Tx(Y) with 01,...,0,, ... € <0€,‘5>.

e Y =YUYiU---UY,U...with |Y,| =1Y]

e X,:=A/ \YforyeY

e Yo=ZUYpUYpnU---UYp,U... with |Yo,| = |Z| =|Y]
eletZ={a, :yeY}

X\Y Yi--- Y, - Z Yor- - Yon---
3 Yor - Yon--+ Z XO0p---X0,---

ﬁ::<xy... Yo Y, )
ay- Yiee Yopree

o We have 6, = *aB"a?.

@ K=
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Observation #2

e Y C X finite
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Observation #2

e Y C X finite

Let 01,...,04,... € Tx(Y) countable and Y C X finite subset of an
infinite set X. Then rank({01,...,6,,...)) = Ng.
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Main Theorem

@ Let X be a infinite set

Let Y C X and 61,...,0,,... € Tx(Y). Then the following statements
are equivalent:
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Main Theorem

@ Let X be a infinite set

Let Y C X and 61,...,0,,... € Tx(Y). Then the following statements
are equivalent:

o i)3n,BE Tx(Y) withby,...,0n,... € (a, ).
o i) BAC Tx(Y) (finite) with 01,...,0,, ... € (A).

e iii) Y is not finite or there is partition {A, :y € Y} of X s.t. Vy € Y and
Vne N3z € Y with A, C 26,
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o (i) = (iii) :
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o (if) = (iii) :
o (i) IA C Tx(Y) (finite) with 61, ...,0,, ... € (A).
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o (if) = (iii) :

o (i) JA C Tx(Y) (finite) with f1,...,0,, ... € (A).

e (i) Y is not finite or there is partition {A, : y € Y} of X s.t.
Yy € Y and Vn € N3z € Y with A, C 260, %
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Proof

o (if) = (iii) :

o (i) JA C Tx(Y) (finite) with f1,...,0,, ... € (A).

e (i) Y is not finite or there is partition {A, : y € Y} of X s.t.
Yy € Y and Vn € N3z € Y with A, C 260, %
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Proof

o (if) = (iii) :

o (i) JA C Tx(Y) (finite) with f1,...,0,, ... € (A).

e (i) Y is not finite or there is partition {A, : y € Y} of X s.t.
Yy € Y and Vn € N3z € Y with A, C 260, %

o P:=N{kera:a € A} is partition of X
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Proof

o (if) = (iii) :

o (i) JA C Tx(Y) (finite) with f1,...,0,, ... € (A).

e (i) Y is not finite or there is partition {A, : y € Y} of X s.t.
Yy € Y and Vn € N3z € Y with A, C 260, %

o P:=N{kera:a € A} is partition of X
eneN,BeP
o 0, =uap forsomen € Aand € Tx(Y)

o BCzalforsomezeyY

2t C (2P)f; . (kera C kerfy and 6, = ap)

o BC (zB)8,! with zB € Y
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Conclusions

@ When a countable set can be generated by a two-element set?
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@ When a countable set can be generated by a two-element set?

Corollary

Let X be infinite and Y C X. Then the following statements are
equivalent
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Conclusions

@ When a countable set can be generated by a two-element set?

Corollary

Let X be infinite and Y C X. Then the following statements are
equivalent

o (i) for all countable sets Q C Tx(Y') there are a, p € Tx(Y) with
QC (wB).
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Conclusions

@ When a countable set can be generated by a two-element set?

Corollary

Let X be infinite and Y C X. Then the following statements are
equivalent

o (i) for all countable sets Q C Tx(Y') there are a, p € Tx(Y) with
QC (wB).

o (ii) [X| = |Y] or |X] > | Y] > Ro.
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Conclusions

@ When a countable set can be generated by a two-element set?

Corollary

Let X be infinite and Y C X. Then the following statements are
equivalent

o (i) for all countable sets Q C Tx(Y') there are a, p € Tx(Y) with
QC (wB).

o (ii) [X| = |Y] or |X] > | Y] > Ro.

Problem
What happen in the case |X| > |Y| = Ng7?
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Conclusions

@ When a countable set can be generated by a two-element set?

Corollary

Let X be infinite and Y C X. Then the following statements are
equivalent

o (i) for all countable sets Q C Tx(Y') there are a, p € Tx(Y) with
QC (wB).

o (ii) [X| = |Y] or |X] > | Y] > Ro.

Problem
What happen in the case |X| > |Y| = Ng7?

It depends from the concrete choose of the countable set Q.
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Example

e For Y C Q with |Y| = Xy we choose a decomposition
D(Y) = {Y; | i € N} with | Yj| = Xy
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e For Y C Q with |Y| = Xy we choose a decomposition
D(Y)={Y;|ie€IN} with |Y;| =g

@ For each decomposition D of QQ, we choose a surjective map
Bp : Q — IN with ker B, = D
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e For Y C Q with |Y| = Xy we choose a decomposition
D(Y)={Y;|ie€IN} with |Y;| =g

@ For each decomposition D of QQ, we choose a surjective map
Bp : Q — IN with ker B, = D

e Let A; ;= D(Q)
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e For Y C Q with |Y| = Xy we choose a decomposition
D(Y)={Y;|ie€IN} with |Y;| =g

@ For each decomposition D of QQ, we choose a surjective map
Bp : Q — IN with ker B, = D

e Let A; ;= D(Q)

o Let Ajy1 = U{D(Y) | Y € A,} fori € N
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e For Y C Q with |Y| = Xy we choose a decomposition
D(Y)={Y;|ie€IN} with |Y;| =g

@ For each decomposition D of QQ, we choose a surjective map
Bp : Q — IN with ker B, = D

o Let A; := D(Q)

o Let Aii :=U{D(Y)| Y €A} foriecN

0 0;:=p, € To(N) fori € N
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Example

e For Y C Q with |Y| = Xy we choose a decomposition
D(Y)={Y;|ie€IN} with |Y;| =g

@ For each decomposition D of QQ, we choose a surjective map
Bp : Q — IN with ker B, = D

o Let A; := D(Q)

o Let Aii :=U{D(Y)| Y €A} foriecN

0 0;:=p, € To(N) fori € N

rank((01,...,0,,...)) =Yg
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