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Full Transformation Semigroup

X any set

α : X ! X transformation on X

TX set of all transformations on X

TX full transformation semigroup
S � TX
rank(S) := minfjAj : A � S , hAi = Sg rank of S
R � S
rank(S : R) := minfjAj : A � S , hR [ Ai = Sg relative rank of S
modulo R
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Sierpinski´s Theorem

Q = fθ1, . . . , θn, . . .g � TX countable

Theorem (Sierpinski 1935)

For each countable set Q � TX there are α, β 2 TX with Q � hα, βi.

Corollary

For all R � TX , rank(TX : R) � 2 or rank(TX : R) is uncountable.

Proof.

If rank(TX : R) is countable then there is countable set Q � TX with
TX = hR [Qi
there are α, β 2 TX with Q � hα, βi
TX = hR, α, βi, i.e. rank(TX : R) � 2.
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Transformations with Restricted Range

α 2 TX

imα := fxα : x 2 Xg
Y � X
TX (Y )(= T (X ,Y )) := fα 2 TX : imα � Y g � TX
(transformation semigroup with restricted range : Symons, 1975)
R. S. Sullivan, Mendes-Gonzales: ideal structure of TX (Y )

J. Sanwong: Green´s relations, regular elements of TX (Y )

Problem
Sierpinski´s Theorem for TX (Y )
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Observation #1

Y � X in�nite

Lemma
Let θ1, . . . , θn, . . . 2 TX (Y ). If there is a partition fAy : y 2 Y g of X
such that 8y 2 Y and 8n 2 N9z 2 Y with Ay � zθ�1n then there are
α, β 2 TX (Y ) with θ1, . . . , θn, . . . 2 hα, βi.

Y = Y0
.
[ Y1

.
[ � � �

.
[ Yn

.
[ . . . with jYn j = jY j

Xy := Ay n Y for y 2 Y
Y0 = Z

.
[ Y01

.
[ Y02

.

[ � � �
.
[ Y0n

.
[ . . . with jY0n j = jZ j = jY j

let Z = fay : y 2 Y g

α :=
�
X n Y Y1 � � �Yn � � � Z Y01 � � �Y0n � � �
a Y01 � � �Y0n � � � Z X θ1 � � �X θn � � �

�
β :=

�
Xy � � � Y0 � � �Yn � � �
ay � � � Y1 � � �Yn+1 � � �

�
We have θn = β2αβnα2.
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�
We have θn = β2αβnα2.
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Observation #2

Y � X �nite

Lemma
Let θ1, . . . , θn, . . . 2 TX (Y ) countable and Y � X �nite subset of an
in�nite set X . Then rank(hθ1, . . . , θn, . . .i) = @0.
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Main Theorem

Let X be a in�nite set

Theorem
Let Y � X and θ1, . . . , θn, . . . 2 TX (Y ). Then the following statements
are equivalent:

i) 9α, β 2 TX (Y ) with θ1, . . . , θn , . . . 2 hα, βi.
ii) 9A � TX (Y ) (�nite) with θ1, . . . , θn , . . . 2 hAi.
iii) Y is not �nite or there is partition fAy : y 2 Y g of X s.t. 8y 2 Y and
8n 2 N9z 2 Y with Ay � zθ�1n .
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Proof

(ii)) (iii) :

(ii) 9A � TX (Y ) (�nite) with θ1, . . . , θn, . . . 2 hAi.
(iii) Y is not �nite or there is partition fAy : y 2 Y g of X s.t.
8y 2 Y and 8n 2 N9z 2 Y with Ay � zθ�1n .

Proof.

P := \fker α : α 2 Ag is partition of X
n 2 N, B 2 P
θn = αβ for some α 2 A and β 2 TX (Y )
B � zα�1 for some z 2 Y
zα�1 � (zβ)θ�1n . (ker α � ker θn and θn = αβ)

B � (zβ)θ�1n with zβ 2 Y
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Conclusions

When a countable set can be generated by a two-element set?

Corollary
Let X be in�nite and Y � X. Then the following statements are
equivalent

(i) for all countable sets Q � TX (Y ) there are α, β 2 TX (Y ) with
Q � hα, βi.
(ii) jX j = jY j or jX j > jY j > @0.

Problem
What happen in the case jX j > jY j = @0?

Solution
It depends from the concrete choose of the countable set Q.
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Example

For Y � Q with jY j = @0 we choose a decomposition
D(Y ) = fYi j i 2 Ng with jYi j = @0

For each decomposition D of Q, we choose a surjective map
βD : Q ! N with ker βD = D

Let A1 := D(Q)
Let Ai+1 :=

SfD(Y ) j Y 2 Aig for i 2 N

θi := βAi 2 TQ(N) for i 2 N

Fact
rank(hθ1, . . . , θn, . . .i) = @0
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