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Introduction - tense operators on De Morgan posets

For Boolean algebras, the so-called tense operators were already introduced
by Burges. Tense operators express the quantifiers “it is always going to be
the case that” and “it has always been the case that” and hence enable us to
express the dimension of time in the logic. In this lecture we introduce tense
operators on De Morgan posets.

A crucial problem concerning tense operators is their representation. Having
a Boolean algebra with tense operators, it is well known that there exists a
time frame such that each of these operators can be obtained by their
construction for two-element Boolean algebra {0,1}. We solved this problem
with I. Chajda for tense operators on orthocomplemented posets.
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Tense operators on [0,1]

Tense operators were used to express the dimension of time in logics.

Let T be a time scale,

then elements f (t) from [0,1]T correspond to the evaluation of the
validity of the formula f in time.

For a moment, let T be the interval [0,2.5].

0 1 2
0

1
f (t)
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Tense operators on [0,1]

On the time scale T we will introduce a relation R⊆ T 2.

xRy means that the moment x is before the moment y.

Moreover, we introduce operators G a H on [0,1]T as follows:

G f means that f will be true in future with at least the same degree as f
is now.

H f means that f was true in past with at least the same degree as f is
in present.
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Tense operators on [0,1]

Example: Let R be the relation ≤ on the interval [0,2.5].

Then the operators G and H are introduced as follows.

0 1 2
0

1
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Basic definitions - tense operators on De Morgan posets

Definition

By the tense De Morgan poset is meant an algebra (A;≤,′ ,0,1,G, P,H,F)
such that A = (A;≤,′ ,0,1) is a bounded poset with an antitone involution ′ (a
De Morgan poset), (P,G) and (F,G) are Galois connections on A such that,
for all p,q ∈ A,

G(p)≤ F(p) = G(p′)′ and H(q)≤ P(q) = H(q′)′,

G,P,H and F are called tense operators on the tense De Morgan poset.

Let (A1;G1,P1,H1,F1) and (A2;G2,P2,H2,F2) be tense De Morgan posets. A
morphism of tense De Morgan posets is a morphism of De Morgan posets
f : A1→ A2 which simultaneously commutes with the respective tense
operators.

A time frame is a pair (T,R) where T is a non-empty set and R⊆ T ×T such
that for all t ∈ T there are s,u ∈ T with (s, t),(t,u) ∈ R.
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Basic results – frames on complete De Morgan lattices

Theorem

Let M be a complete De Morgan lattice, (T,R) be a time frame, Ĝ, P̂, Ĥ and F̂
be maps from MT into MT defined by

Ĝ(p)(s) =
∧
{p(t) | t ∈ T,sRt},

F̂(p)(s) =
∨
{p(t) | t ∈ T,sRt},

Ĥ(p)(s) =
∧
{p(t) | t ∈ T, tRs},

P̂(p)(s) =
∨
{p(t) | t ∈ T, tRs}

for all p ∈MT and s ∈ T . Then (P̂, Ĝ) and (F̂ , Ĥ) are Galois connections on
MT such that, for all p,q ∈MT ,

Ĝ(p)≤ F̂(p) = Ĝ(p′)′ and Ĥ(q)≤ P̂(q) = Ĥ(q′)′.

Hence Ĝ, P̂, Ĥ and F̂ are tense operators in our sense.
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MT such that, for all p,q ∈MT ,
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Definition

Let P,Q be bounded posets and let T be a set of order-preserving maps from
P to Q. Then T is called order reflecting or a full set if

((∀s ∈ T )s(a)≤ s(b)) =⇒ a≤ b

for any elements a,b ∈ P.

Using an approach due to Katrnoška and Marlow we are able to represent
tense De Morgan posets A which are orthocomplemented, i.e.,

x∧ x′ = 0

for all x ∈ A.

Definition

Katrnoška, Marlow Let A = (A;≤,′ ,0,1) be an orthocomplemented poset,
B⊆ A. The set B is called an M-base of A if B is an upper set of A such that,
for all a ∈ A, a ∈ B if and only if a′ 6∈ B.
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The following lemma is essentially due to Katrnoška.

Lemma

Let A = (A;≤,′ ,0,1) be an orthocomplemented poset. Then the following
holds.

(i) If a ∈ A,a 6= 0 then there is always such an M-base B of A such that
a ∈ B.

(ii) If a ∈ A,a 6= 0 and B is an M-base of A such that a 6∈ B then the set
D = (B\ (a′])∪ [a) is an M-base of A such that a ∈ D.

(iii) If a ∈ A,a 6= 0 and V ⊆ A is an upper subset of A such that a 6∈V and
b ∈V implies b′ 6∈V then there is always such an M-base B of A such
that V ⊆ B and a 6∈ B.

(iv) If B is an M-base of A and 2 = ({0,1};≤,′ ,0,1) is an
orthocomplemented poset then the map gB : A→{0,1} defined by the
prescription gB(a) = 1 iff a ∈ B is a morphism of De Morgan posets.
Conversely, any morphism g : A→{0,1} from A to 2 of De Morgan
posets defines an M-base Bg = {x ∈ A | g(x) = 1}.
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Introduction - tense operators on De Morgan posets
Basic notions, definitions and results

Representation of tense operators on orthocomplemented posets

The following lemma is essentially due to Katrnoška.
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Let us denote by T orth
A the set of all morphisms of De Morgan posets into the

two-element orthocomplemented poset 2 = ({0,1};≤,′ ,0,1). Note that any
element s of T orth

A is of the form gB for a suitable M-base B.
The following result by Katrnoška is well known.

Proposition

Let A = (A;≤,′ ,0,1) be an orthocomplemented poset. Then the map
iA : A→ 2T orth

A constructed by iA(a)(s) = s(a) for all a ∈ A and all s ∈ T orth
A is an

order reflecting morphism of De Morgan posets such that iA(A) is a sub-De
Morgan poset of 2T orth

A .

Tense operators on orthocomplemented posets 24 / 29
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The representation theorem for order-preserving morphisms

Theorem

Let A = (A;≤,′ ,0,1) and B = (B;≤,′ ,0,1) be orthocomplemented posets. Let
P : A→ B and G : B→ A be morphisms of posets such that P(x)′ ≤ P(x′),
G(x′)≤ G(x)′, P(0) = 0, G(1) = 1. Let RG ⊆ T orth

A ×T orth
B be the G-induced

relation by 2 and RP ⊆ T orth
A ×T orth

B be the P-induced relation by 2 defined as
follows:

RG = {(s, t) ∈ S×T | (∀b ∈ B)(s(G(b))≤ t(b))} (†)

and
RP = {(s, t) ∈ S×T | (∀a ∈ A)(s(a)≤ t(P(a)))}. (††)

Then the maps iT
orth

A
A and iT

orth
B

B are order reflecting morphisms of De Morgan
posets into the complete orthocomplemented lattices 2T orth

A and 2T orth
B such

that P̃◦ iT
orth

A
A = iT

orth
B

B ◦P and Ĝ◦ iT
orth

B
B = iT

orth
A

A ◦G where Ĝ or P̃ are constructed
by means of RG or RP, respectively.
In particular, if (P,G) is a Galois connection then RG = RP, P̃ = P̂ and G̃ = Ĝ,
where P̂ or G̃ are constructed by means of RG or RP, respectively.
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Representation of tense operators on orthocomplemented posets

The representation theorem for order-preserving morphisms

Theorem

Equivalently, the following diagrams commute:

A
P - B

2T orth
A

iT
orth

A
A

?

P̃
- 2T orth

B

iT
orth

B
B

?

B
G - A

2T orth
B

iT
orth

B
B

?

Ĝ
- 2T orth

A

iT
orth

A
A

?

.
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Representation of tense operators on orthocomplemented posets

The representation theorem for Galois connections

As promised above we will establish a set representation of tense
orthocomplemented posets.

Theorem

(Set representation theorem for tense orthocomplemented posets) Let
(A;G,P,H,F) be a tense orthocomplemented poset and RG the G-induced

relation on T orth
A by 2. Then the map iT

orth
A

A is an order reflecting morphism of
tense De Morgan posets into the complete tense orthocomplemented poset
(2T orth

A ; Ĝ, P̂, Ĥ, F̂) constructed by the time frame (T orth
A ,RG).
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Appendix

Thank you for your attention.
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