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A Galois correspondence

n

OW = A = {f| f: A" — A} On = Upen, A*
Commutation of f € Oi\m) with g € (’)g")

gL f <= geHom({(A)";(ATf))

Centralizer of F C Oy»
Fr={g €O | erF'gJ_f}
= U Hom ((A; F)"; (A F))
F (F*) = <F>oA o F (bicentralizer)

(that's a clone)

y




A Galois correspondence

OW = A = {f| f: A" — A} On=Upen, A
Commutation of f € Oi\m) with g € (’)g")
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Centralizer of F C Oy»

Fr={gecOs | VfeF:glf}
= POlA F*

F*=(F) 2(F)p, 2 F (bicentralizer)
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Unary commuting operations

FC Op

F*1) = Hom ((A; F); (A; F)) = End ((A; F)).

unary part of a centralizer = endomorphism monoid of an
algebra
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Unary commuting operations

F C On

F*1) = Hom ((A; F); (A; F)) = End ((A; F)).
unary part of a centralizer = endomorphism monoid of an
algebra

s e OS)
se FFU «— Vfe Fyxe A s(f(x)) = f(s ox)
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Centralizing monoids + observations

For M C O TFAE

© M is a centralizing monoid
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For M C O TFAE
© M is a centralizing monoid
Q@ 3IF C O4 (witness): M = F*Y) = End ((A; F))
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Centralizing monoids + observations

For M C O TFAE
© M is a centralizing monoid
Q@ 3IF C O4 (witness): M = F*Y) = End ((A; F))
Q0 M=F®> ()
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Centralizing monoids + observations

For M C O TFAE
© M is a centralizing monoid
Q@ 3IF C O4 (witness): M = F*Y) = End ((A; F))
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Maximal centralizing monoids

Maximal centralizing monoid M. ..

... coatom in the lattice of centralizing monoids
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Maximal centralizing monoids

Maximal centralizing monoid M. ..

... coatom in the lattice of centralizing monoids
M= {f}*(l) for some minimal function f (cf. Rosenberg)
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Maximal centralizing monoids

Maximal centralizing monoid M. ..

... coatom in the lattice of centralizing monoids
M= {f}*(l) for some minimal function f (cf. Rosenberg)

V.

Surprise (Rosenberg, Machida)

minimal majority functions and constants f

Al =3 = : ,
suffice as witnesses
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Maximal centralizing monoids

Maximal centralizing monoid M. ..

... coatom in the lattice of centralizing monoids
M= {f}*(l) for some minimal function f (cf. Rosenberg)

V.

Surprise (Rosenberg, Machida)

minimal | majority | functions and constants f

suffice as | witnesses

Al =3 =
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The three-element set

Rosenberg, Machida 2010-11: |A| =3 J

description of all centralizing monoids (192), 10 maximal
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Rosenberg, Machida 2010-11: |A| =3
description of all centralizing monoids (192), 10 maximal

Rosenberg, Machida, Goldstern 2015: |A|=3

centralizing monoids with majority ops / semiprojs as witnesses
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@ Vs € C: characterization: Maj > f 1. s «— ...
~ precise description of {s}* N Maj
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The three-element set

Rosenberg, Machida, Goldstern 2015: |A|=3

centralizing monoids with majority ops / semiprojs as witnesses

v

Method
@ partition qul) into classes C
(e.g. by |ims|: permutations, 2-el. image, const.)

@ Vs € C: characterization: Maj > f 1. s «— ...
~ precise description of {s}* N Maj
~ observation when {s;}* N Maj = {s,}" N Maj

@ logical inferences betw conditions: e.g. contradiction




Exploiting Goldstern, Machida, Rosenberg

o:={(x,y,z) € A3 | x#y # z# x} 24 triples with distinct entries
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Exploiting Goldstern, Machida, Rosenberg

o= {(x,y,z) c A3 | xXtyF#z# x} 24 triples with distinct entries

f € Maj, 56(’);1)
slf < YxeA: s(f(x)=f(sox)

M. Behrisch Centralizing monoids with majority witnesses on four-ele



Exploiting Goldstern, Machida, Rosenberg

o= {(x,y,z) c A3 | xXtyF#z# x} 24 triples with distinct entries

fEMaj,sG(’)i\l)
sl f < Vxeo: s(f(x))="Ff(sox)
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Exploiting Goldstern, Machida, Rosenberg

o= {(x,y,z) c A3 | xXtyF#z# x} 24 triples with distinct entries

fEMaj,sG(’)i\l)
sl f < Vxeo: s(f(x))="Ff(sox)

other tuples, e.g. s((a, a, b)) = s(a) = f(s(a),s(a), s(b)) |
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Exploiting Goldstern, Machida, Rosenberg

o= {(x,y,z) c A3 | xXtyF#z# x} 24 triples with distinct entries

fEMaj,sG(’)i\l)
sl f < Vxeo: s(f(x))="f(sox)

sE Og\l) constant, f e Maj — f Ls J
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Exploiting Goldstern, Machida, Rosenberg

o= {(x,y,z) c A3 | xXtyF#z# x} 24 triples with distinct entries

f € Maj, s € (’)i\l)
sl f < Yxeo: f(x)es[{f(sox)}]

sE Og\l) constant, f e Maj — f Ls J
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Exploiting Goldstern, Machida, Rosenberg

o= {(x,y,z) c A3 | xXtyF#z# x} 24 triples with distinct entries

f € Maj, s € (’)i\l)

sl f < Yxeo: f(x)es[{f(sox)}]

sE Og\l) constant, f e Maj — f Ls J
s € OF) with im(s) = {a, 8}, [s[{B}]| =1

Majof Ls < Vxe€o: f(x)es ! [{a}]
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Functions with |[ims| =2

s € 0@ with im(s) = {a, 8}, |s=* 1| =1 J

Maj3>f ls <= Vxco: f(x)es *[{a}]

For |A| = 3 this is all that happens.



Functions with |[ims| =2

s € 0@ with im(s) = {a, 8}, |s=* 1| =1 J

Maj3>f ls <= Vxco: f(x)es *[{a}]

For |A| = 3 this is all that happens.

For |A| = 4...

s € OY) with im(s) = {a, 8}, |s [{B}]| =2
Majo>f Ls <

. sTH{BY if sTH{BY € {ane}
\V/(a,b,c) €co: f(a,b,c) € {5_1 [{a}] clse.




The four-element set

° ‘O(AI)‘ = 4* = 28 = 256 unary operations

@ 4 constants v
0 7-12=84sec OV with |ims| =2

2 lemmas, 7 cases ~
o 144 s ¢ OV with |ims| =3 77

@ 4! = 24 permutations ~» 16 conditions
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The four-element set

° ‘O(AI)‘ = 4* = 28 = 256 unary operations

@ 4 constants v
0 7-12=84sec OV with |ims| =2

2 lemmas, 7 cases ~
o 144 s ¢ OV with |ims| =3 77

@ 4! = 24 permutations ~~ 16 conditions (cf. AAA93)
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Setting the scene

feMaj, s O ims={aB 7}

_ o Julvlx|y
A={u,v,x,y} 5(')“‘1‘0“5‘7.

o s> {a, 3,7},

sr{a,ﬂ,'y} ¢ Sym {a767’7} <~ {U, V} g {05,6,'7}
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Setting the scene

feMaj, s O ims={aB 7}

_ o Julvlx|y
A={u,v,x,y} s(.)Ha‘a‘ﬁh-

o s> {a, 3,7},

sr{a,ﬂ,'y} ¢ Sym {0467’7} <~ {U, V} g {05,6,'7}

o Case 1: s[{q,,} NOt a permutation
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Setting the scene

feMaj, s O ims={aB 7}

_ o Julvlx|y
A={u,v,x,y} s(.)Ha‘a‘ﬁh-

o s> {a, 3,7},

sr{a,ﬂ,'y} ¢ Sym {0467’7} <~ {U, V} g {05,6,'7}

o Case 1: s[{q,,} NOt a permutation

o Case 2: s[(q,,} is a permutation
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How to enumerate all f € {s}"

feMaj,se Oi\l)
sl f < Vxeo: s(f(x))="f(sox)
Construct a graph:

X SOXt 3. .. .15y
f(x) <f(sox) <... < f(y)

where f(y) is given by the majority law,
eg y=(xap) sof(y)=a.
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How to enumerate all f € {s}"

feMaj,se Oi\l)
slf < VYxeo: f(x)es ! [{f(sox}])
Construct a graph:

X SOXt 3. .. .15y
f(x) <f(sox) <... < f(y)

where f(y) is given by the majority law,
eg y=(xap) sof(y)=a.
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Case 1: s[ia 1) ¢ Sym{a, 8,7}

feMaj, s O ims={aB 7}

_ o Julvlx|y
A={u,v,x,y} s(.)Ha‘a‘ﬁh-

{u,v} CH{a, B,~}, assume {a, 8,7} = {u, v, x}.
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Case 1: s[ia 1) ¢ Sym{a, 8,7}

feMaj, s O ims={aB 7}
. o lulv|x|y
{U7V7X7.y} S(.) Ha‘a‘ﬁ‘v

{u,v} CH{a, B,~}, assume {a, 8,7} = {u, v, x}.

sl f <
o f(u,v,y)esH[{f(so(uv,y)}]=s"[{a}]={u,v}
o f(uv,x)es[{f(so(u,v,x))}]=s[{a}] ={u v}
o f(u,x,y) € s [{f(a,8,7)}]
o f(v,x,y) € s [{f(a, 3,7)}]
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Case 2: s[yq8,) € Sym {a, 8,7}

feMaj, s O ims={aB 7}
. o lulv|x|y
{U7V7X7.y} S(.) Ha‘a‘ﬁ‘v

{u,v} Z {«a, 5,~}, assume v ¢ {«, 5,7} > u,

slf «—
o f(u,v,y) € s [{f(so(uv,y))}l =5 [{a}] = {u, v}
o f(u,v,x) € s [{f(so(u,v,x)}] = s [{o}] = {u, v}
o f(u,x,y) € s [{f(a,B,7)}] (cyclic dep., group orbit)
o f(v,x,y) € s [{f(a,,7)}] (det. by values on orbit)
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Case 2: s[yq8,) € Sym {a, 8,7}

feMaj, s O ims={aB 7}

_ o Julvlx|y
A={u,v,x,y} s(.)Ha‘a‘ﬁh-

{u,v} € {e, 8,7}, assume {a, 5,7} = {u, x, y},

sl f

o f(u,v,y) s [{f(so(u,v,y))}l =s[{a}] = {u, v}
o f(uv,x)es [{f(so(u,v,x))}]=s[{a}] ={u, v}
o f(u,x,y) € s [{f(a,B,7)}] (cyclic dep., group orbit)
o f(v,x,y) € s [{f(a,,7)}] (det. by values on orbit)

M. Behrisch Centralizing monoids with majority witnesses on

four:

-elel



Picturel

Order 3

2x

O O O O

Order 2

3x

o—a oo

or

or

Order 1

6 %
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That's already good enough. . .

For s € Oﬁ\l) \ {ida, co, c1, &2, 3}

@ enumerate {s}" N Maj
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That's already good enough. . .

For s € O\ {ida, co, &1, &, c3}
@ enumerate {s}" N Maj
o Vf € {s}"NMaj: compute {f}*(l)
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...since it gives the complete picture

... because

@ exhaust all 144 remaining s € (’)E\l)
+ full enumeration of {s}* N Maj = full information
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...since it gives the complete picture

.. because

@ exhaust all 144 remaining s € (’)E\l)
+ full enumeration of {s}* N Maj = full information
o VFC Maj: F:i=FnoY = N {fi"nof
feF
@ either If € F: {f}* N 0541) = {idA, Co, C1, C2, C3}v then
F' = {idA,Co,..../Cg,}




...since it gives the complete picture

... because

@ exhaust all 144 remaining s € (’)E\l)
+ full enumeration of {s}* N Maj = full information

o VFC Maj: F:i=FnoY = N {fi"nof

feF
e either If € F: {f}'N 05\1) = {ida, co, €1, C2, 3}, then
F' = {ida, co, ..., 3}
@ or F’ is an intersection of centralisers already computed
Vfe F3se {f}*n (og” \ {ida, co, c1, 2, c3}) :
f € {s}" N Maj




The result

o AAA93: without 144 s with |[ims| = 3: > 1595 monoids
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The result

o AAA93: without 144 s with |[ims| = 3: > 1595 monoids

e Final result: = 1715 (after getting the computer to
programme itself, and some bookkeeping)

M. Behrisch Centralizing monoids with majority witnesses on four-ele



The result

o AAA93: without 144 s with |[ims| = 3: > 1595 monoids

e Final result: = 1715 (after getting the computer to
programme itself, and some bookkeeping)

@ Only 392/4%* majority op’s are needed to differentiate
between all the monoids.
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The result

o AAA93: without 144 s with |[ims| = 3: > 1595 monoids

e Final result: = 1715 (after getting the computer to
programme itself, and some bookkeeping)

@ Only 392/4%* majority op’s are needed to differentiate
between all the monoids.

@ Only 155/256 unary op's are needed to differentiate
between all the monoids.
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A glimpse at the lattice. . .

... without 144 functions with 3-element image ]
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A glimpse at the lattice. . .

.with 144 functions with 3-element image ]
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A glimpse at the lattice. . .

... with 144 functions with 3-element image ]

Remarkably small increase for all the additional computations. |
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Further questions

@ Number up to isomorphism?
o Classification of the monoids
@ What about semiprojections?

@ 5 elements, majority witnesses: feasible?
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Further questions

@ Number up to isomorphism?
o Classification of the monoids
@ What about semiprojections?

@ 5 elements, majority witnesses: feasible?

Thank you for your attention. |
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