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The Stone-Cech compactification

N - discrete topological space on the set of natural numbers
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The Stone-Cech compactification

N - discrete topological space on the set of natural numbers

Ultrafilter: nonempty = C P(NN) such that:
(1) A, Bex=ANB ez,

(2) Acz, ACB= B ez
B)ACN=AecxV A€
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If A € x, we say: ultrafilter x concentrates on A.
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The Stone-Cech compactification

N - discrete topological space on the set of natural numbers

Ultrafilter: nonempty = C P(NN) such that:
(1) A, Bex=ANB ez,

(2) Acz, ACB= B ez
B)ACN=AecxV A€

If A € x, we say: ultrafilter x concentrates on A.

BN - the set of ultrafilters on N

Principal ultrafilters {A C N : n € A} are identified with respective
elements n € N
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The Stone-Cech compactification
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R
Algebra in SN

Every function f: N — N can be extended uniquely to continuous
f:BN — BN
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f:BN — BN

The multiplication can be extended to SN as follows:

Aep-q&{neN:A/neq}enp.
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R
Algebra in SN

Every function f: N — N can be extended uniquely to continuous
f:BN — BN

The multiplication can be extended to SN as follows:

Aep-q&{neN:A/neq}enp.

where, for AC N and n € N:

A/n:{meN:mneA}:{%:aeA,n\a}
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| -divisibility

U={SCN:S isupward closed for |}
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U={SCN:S isupward closed for |}

YV ={S CN:S is downward closed for |}
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| -divisibility

U={SCN:S isupward closed for |}
Y ={S C N : S is downward closed for |}

quiﬂ"pﬂUquffqﬁVgp
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| -divisibility

U={SCN:S isupward closed for |}
Y ={S C N : S is downward closed for |}

quiﬂ"pﬂUquffqﬁVgp

The restriction of T to N2 is the usual |
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| -divisibility

U={SCN:S isupward closed for |}
Y ={S C N : S is downward closed for |}

quiﬂ"pﬂUquffqﬁVgp

The restriction of T to N2 is the usual |

| is reflexive and transitive, but not antisymmetric
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Prime ultrafilters

Prime ultrafilters: p € SN \ {1} divisible only by 1 and themselves
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Prime ultrafilters

Prime ultrafilters: p € SN \ {1} divisible only by 1 and themselves

p € BN is prime iff P € p
(P - the set of prime numbers)
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p € BN is prime iff P € p
(P - the set of prime numbers)

So there are 2° prime ultrafilters
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Prime ultrafilters

Prime ultrafilters: p € SN \ {1} divisible only by 1 and themselves

p € BN is prime iff P € p
(P - the set of prime numbers)

So there are 2° prime ultrafilters

For every z € SN \ {1} there is prime p such that me
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Prime ultrafilters
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The second level

A2 ={d’:a € A}
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The second level

A2 ={d’:a € A}
The only ultrafilter above p containing P? is

p? is generated by {A? : A € p}
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The second level

N
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The second level

A® = {ab:a,be A, GCD(a,b) =1}
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The second level

A® = {ab:a,be A, GCD(a,b) =1}

Flpo={A® :Aecp AC P}
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The second level

A® = {ab:a,be A, GCD(a,b) =1}

Flpo={A® :Aecp AC P}

Ultrafilters containing F{, 5 are also divisible only by 1, p and
themselves
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The second level

A® = {ab:a,be A, GCD(a,b) =1}
Flpo={A® :Aecp AC P}

Ultrafilters containing F{, 5 are also divisible only by 1, p and
themselves

Example. p-p 2 F, )
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The second level

A® = {ab:a,be A, GCD(a,b) =1}
Flpo ={A®:Aep AC P}

Ultrafilters containing F{, 5 are also divisible only by 1, p and
themselves

Example. p-p 2 F, )

There are either finitely many or 2° ultrafilters containing F{,, »)
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The second level

N
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The second level

AB={ab:a€ Abe B,GCD(a,b) =1}
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The second level

AB={ab:a€ Abe B,GCD(a,b) =1}

Fip)(q1) = {AB: A€ p,B € q,A, B C P are disjoint}
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The second level

AB={ab:a€ Abe B,GCD(a,b) =1}

Fip)(q1) = {AB: A€ p,B € q,A, B C P are disjoint}

Ultrafilters containing F{, 1) (4,1) are divisible only by 1, p, ¢ and
themselves
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N
The second level
AB={ab:a € Abe B,GCD(a,b) = 1}
Fip)(q1) = {AB: A€ p,B € q,A, B C P are disjoint}

Ultrafilters containing F{, 1) (4,1) are divisible only by 1, p, ¢ and
themselves

They are exactly ultrafilters containing AB for some disjoint A, B C P
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The second level

AB={ab:a€ A,be B,GCD(a,b) =1}

Fipi)q) ={AB:A€p,B € q, A, B C P are disjoint}

Ultrafilters containing F{, 1) (4,1) are divisible only by 1, p, ¢ and
themselves

They are exactly ultrafilters containing AB for some disjoint A, B C P

Example. p-q,q-p 2 Fip1),(q.1)
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The second level

AB={ab:a€ A,be B,GCD(a,b) =1}
Fipi)q) ={AB:A€p,B € q, A, B C P are disjoint}

Ultrafilters containing F{, 1) (4,1) are divisible only by 1, p, ¢ and
themselves

They are exactly ultrafilters containing AB for some disjoint A, B C P
Example. p-q,q-p 2 F( 1),(g,1)

There are either finitely many or 2¢ ultrafilters containing F{; 1) (q,1)
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The second level
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N
The third level

N

Fp2)y Fip.an
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N
The third level

N
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N
The third level

N
3 F(p?,l).(p.l) F(p‘-’.l)«,,.l)
P

Flp2) Fip.a).an)
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N
The third level

pB Forn.o0 Fo2 0.0 Fo2).00)
N T

B | Hp..@n
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N
The third level
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Example: perfect numbers

n € N is perfect if o(n) = 2n
n € N is multiperfect if 3k € N o(n) = kn
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Example: perfect numbers

n € N is perfect if o(n) = 2n
n € N is multiperfect if 3k € N o(n) = kn

Is Np = {n € N : n is perfect} infinite?
Is Ny = {n € N : n is multiperfect} infinite?
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Example: perfect numbers

dx € BN xTE(m) dx € BN o(z) = 2x
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Example: perfect numbers

)

dx € BN xTE(m) dx € BN o(z) = 2x
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Example: perfect numbers

4 )

dxr € BN xTE(m) dx € BN o(z) = 2x
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Example: perfect numbers

[Na| = Ro |Np| =R
b )
Jre Nz |o(z) JxrepfNo(z)=2x
TRUE!
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