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Totally ordered monoid

Monoid ... (5;®,0)
> S ... set
» & ... associative binary operation on S
» 0 ... neutral (unit) element
Tomonoid (totally ordered monoid) ... (S 1 <, B, 0)

» < ... total (linear) order on S that is compatible with &:
a<b implies a®c<bPc and cPa<cHb

for every a,b,c € S
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Totally ordered monoid

A tomonoid (S 1 <, B, 0) is called

finite ... if S is finite

negative ... if0=T

positive oo if0=1

commutative ... ifa®b=0b® a for every a,b € S
Archimedean ... if T, 0, and L are the only idempotents

> a € S is idempotent if a® a = a
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Examples

(-8,-7,-6,-5,-4,-3,-2,-1,0) (-2,-1,0,1,2,3,4,5,6)
0|-8|-7(-6|-5[-4(-3 6 666
-1]-8|-8[-8(-5|-4(-3 5 5(5]6
-2|-8|-8(-8(-5|-4|-4 4 5|5|6
-3]-8|-8|-8|-8|-8[-8|-5[-3]-3 3 5[5]6
-41-8(-8|-8(-8|-8(-8|-5|-4]-4 2 5156
-5]-8|-8(-8|-8(-8|-8(-5[-5]-5 5(5]6
-6]-8(-8|-8(-8|-8[-8|-8|-8]-6 0 415|6
-71-8|-8|-8|-8|-8|-8[-8|-8]-7 -1 4141|6
-8]-8|-8|-8|-8|-8[-8(-8[-8]-8 -2 44| 6
-8 -7 -6 -5 -4 -3 -2 -1 0 -2 -1 01 2 3 4 5 6
> negative » non-negative
» —1 and —2 are idempotents > non-positive
» non-commutative » commutative
» non-Archimedean » Archimedean
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Level set representation of a tomonoid
> (S;S,@,O) ... tomonoid
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Level set representation of a tomonoid

» (9;<,®,0) ... tomonoid
> level equivalence ... binary relation ~ on S x § = §%:

(a,b) ~(c,d) if adb=cedd
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Level set representation of a tomonoid

> (S; <,@,0) ... tomonoid
> level equivalence ... binary relation ~ on S x § = §%:

(a,b) ~(c,d) if a®b=cdd

> (52; q, ~, (0,0)) ... tomonoid partition of S
(a,b) < (c,d) if a<c and b<d
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Level set representation of a tomonoid
> (S;é,@,O) ... tomonoid

> level equivalence ... binary relation ~ on S x S = §2:

(a,b) ~(c,d) if a®b=cdd

> (52; q, ~, (0,0)) ... tomonoid partition of S
(a,b) < (c,d) if a<c and b<d

Example
0 equivalence classes of ~
1 > {(0,0)}
? > {('1’0)’('17_1)7(()"1)}
-3

» {(-2,0),(-2,-1),(0,-2)}

>
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Level set representation of a tomonoid

Level equivalence ~ has the following properties:

(P1) For every a,b,c,d,e € S, (a,b) ~ (d,0) and (b, c) ~ (0,e) imply
(d,c) ~(a,e).

(P2) For every a,b € S there is exactly one ¢ € S such that

(a,b) ~(0,c) ~ (c,0).

(P3) For every a,b,c,d,a’,V/,c,d €8S,
(a,b) ~ (d, b’) (c d) (c d') < (a,b) implies (a,b) ~ (¢, d).
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Level set representation of a tomonoid

Level equivalence ~ has the following properties:

(P1) For every a,b,c,d,e € S, (a,b) ~ (d,0) and (b, c) ~ (0,e) imply
(d,c) ~(a,e).
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(a,b) ~(0,c) ~ (c,0).
(P3) For every a,b,c,d,a’,V/,c,d €8S,

(a,b) ~ (d, b’) (c d) (c d') < (a,b) implies (a,b) ~ (¢, d).
» compatibility with the order
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Level set representation of a tomonoid

Level equivalence ~ has the following properties:

(P1) For every a,b,c,d,e € S, (a,b) ~ (d,0) and (b, c) ~ (0,e) imply

(d,c) ~ (a,e).

(P2) For every a,b € S there is exactly one ¢ € S such that
(a,b) ~(0,c) ~ (c,0).

» neutral element

(P3) For every a,b,c,d,a’,V/,c,d €8S,

(a,b) ~ (a’,b") < (e, d) (c d') < (a,b) implies (a,b) ~ (¢, d).

» compatibility with the order
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Level set representation of a tomonoid
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Level set representation of a tomonoid

Level equivalence ~ has the following properties:

(P1) For every a,b,c,d,e € S, (a,b) ~ (d,0) and (b, c) ~ (0,e) imply
(d,c) ~ (a,e).
> associativity
(P2) For every a,b € S there is exactly one ¢ € S such that
(a,5) ~ (0,6) ~ (¢, 0).
» neutral element

(P3) For every a,b,c,d,a’,V/,c,d €8,
(a,b) ~ (d, b’) (c d) (c d') < (a,b) implies (a,b) ~ (¢, d).

» compatibility with the order

(525 9, ~, (0,0)) satisfies (P1)-(P3) <« it is a tomonoid partitionJ
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Condition (P1)

(P1) (a,b) ~(d,0) and (b.c)~ (0,e) imply (d,c)~ (a,e)
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Condition (P1)

(P1) (a,b) ~(d,0) and (b,c)~ (0,e) imply (d,c)~ (a,e)




Condition (P1)

(P1) (a,b) ~(d,0) and (b,c)~ (0,e) imply (d,c)~ (a,e)

adb=d @




Condition (P1)

(P1) (a,b) ~(d,0) and (b,c)~ (0,e) imply (d,c)~ (a,e)

a®b=d @-




Condition (P1)

(P1) (a,b) ~(d,0) and (b,c)~ (0,e) imply (d,c)~ (a,e)

a@b:d @h i L
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Reidemeister condition

» Condition (P1) corresponds with the Reidemeister closure
condition known from web geometry where it characterizes those
loops that are associative (and thus they are groups).

W. Blaschke, G. Bol, Geometrie der Gewebe, topologische Fragen
der Differentialgeometrie, Springer, 1939.

J. Aczél, Quasigroups, nets and nomograms, Advances in
Mathematics, 1965.
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Rees quotients

> (5;<,®,0) ... finite negative tomonoid

» for given ¢ € S define binary relation ~, on S by
rrgy if =y or z,y<gq

q --- Rees congruence (with respect to q)

Rees quotient of S (with respect to q)
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Rees quotients

> (5;<,®,0) ... finite negative tomonoid

» for given ¢ € S define binary relation ~, on S by
rrgy if =y or z,y<gq

q --- Rees congruence (with respect to q)

Rees quotient of S (with respect to q)

S: Il <u<v<w<zz<y<z<l
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Rees quotients

v

(S;<,®,0) ... finite negative tomonoid

v

for given g € S define binary relation ~, on S by

rrgy if =y or z,y<gq

> Ry Rees congruence (with respect to q)
> S/, Rees quotient of S (with respect to q)
q
S: 0 <u<v<w<@<Y<z<I1
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Rees quotients

v

(S;<,®,0) ... finite negative tomonoid

v

for given g € S define binary relation ~, on S by
rrqy i x=y or xy<ygq

> Ry ... Rees congruence (with respect to q)

v
92)
P

. Rees quotient of S (with respect to q)

q
S: 0<u<v<w<@<V¥y<z<I1

S/ ny: 0 < Yy <z <1
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Rees quotients

v

(S;<,®,0) ... finite negative tomonoid

v

for given g € S define binary relation ~, on S by

rrgy if =y or z,y<gq

> Ry ... Rees congruence (with respect to q)
> S/, ... Rees quotient of S (with respect to q)
q
S: 0 <@<v<w<zr<y<z<l

» if ¢ = a (atom of 5)
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Rees quotients

v

(S;<,®,0) ... finite negative tomonoid

v

for given g € S define binary relation ~, on S by
rrqy i x=y or xy<ygq

> Ry ... Rees congruence (with respect to q)

v
92)
P

. Rees quotient of S (with respect to q)

q
S: 0 <@<v<w<zr<y<z<l

S/ 0 < v<<w<r<y<z<<l

» if ¢ = a (atom of 5)
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Rees quotients

v

(S;<,®,0) ... finite negative tomonoid

v

for given g € S define binary relation ~, on S by
rrqy i x=y or xy<ygq

> Ry ... Rees congruence (with respect to q)

v
92)
P

. Rees quotient of S (with respect to q)

q
S: 0 <@<v<w<zr<y<z<l

S/ 0 < v<<w<r<y<z<<l

v

if ¢ = a (atom of S)
= S/zq is called one-element Rees quotient of S
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Chain of one-element Rees quotients

ST|-T -7 -T)|-T|-5]|-4]|-4

ST\ -7T|-7T|-T|-7|-5|-5]-5

ST -7 =T -7 -7 -T|-7]-6
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Chain of one-element Rees quotients

7|6|-5|-4|-3
7| -7|-5]-4]-3

7| -7|-5]-4]|-4

|- |-7|-7|-7|-5]-3]-3
RSy . | -4
|-t -7|-7|-5)-5]-5
7| =77 | -7 -7 -7 -7 [E8
I I ) I ) O ) O ) (Y

6|-5]-4
6|-5]-4
6|-5|-4
6|-6|-6
6|-6|-6|6]|-5|-4]-4
6|-6|-6|-6|-5|-5]-5
-6|-6|-6|-6|-6|-6]-6
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Chain of one-element Rees quotients
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Chain of one-element Rees quotients
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Chain of one-element Rees quotients
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Chain of one-element Rees quotients

7|6|-5|-4|-3
7| -7|-5]-4]-3

7| -7|-5]-4]|-4

|- |-7|-7|-7|-5]-3]-3
RSy . | -4
|-t -7|-7|-5)-5]-5
7| =77 | -7 -7 -7 -7 [E8
I I ) I ) O ) O ) (Y

- 5
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Rees coextensions

» S ... finite negative tomonoid
» S ... Rees quotient of S w.r.t. given g € S
S — S’/zq

» S is called Rees coextension of S

» if ¢ = a (atom of S)
= S is called one-clement Rees coextension of S
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Rees coextensions

» S ... finite negative tomonoid
» S ... Rees quotient of S w.r.t. given g € S
S — S’/zq

» S is called Rees coextension of S

» if ¢ = a (atom of S)
= S is called one-element Rees coextension of S

While Rees quotients are unique, Rees coextensions are not. J

Finite Commutative Tomonoids
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Tree of one-element Rees coextensions
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Tree of one-element Rees coextensions
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Question

How to determine all the one-element Rees coextensions of a given
finite, negative tomonoid?

Petrik, Vetterlein Finite Commutative Tomonoids



Construction of one-element co-extensions

(327 ga ~ (070)) — (SQy ga ';‘7 (an))
tomonoid one-element
partition co-extensions
S ... starting tomonoid
S* ... S with bottom element removed
S = S*U{l,a}, suchthat L <a<az forevery xecS*

bottom-doubling extension of S
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Construction of one-element co-extensions
(5'2; g, ~, (0,0)) is a one-element co-extension of (52; g, ~, (0,0)) if:

(E1) V (a,b),(c,d) e P: (a,b) ~(c,d) = (a,b)~(c,d)
(E2) ¥ (a,b),(b,c) e P:  (a,b)~d and (b,c) ~e = (d,c)~ (a,e)

(-1,a)~d = (d,b)~ L
yeQ: (b,—1)~e = (a,e)~L1

(¢) V(a,b),(c,d) e Q:  (a,b)<L(c,d)~L = (a,b)~L

(a,b) € S? | there is ¢ € S* such that (a,b) ~c}
2 <P

U~
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Example: Construction of a one-element co-extension
(827 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step: Bottom-doubling extension

» S ... starting tomonoid

5|-5|-5[-5[-5]-2
5(-5]-5]|-5-5]-3
5|-5|-5[-5[-5]-4
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Example: Construction of a one-element co-extension

(8% <, ~, (0,0)) — (5% <, ~,(0,0))

?

Step: Bottom-doubling extension

» S ... starting tomonoid
» S* ... bottom element removed g*
"
41-3|-2 110
-4 | -3 1
-2
5]
4
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Example: Construction of a one-element co-extension
(827 S], ~, (070)) — (5'27 gu ’\‘J7 (0)0))

Step: Bottom-doubling extension

» S ... starting tomonoid g
» S* ... bottom element removed S
» S... weadd Landast. L<a<z "
for every x € S* Llalals]2]-1]o
4 | -3 1
-2
5]
4
1
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Example: Construction of a one-element co-extension
(827 S], ~, (070)) — (§27 gu ’\‘J7 (0)0))

Step: Bottom-doubling extension

» S ... starting tomonoid g

» S* ... bottom element removed S

» S ... weadd Land ast. L<a<z —
for every x € S* Llalals]2]-1]o

Question 4|31

» Which pairs shall be assigned to L ay 2

and which to a? z
4 -
€
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Example: Construction of a one-element co-extension
(827 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E1)
> Y (a,b),(c,d) € P:
(a,b) ~ (c,d) = (a,b)~(c,d)

FSO IV (O I =)
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Example: Construction of a one-element co-extension
(827 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))
Step (E1)
> Y (a,b),(c,d) € P: P
(a,b) ~(c,d) = (a,b)~(c,d) \

1| o kil

2
Y iy, Yol Y0 vraa

WAs
piy
A4 v

223
7.
7

2

227

77,
L7/
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Example: Construction of a one-element co-extension
(827 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) € P:
(a,b)~d and (b,c)~e

= (d,c)~(a,e) nRnEBEE

FSO IV (O I =)
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) €P:
(a,b)~d and (b,c)~e

= (d,c)~(a,e) nRREBEE

a

FSO IV (O I =)
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Example: Construction of a one-element co-extension
(827 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)
> Y (a,b),(b,c) €P:
(a,b)~d and (b,c)~e

= (d,c)~(a,e) o la]s

e.'am
)

a=1b

FSO IV (O I =)
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)
> Y (a,b),(b,c) €P:
(a,b)~d and (b,c)~e

= (d,c)~(a,e) o la]s

CAE) =

FSO IV (O I =)

e.'am

a=1b
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E2)
> Y (a,b),(b,c) €P:
(a,b)~d and (b,c)~e
= (d,c)~(a,e) o la]s

a=1b

e.'am
CXE) =
Fle el s ) e
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) €P:
(a,b) ~d and (b,c)~e

= (d,c)~(a,e) o la]s

A=

e ,goggoo
Q.

a=1b

e.'am
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) €P:
(a,b) ~d and (b,c)~e

= (d’ C)';’(ave) 1|a|-4a]|-3]|-2]-1

FSO IV (O I =)
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) €P:
(a,b) ~d and (b,c)~e

= (d,c)~(a,e) NEEEE
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) €P:
(a,b)~d and (b,c)~e =c

= (d,c)~(a,e) NEEEE

D FN k=

a=1b
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(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)
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(a,b) ~d and (b,c)~e
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E2)

> Y (a,b),(b,c) €P:
(a,b) ~d and (b,c)~e

= (d’ C)';’(ave) 1|a|-4a]|-3]|-2]-1
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:

> (—]_7(1)Nd = (dvb)NJ‘
» (b,-1)~e = (a,e)~L Llal4|-3|-2|-1]0
O 4|-3]-1
=
O B
4
i
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E3)
> V (a,b) € Q:

> (-l,a)~d = (db)~L
i

» (b,—1)~e = (a,e)~

1l|a|-4]1-3]-2|-1]0
I 777

ol o1-4-3]-1
I 57

A AR P AR
J000000400090000000000 00 Lo
Ry Iavz
R AR P 5%
AR % R, 2 IS
AR R R 4 2
A SIS VY Y, $ld
A Ay
AR e B
A 0 O Iy N vy
N BB A
AR AR R AR 2R ek
By Ia
AR R A
SIIYIIIRII PN 222777 77 l
IR A

N
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
» (-l,a)~d = (d,b)~L
» (b,—1)~e = (a,e)~L T T T
27]-4|-3]-1
-2
OBE
4
«@
1
AAA4+NSAC 2017 22 / 26



Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
> (—]_7(1)Nd = (dvb)NJ‘
) b
» (b,—1)~e = (a,e)~L L|ef-4]|-3[-2]|-1]0
O. -4(-3]-1|a

=

O -3

4

1
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (-La)~d = (db)~L
: b__a
» (b,-1)~e = (a,e)> L Llalalsl2]-1]o0
Oo 4|-3]-1]a

-2

O
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€

Petrik, Vetterlein Finite Commutative Tomonoids W.V.V. €N Ve (1) g 22 / 26



Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (—l,a)~d = (d,b)~L
| b a
» (b,-1)~e = (a,e)> L Llalalsl2]-1]o0
Oo —4—1 a

-2

O 3
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (—l,a)~d = (d,b)~_L
| b a

» (b,-1)~e = (a,e)> L Llalalsl2]-1]o0
Oo —4—1 a

-2
o«
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (—l,a)~d = (d,b)~_L
: b__a

» (b,-1)~e = (a,e)> L Llalalsl2]-1]o0
Oo —4—1 a

A -2
LIOOE) 4
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
» (—lLa)~d = (db)~L
) b
» (b,-1)~e = (a,e)~L Llal4|-3|-2|-1]0
O. 41-3|-1]a

”

OO

4
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
> (la)~d = (db)~L
) b

» (b,-1)~e = (a,e)~L Llal4|-3|-2|-1]0
O. -4|-31-1|a

-2
LIOC=s]b

-4
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E3)
» V(a,b) € Q:

» (—lLa)~d = (db)~L
) b

» (b,—-1)~e = (a,e)~L 1 lala]a[2[1]0
O. -4|-31-1|a

-2
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
> (—]_7(1)Nd = (dvb)NJ‘
) b
» (b,-1)~e = (a,e)~L Llal4|-3|-2|-1]0
O 4|-3]-1
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
> (—]_7(1)Nd = (dvb)NJ‘
. a b
» (b,—1)~e = (a,e)~L L|ef-4]|-3[-2]|-1]0
O 4|-3]-1
el|l-2]a
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (-La)~d = (db)~L
| a b
> (b= ~e = (ae)~L L]alala]2]a]o
oW OHE
el|l-2]a

1O

-4

€
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (-La)~d = (db)~L
| a b
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E3)
» V(a,b) € Q:

> (-l,a)~d = (db)~L
i

» (b,—1)~e = (a,e)~

o I

O
s ]=
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
> (—]_7(1)Nd = (dvb)NJ‘
) b

» (b,—1)~e = (a,e)~L L|ef-4]|-3[-2]|-1]0
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:
> (—]_7(1)Nd = (dvb)NJ‘
) b

» (b,-1)~e = (a,e)~L Llal4|-3|-2|-1]0
O -4|-3]-1]b
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (-La)~d = (db)~L
. b

» (b,-1)~e = (a,e)> L Llalalsl2]-1]o0
O -4-1 b
el|l-2]a
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (-La)~d = (db)~L
: c_ b
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V(a,b) € Q:
» (-La)~d = (db)~L
: c_ b
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Example: Construction of a one-element co-extension

(52; g, ~, (O’O)) — (52; g, ~, (0’0))

Step (E3)
> V (a,b) € Q:

> (—]_7(1)Nd = (dvb)NJ‘
» (b,-1)~e = (a,e)~L Llal4|-3|-2|-1]0
O 4|-3]-1
Il =
OO
1 ]-4
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Example: Construction of a one-element co-extension
(827 S], ~, (070)) — (5'27 gu ’\‘J7 (0)0))

Step (E4)

(a) Vb<O0:
(L, 0) ~ (0, L) ~ (e, b) ~ (b, )

(b) (a, 0) ~ (07 a) 1] e 6 3|2|-1]o0
(c) V (aa b)v (c, d) € Q: 1 -2
(@) <(ed)~L = (a,b)~L LOL-B
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E4)

(a) Vb<0:
(L,0)~(0,L)~ (a,b) ~ (b, )

(b) (aao)’;’(oaa) 1|e 6-3 E D
1L a|-3]-1

(C) V(G/?b)?(cad)eQ: LL L 2
(a,b) <(c,d)~ L = (a,b)~L 1] [0

1L 14

I O O R B

N RN NN RN,
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Example: Construction of a one-element co-extension
(527 <‘7 ~, (070)) — (527 gu ’\‘J7 (0)0))

Step (E4)
(a) Vb<0:
(L,0)~(0,L)~ (a,b) ~ (b, )

(b) (04,0)&(0,04) 1 a6-3 2-1]o
1L 4|3

(c) V(a,b),(c,d) € Q: T -
(a,b) <(c,d)~ L = (a,b)~L 1] [0

1)L 1]

IRER R RN RN

IR EREREREE AN
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Example: Construction of a one-element co-extension
(S27 <‘7 ~, (070)) — (527 glu ’\‘J7 (0)0))

Step (E4)
(a) Vb<0:

(L,0)~(0,L)~ (a,b) ~ (b, cx)
(b) (a,0)~(0,0q)

| la|-4]-3 -1]o

e 3]

(¢) V (a,b),(c,d) € Q: INERER RS 2
(a,b) <(c,d)~ L = (a,b)~L L Q)]s
L] ]

L e

HNNnnnn
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Example: Construction of a one-element co-extension

(52; g, ~, (0’0)) — (52; g, ~, (0’0))

= (d, C) ~ (a,e) L|a|-4|-3|-2[-1]0
(E3) ¥ (a,b) € Q: L]t a-s]a
» (-l,a)~d = (d,b)~_L L)L -2
» (b,-1)~e = (a,e)>L LlLjL]L -3
(E4) (a) Vb<O0: TN IS IR IV VRN VRN ()
(J-?O) ~ (Oa J—) ~ (av b) ~ (ba a) ] Ml el Bl ¢
(b) (CV,O) N( ,a) [N ISR IV VS VS I
(¢c) V (a,b),(c,d) € Q:
(a,0)d(c,d)~L = (a,b)~_L
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Construction of a one-element co-extension

Example
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Concluding slide

aa

Thank you for your kind attention!
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