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Si,...,Sn Input sorts, s (output) sort of f.

interpretation of the symbol f in a (multisorted) algebra A:

FALAL, = As e, AT A X .o x Ag, — Ag

Remark: such functions can exist only if the declaration for f is
reasonable in the multi-sorted set A, i.e., if As = () then A;, = () for
at least one i € {1,...,n}.
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where f € X, dec(f) = (s1...5n,5), yi € Y.

MT2(Y) := set of all such minor terms

A minor identity of sort s is a triple (S, t1, t;) where S’ C S and
ti, b € MT:(YSI)

MID,(Y):= set of all minor identities (s € S)

in particular, MID(X) for

standard variables: X = (Xs)secs where Xs := {x{,x5,x35 ...}
(all X5 pairwise disjoint)
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A ’: (5/7 tlu t2)

if for every valuation map 3 : Xjsr — A we have #(t;) = ( 2)
where, for a minor term t = £ ... X" (with ar(f) = .Sn),

the valuation is given by 6#(1?) = fA(B(x} Xy B(X )
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a minor identity (S', t1, t2) € MID,(X)

A ): (5/7 tlu t2)

if for every valuation map 3 : X|s — A we have B#(t1) = B ()

ty
where, for a minor term t = fx;' ... x" = f, (with ar(f) = s1...5,),

the valuation is given by 7% (t) := fA(3 B, -, B(x) = fA(B o o).
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The Galois connection mld — Mod

A multisorted algebra A = (A, A7) of type 7 = (S, X, dec) satisfies
a minor identity (S', t1, t2) € MID,(X)

A ’: (5/7 tlu t2)

if for every valuation map 3 : X|s — A we have B7(t) = B#(tg)

where, for a minor term t = fx;' ... X" = f; (with ar(f) = .s,,),

the valuation is given by 37 (t) :== fA(B(x )y B )) fA(B o o).
Remark: The identity is vacuosly satisfied if As = () for some s E s’
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The Galois connection mld — Mod

A multisorted algebra A = (A, A7) of type 7 = (S, X, dec) satisfies
a minor identity (S', t1, t2) € MID,(X)

A ’: (5/7 tlu t2)

if for every valuation map 3 : X|s — A we have B#(t1) = B ()
where, for a minor term t = fx;' ... x" = f, (with ar(f) = s1...5,),

the valuation is given by 7 (t) := fA(ﬁ(xisll), L B0¢m) = FA(Boo).
Remark: The identity is vacuosly satisfied if As = () for some s € S’.

= induces the following Galois connection (K C Alg(7), J € MID-(X)):

mld K := {(S, t1, t2) € MID(Y) | VA € K: A |= (', t1, &)},
Mod J = {A S A|g(7’) ’ V(Sl, t1, t2) eJ: A ): (S/, t1, tz)},
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The Galois connection mld — Mod

A multisorted algebra A = (A, A7) of type 7 = (S, X, dec) satisfies
a minor identity (S', t1, t2) € MID,(X)

A ’: (5/7 tlu t2)

if for every valuation map 3 : X|s — A we have B#(t1) = B ()

where, for a minor term t = fx;' ... x" = f, (with ar(f) = s1...5,),

the valuation is given by 7 (t) := fA(ﬁ(xisll), L B0¢m) = FA(Boo).
Remark: The identity is vacuosly satisfied if As = () for some s € S’.

= induces the following Galois connection (K C Alg(7), J € MID-(X)):

mld K := {(S, t1, t2) € MID(Y) | VA € K: A |= (', t1, &)},
Mod J = {A S A|g(7’) ’ V(Sl, t1, t2) eJ: A ): (S/, t1, tz)},

The Galois closures are Mod mld K and mld Mod 7.
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Reflection-closed varieties (RP-varieties)

recall variety generated by KC C Alg(7): HSPK
now in addition reflection closure: reflection-closed varieties can be
characterized as RHSPXC = RPK
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recall variety generated by K C Alg(7): HSPK

now in addition reflection closure: reflection-closed varieties can be
characterized as RHSPXC = RPK
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Reflection-closed varieties (RP-varieties)
recall variety generated by K C Alg(7): HSPK
now in addition reflection closure: reflection-closed varieties can be
characterized as RHSPKC = RPK
(only for this talk at AAA94 also called RP-varieties)

other notation: lg -varieties or ﬁ—varieties
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Reflection-closed varieties (RP-varieties)

recall variety generated by KC C Alg(7): HSPK

now in addition reflection closure: reflection-closed varieties can be
characterized as RHSP/XC = RPK

(only for this talk at AAA94 also called RP-varieties)

This is the right notion for characterizing the Galois closure
Mod mld K:
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recall variety generated by KC C Alg(7): HSPK

now in addition reflection closure: reflection-closed varieties can be
characterized as RHSP/XC = RPK

(only for this talk at AAA94 also called RP-varieties)

This is the right notion for characterizing the Galois closure
Mod mld K:

Theorem
For K C Alg(T) we have

Mod mld K = RPLC,
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Reflection-closed varieties (RP-varieties)

recall variety generated by KC C Alg(7): HSPK

now in addition reflection closure: reflection-closed varieties can be
characterized as RHSP/XC = RPK

(only for this talk at AAA94 also called RP-varieties)

This is the right notion for characterizing the Galois closure
Mod mld K:

Theorem
For K C Alg(T) we have

Mod mld K = RPLC,

i.e., minor-equational classes = RP-varieties.

For usual (one-sorted) algebras this was proved in the wonderland
paper by BARTO, OPRSAL, PINSKER
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Sketch of the proof (Part 1)
(straightforward) Part I: RPK C Mod mld K
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Sketch of the proof (Part 1)

(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

AAA94, Novi Sad, June 15, 2017 R. Poschel, Reflection-closed varieties of multisorted algebras (14/19)



‘historical” remarks Notions and notations Results
00000 0®00000

Sketch of the proof (Part 1)

(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

P(Mod ) € Mod J holds by the classical Birkhoff HSP-theorem.
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(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

P(Mod ) € Mod J holds by the classical Birkhoff HSP-theorem.
It remains to show R(Mod 7) C Mod J.
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Sketch of the proof (Part 1)

(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

P(Mod ) € Mod J holds by the classical Birkhoff HSP-theorem.
It remains to show R(Mod 7) C Mod J.

Let B € R(Mod 7); then B is an (h, h')-reflection of some
A € Mod J for some h: B— Aand h': A— B.
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(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

P(Mod ) € Mod J holds by the classical Birkhoff HSP-theorem.
It remains to show R(Mod 7) C Mod J.

Let B € R(Mod 7); then B is an (h, h')-reflection of some
A € Mod J for some h: B— Aand h': A— B.
We need to show that B |= (S, f,, gz) for every (§',f,,8) € J.
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(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

P(Mod ) € Mod J holds by the classical Birkhoff HSP-theorem.
It remains to show R(Mod 7) C Mod J.

Let B € R(Mod 7); then B is an (h, h')-reflection of some

A € Mod J for some h: B— Aand h': A— B.

We need to show that B |= (S, f,, gz) for every (§',f,,8) € J.
Let 8: Xss — B be a valuation.
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Sketch of the proof (Part 1)

(straightforward) Part I: RPK C Mod mld K
or equivalently: RP(Mod 7) C Mod J for any set J of identities.

P(Mod ) € Mod J holds by the classical Birkhoff HSP-theorem.
It remains to show R(Mod 7) C Mod J.

Let B € R(Mod 7); then B is an (h, h')-reflection of some

A € Mod J for some h: B— Aand h': A— B.

We need to show that B |= (S, f,, gz) for every (§',f,,8) € J.
Let 8: Xs» — B be a valuation. Then

B#(fy) = fB(Boo) = H(fA(hoBoo)) = H (P (hoB))
= (gh(ho B)) = H(gh(hoBom)) =gB(Bor)=B*(gr),

where the equality = holds because A |= (S, f,, gz), whence
f7(ho B) = (ho B)#(f;) = (ho B)*(gr) = &r (ho B).
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Sketch of the proof (Part 2)
(crucial) Part 2: Mod mld K C RPKC (type 7 = (S, X, dec))
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Sketch of the proof (Part 2)

(crucial) Part 2: Mod mld K C RPKC (type 7 = (S, X, dec))
Let B € Mod mld K (to show B € RPK) (w.lo.g. all B disjoint)
Take Y := (Ys)ses (S-sorted set of variables) with Y := Bs

(i.e., variable symbols = the disjoint union of the sets Bs).
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Sketch of the proof (Part 2)

(crucial) Part 2: Mod mld K C RPKC (type 7 = (S, X, dec))
Let B € Mod mld K (to show B € RPK) (w.lo.g. all B disjoint)
Take Y := (Ys)ses (S-sorted set of variables) with Y := Bs

(i.e., variable symbols = the disjoint union of the sets Bs).

Let
N = {(Sy, t1, t2) S M/DT(Y) | IC b (Sy, t1, tg)}

(recall: Sy ={s e S| Ys #0}).
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Sketch of the proof (Part 2)

(crucial) Part 2: Mod mld K C RPKC (type 7 = (S, X, dec))
Let B € Mod mld K (to show B € RPK) (w.lo.g. all B disjoint)
Take Y := (Ys)ses (S-sorted set of variables) with Y := Bs

(i.e., variable symbols = the disjoint union of the sets Bs).

Let
N = {(Sy, t1, t2) S M/DT(Y) | IC b (Sy, t1, tg)}

(recall: Sy ={se€ S| Y:#0}).

Thus for each v € N, say v = (Sy, f,, gz) with dec(f) = (w, s),
o:[n] =Y (n:=|w|), decg = (u,s), 7: [m] = Y (m:=|ul),
there exists a counterexample A, = (A,, ZA") € I that does not
satisfy v.
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Sketch of the proof (Part 2)

(crucial) Part 2: Mod mld K C RPKC (type 7 = (S, X, dec))
Let B € Mod mld K (to show B € RPK) (w.lo.g. all B disjoint)
Take Y := (Ys)ses (S-sorted set of variables) with Y := Bs

(i.e., variable symbols = the disjoint union of the sets Bs).

Let
N = {(Sy, t1, t2) S M/DT(Y) | IC b (Sy, t1, tg)}

(recall: Sy ={se€ S| Y:#0}).

Thus for each v € N, say v = (Sy, f,, gz) with dec(f) = (w, s),
o:[n] =Y (n:=|w|), decg = (u,s), 7: [m] = Y (m:=|ul),
there exists a counterexample A, = (A,, ZA") € I that does not
satisfy v.

Take P :=[],crrAu (product of all the counterexamples).

AAA94, Novi Sad, June 15, 2017 R. Pdschel, Reflection-closed varieties of multisorted algebras (15/19)



Results
00e0000

Sketch of the proof (Part 2)

(crucial) Part 2: Mod mld K C RPKC (type 7 = (S, X, dec))
Let B € Mod mld K (to show B € RPK) (w.lo.g. all B disjoint)
Take Y := (Ys)ses (S-sorted set of variables) with Y := Bs

(i.e., variable symbols = the disjoint union of the sets Bs).

Let
N = {(Sy, t1, t2) S M/DT(Y) | IC b (Sy, t1, tg)}

(recall: Sy ={se€ S| Y:#0}).

Thus for each v € N, say v = (Sy, f,, gz) with dec(f) = (w, s),
o:[n] =Y (n:=|w|), decg = (u,s), 7: [m] = Y (m:=|ul),
there exists a counterexample A, = (A,, ZA") € I that does not
satisfy v.

Take P :=[],crrAu (product of all the counterexamples).
Clearly, P € PK.
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Sketch of the proof (Part 2), continued

Finally, one can show that B is a reflection of P.
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Sketch of the proof (Part 2), continued

Finally, one can show that B is a reflection of P.
Consequently, B € RPL. (0)
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Sketch of the proof (Part 2), continued

Finally, one can show that B is a reflection of P.
Consequently, B € RPL. (0)
more in detail: B is a (h, h’)-reflection of P:
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Sketch of the proof (Part 2), continued
Finally, one can show that B is a reflection of P.
Consequently, B € RPL. (0)
more in detail: B is a (h, h’)-reflection of P:
h = (hs)ses, such that hs: Bs — Ps is the map b+ b, where for
y := b we define ¥ := (B,(y))ven (By is the valuation witnessing

A, ).
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Sketch of the proof (Part 2), continued
Finally, one can show that B is a reflection of P.
Consequently, B € RPL. (0)
more in detail: B is a (h, h’)-reflection of P:
h = (hs)ses, such that hs: Bs — Ps is the map b+ b, where for
y := b we define ¥ := (B,(y))ven (By is the valuation witnessing

A, ).

W = (h,)ses, such that h}: Ps — Bs is the following map:
fB(b1,...,bn), ifu="fP(y1,...,yn) for some f € ¥, s,

h.(u) = where (b1,...,bp) == (y1,---,¥n) € Yu,
arbitrary € Bs, otherwise.

e, Wo(fP(V1,....¥n)) = fB(b1,.... bn) = FB(hu(y1, ..., ¥n))
according to the reflection property.
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Sketch of the proof (Part 2), continued
Finally, one can show that B is a reflection of P.
Consequently, B € RPL. (0)
more in detail: B is a (h, h’)-reflection of P:
h = (hs)ses, such that hs: Bs — Ps is the map b+ b, where for
y := b we define ¥ := (B,(y))ven (By is the valuation witnessing
A, ).

W = (h,)ses, such that h}: Ps — Bs is the following map:
fB(by,...,b,), ifu="fP(y1,...,y,) for some f € Yus,

h.(u) = where (b1,...,bp) == (y1,---,¥n) € Yu,
arbitrary € Bs, otherwise.

e, H(FP(y1,-. .. V) = FB(b1, ..., bn) = FB(Aw(y1,-- -, ¥n))

according to the reflection property.

The case N = () needs an extra consideration (then B is a

reflection of the trivial algebra D with Ds = {(}} one-element set
for each s € S, and we have D = []0).
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Thank you for?, S

ATTENTION!
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