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Definition
» A group G is (k, m)-representable if
there is a function f: k" — m such that S (f) = G.

» A group G is (k, oo)-representable if
G is (k, m)-representable for some m.

Special cases:

» G is (2,2)-representable iff G is the invariance group of a
Boolean function f: 2" — 2.

» G is (2, c0)-representable iff G is the invariance group of a
pseudo-Boolean function f: 27 — m.
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Concrete representation

Example

Suppose that S (f) = Az for some f: 23 — m. Then f must be
constant on the orbits of A3 acting on 23:

000 — a
100,010,001 ~— b
011,101,110 — ¢
111 — d

However, such a function is totally symmetric, i.e., S (f) = Ss.
Thus Az is not (2, o0)-representable.

Let g: 3% — 2 such that g(0,1,2) = g(1,2,0) =g (2,1,0) =1
and g = 0 everywhere else.
Then S (g) = As, thus Az is (3, 2)-representable.
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Orbit closure
Clote, Kranakis 1991:
The following are equivalent for any group G < Sp;:

(i) G is the invariance group of a pseudo-Boolean function
(i.e., G is (2, c0)-representable).

(i) G is the intersection of invariance groups of Boolean functions
(i.e., (2,2)-representable groups).

(iii) G is orbit closed.
Two subgroups of S, are orbit equivalent if they have the same

orbits on P (n) «~s 27,

The orbit closure of G is the greatest element of its
orbit equivalence class.
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Primitive groups

Inglis; Cameron, Neumann, Saxl; Siemons, Wagner 1984-85:
Almost all primitive groups are orbit closed.

Seress 1997:

All primitive subgroups of S, are orbit closed except for A, and
Gs, AGL (1,5), PGL (2,5), AGL (1,8), AT'L(1,8), AGL(1,9),
ASL (2,3), PSL(2,8), PI'L(2,8) and PGL (2,9).

Theorem
All primitive groups are (3, oo)-representable except for the
alternating groups.
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A Galois connection

Fora=(a1,...,ap) €k"and 0 € S,, let a7 = (a10, ..., ano) -

If f: k" — k and 0 € 5, then we write

cHf:<= f(a") =

f(a) for all a € k".

LetO —{f\f k" — k}, andforFCO()anngS,,define

sz{aesnyeF-akﬂ- FY = (FP)F,

F={feo” |VoeGiokfl, G = (6"

For G < S, we call E(k) the Galois closure of G over k.

n: number of variables, k: size of domain
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Galois closed groups as invariance groups

Fact
The following are equivalent for any group G < S,:

(i) G is Galois closed over k.
(it) G is (k,o0)-representable.
(iii) G is the invariance group of a function f: k" — oo,
(iv) G is the intersection of invariance groups of functions k" — 2.
(v) G is the intersection of invariance groups of functions k" — k.

(vi) G is orbit closed with respect to the action of S, on k".

n: number of variables, k: size of domain
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Fora= (a1,...,an) € k" and G < S, define

a® ={a’ | oG}, orb™ (G) = {a® | a € k"}.

For all G, H < S,, we have

¢ =Y — 6" =H = 0¥ (6) =0k (H);

—(k
G():{0€5n|Va€k”: a‘TEaG}.
The case k = 2 corresponds to orbit equivalence and orbit closure.

Proposition
For all G < S,, we have 6(2)2 5(3)2 A E("): o= G.
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A formula for the closure

Proposition
For every G < S,, and k > 2, we have

[ (] Stab(a) - G.

ack”

G = {ceS,|Vack: a" €a®}
={oces,|Vaek"Ine G: a7 =a"}
= {veS,|Vaek"Ime G: o ! €Stab(a)}
= {ceS,|Vaek": o &Stab(a)-G}
= [ Stab(a)- G. O

ack”

n: number of variables, k: size of domain
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Thecase k =n—1

Theorem
If k = n—1 2> 2, then all subgroups of S, except A, are Galois
closed over k.

Definition (Clote, Kranakis 1991)

A group G < S, is weakly representable, if G is
(k, 00)-representable for some k < n.

Corollary
All subgroups of G < S, except for A,, are weakly representable.

Proof.
G < S, is weakly representable <= dk < n: E(k) =G
—(n—1) o
= G =G

— G#A, O

n: number of variables, k: size of domain
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The case k =n—2

Theorem
If k = n—2 > 2, then the Galois closures of subgroups of S, are:

> An—l(k) = 9n-1,
> C(k) = Dy (for n =4),

> all other subgroups of S,, are closed.

n: number of variables, k: size of domain
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The case k =n—d

Theorem
Let n > max (2"’, d? + d) and G < S,,. Then G is not Galois
closed over k if and only if
1. GgsdALXAOI’
2. G <g 51 XA,
wheren = LU D with |L| > d, |D| < d and A < Sp.
The closure of these groups is E(k) =5, X A.
Remark

Using the simplicity of alternating groups, one can show that these
subdirect products are of the following form:

1. G = AL X A,
2. G = <AL X Ao) U ((SL\AL) X (A\Ao)),
where Ag < A is a subgroup of index 2.

n: number of variables, k: size of domain
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Interesting subgroups of S;, S5 and Sg

G<S, Yol oSl W

G Dy Ca G

Gs Ds Gs Gs

AGL (1,5) Ss AGL (1,5) AGL(1,5)

G xS Dy x S5 G xS Ci xS

Dy Xeq So Dy x S5 Dy XeqSo Dy Xeq S
A3l Ay 5315 Azl Ao A3l Az

5304 S2 5315 534 S2 5304 52
(53152) N Ae 5315 5315 (S3152) N Ag
PGL (2,5) Se PGL(2,5) PGL(2,5)

Rot (D) Sym (60)  Rot (X)) Rot (7)
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