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Mupro Cinojaxosuh

O JEJHOM CTABY TI. II. BAPKEPA O TPOYTAOHHM MATPUIIAMA

Y pany [1] G. P. Barker goxasao je cimemehH CTaB O TPOYTraoOHHMM MAaT-
pHIama:

Teopema 1.—Axo ¢y S, Ss .., S, marpuite ¢dopmara n x n (Hag
npcreHom R) TpoyraoHe, ¢ HyjIama HCIOZ aujaroxane, (,,TOPEmE TPOYraoHe™) n
aKo je eJleMeHaT C MHAeKcuma (7, ¢) maTpuue S; jeAHaK HyJM, Taja je H

S, S, -8, =0.

AyTop je OBY TeopemMa MCKOPHMCTHO 3a HoKa3 Kejnu-XamuintoHoBe TeOpeme
KOja TBPAM Ja CBaKa MaTpHIla 3a70BO/HaBa CBOj KapaKTEPHCTHMYHM IIOJIMHOM.

Mn hkemo oBxe /laTM IBa HOBa JOKa3a Te TEOPEME H CaMy TEOPEMY
YOIIIIITHTH.

Topehewa pagu HaBOAMMO Jo0Ka3 ayropa Bapkepa.
Heka je

T=S8y S -S,=[t]
Hexa je

zij:E- 'ZSHIS"](Z‘ <8 g

n—1

e je CTAaB/bEHO Ja je §; , cleMeHaT MaTpHue S.
? p+1 p+1
Ilowro je S; ropme Tpoyraona marpuia, mopa Outu ¢y; -0 3a i<j.

Jokas Ou Omo 3aBpumieH Kaga OGMCMO TOKA3IH Oa CBaKM CabHpaK Sy Sigig* *

s, ¢ roe je i<y <6,<- - -<¢ <j mopa OuTH jegHaK HyIH, AyTOop cama

p p+1 n—1
JMETAUBHO aHWIM3Mpa moryhe BpEeIHOCTH HHIEKCa Y HU3Yy Ia M3BOAM 1a Mopa
OurH T=O E}ao C}(pahegio ‘T aHaM3e: aKo je ia=p+1, Taja je ipfr1>p+2';
a aKo j€ p>>7,4q TAOA J€ Ip4421, -+ 3. Crora mopa OutH n<i, ;<j<n, ma je
S ;=%,,=0. Tako ce 6mio rae y HM3y HHAEKCA MOpa II0jaBUTH Be3a i=1=p+ |
n—1 Pp p+1
uorymas; ; =0.
p b+l



i Mﬂpxo érojaxonﬁh

Mu hemo oBy Teopemy Hajipe AOKa3aTH HHAyKUHjom IO dopmary .
3a n=1 Hema 1mra Jma ce gokasyje. Ty je §;=T=0.

3a n=2 umamo
s o x s u o
1= o ¥ H =, o

COe CY X, ¥, ¥, ¥ IPOHM3BOJBHH €JIEMEHTH H3 IpcTeHa R. JacHo je ma je §; S;=0
(nox m@je ysex S, S;=0).
ITpernocTaguMo canm fa je Teopema [OKd3aHA 3a HEKH NPHpPOXHE Opoj m
Tana je: '

Sl SZ' * Sm Sm+l= TSm+l,

s T, a s T, a,
e w7 T s )

a Ty,.., T,, cy mxm ropme TpOyraone MaTpHue TaKBe Ja je €JIEMEHAT C,
uHgexcuma (7, 1) y marpunu 7, jeHAK HYJIH.
‘Tlox Tém IpeTIIOCTaBKaMma je:

O, u, A, t,
T=S1SI--SM= O x aSm+1= 6 0

rae je O,, Hyja marpuna dopmara mxm OOK je A, ropme TpOyraoHa MaTpHIa
dopmara mxm; u,, t, cy BekTopu Kosione pena mxl. Ilpu rome je 0 Hyna Bpcra
pena lxm a x je HeKku enemeHar H3 R.

Henocpenuum mHOo)KemeM ce o0Hja

rge je:

TS, +1=0.

Teopema je JoKasaHa.

3a gpyru pgoka3 KopuctHhemo ciefehe qo0po IO3HaTe UMILCHHIIE H3
nuHeapHe anrebpe:

1. — Tpoyraoun oOJMK MaTpuIla C HyJiama HCIIO[ ,qn)arona.ue HHBapHjaH-
TaH j& y OOHOCY HA MHOMKCHE€ MAaTpHLA.

2. — IlpomsBom AB pBejy marpuua dopmara #xn MOXKe ce JoOHTH H3
marpaue A (opu. u3 B) Bpmehn Ha menum KojgoHama (OJH. HA BpCTama MaT-
pHne B) ncre one mpomene Koje TpeGa M3BPIIHTH HA KoJIoHamMa (OIH. BpCTama)
jenuuuune marpuie E dopmara nxn ga 0u ce modumma marpuua B (omw. Mar-
puua A).
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IMouumemo cap ca amany3om npomseofa S; S;. Kako je S, matpuua mobu-
jena us E

a) MHOJKEHEM IIDBE KOJIOHE Ca X;

b) MHOXKEHmeM Jpyre KOJOHE Ca HyJIOM;

C) JOoJaBalbeM IIpBE KOJIOHE APYroj IIOINTO je IIPBA IIPETXOMHO IIOMHO-
JKEHA ca 2;

d) mpyrim mpomeHama Ha KONOHama HHJeKca Beher ox 2 Koje Hehemo
HAaBOJWUTH TIOWITO cy 0e3 yTHIaja Ha Ja/bE DE3OHOBAILE.

ITomro MmarpHua S; HMa UPBY KOJIOHY CAUMILEHY CaMo OfI HyJa, IIPOMEHE MO
a ¥ ¢ Cy Oe3 edexrta y OBOM CIy4ajy Ila JPOMEHa b Kasyje ga IIDOM3BOJ
S; S; uma o0e IpBe KOJIOHE CauuibeHe camo O HyJa. Tako ucTo GHCMO 3aKIBY UMIIA
ma Sy S, S; uMa cBe TPH IIpBE KOJIOHE CAuMIbeHe camo of Hyna urx. Ha xpajy
saKspyuyjemo ga mpouspBonm S, Sp- ¢S, HMa CBHX # KOIOH2 KOJ€ Cy CAUHELEHE
O CaMHX HyJIa.

Tako ce moOuja IperMaHU)a

Teopema 2.—Hexa cy S,, i=1,2, ., B S;, B<n marpuue ¢opmara
nxn Kao y TeopeMH 1, JoK je S, 3a A>>n NPOM3BO/GHO, Tada je

S]_Sz"Sk, k=1,2,--

MaTpuua Koja uma n.(n.k) IPBUX KOJIOHA KOje Cy CauMibeHE OJf CaMHX HyJa
npu uemy je x-y=0 Kag je ¥x<{y, a HHaue je TO %X — Y.

Hagpogumo ga Teopema 2 BIKM M y OOJIMKY KOjH Ce OXHOCH Ha NapTH-
IMOHUpAHE MAaTpHIE IOLITO CE Y JOKAa3UmMa OIEpHINE apryMEHTHMa KOjH BaXKE
A 3a OJIOKOBE YMECTO 3a €JIEMEHTe.

3axpaspyjem mpodecopy G. N. Wollan-y (Purdue Univ. Lafayette USA) na
CyrecTHjaMa y BE3H Ca HOTAIHjOM.

* Caormrreno y Amer. math, soc. ¢eGpyapa 1971.
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Mirko Stojakovié
ON A THEOREM OF G. P. BARKER ON TRIANGULAR MATRICES

Summary

In a recent paper [1] G. P. Barker gave a proof of the following

Theorem. —If 8§, 8;,..,Sy are (upper) triangular matrices (over a ring) such
that the (4, 7) element of S; is zero, then

8:18;.. Sr=0.

We give here two simple proofs and a generalization of that theorem.
1. —} Proof (by induction on n).
For n—l there is nothing to be proved as Sl_

For n=2 we have
0 x x
s-[o 2] =07
0o x o o

and by straightforward verification S, $;=0.

(Remark. — We note byx an arbitrary element which may also be or not be equal to
zero. We also note by the same letter S different matrices because there cannot be any
ambiguity about the meaning of the letter. We see that even in the case n~2 the order
of matrices in S, S, cannot be reversed. Here S, S; could be different from zero).

Assume now that the theorem is proved for #n=m. Then

S8 . S Sm+1=TSm+1=0

because of

@ Am ¢
T"_‘SISZ".Sm:[ ” :m ]; SM‘f‘l:[ " m]

Om Om o

where: Oy, is zero matrix of the order mxm (bu the induction hypothesis), 4, is an upper
triangular matrix of the order mxm (by the definition), uy and f, are some column m-di-
mensional vectors and on is a row m-dimensional vector.

The proof is also valid in the partitioned form of the theorem.

2. — Proof (by direct verification).

We use the following well-known facts from linear algebra:

The upper triangularity of matrices is invariant under the multiplication of matrices.

The product 4 B of two matrices 4, B can be obtained from A4 (resp. from B) by
just making the same changes on the columns of A (on the rows of B) as one has to do
in order to obtain B (resp A) by makmg the necessary changes on columns (resp. rows) of
the identity matrix E. .
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Now, we start to calcula.e S, S,.

As §; is obtained from E by

a) multiplying the first column by x;

b) multiplying the second column bu zero;

¢) adding the first colnmn multiplied by x to the second column;

d) some changes on the rest of columns which we ignore as unimportant to our goal.

Due to these changes S; S, has two first columns equal to zero (the operations g
and ¢ having no effect at all, the first column of §; being entirely composed of zeros).

In the same manner we conclude that §;S,S,; has its first three columns equal to
zero and so on. Finally, S, ;.. Sy has all elements equal to zero.

This proof is also valid in the partitioned form of the theorem. We have now in a
more precise form

Theorem 2.—Let the matrices S;, £=1, 2,..,,7 be as in theorem 1 and S; ar-
bitrary for i>>#n. Then the matrix

S$,S. .. St

has »- (n - k) first columns composed entirely of zeros.
For k=:n we have theorem 1.
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