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Olga Hadzi¢

A FIXED POINT THEOREM IN RANDOM NORMED
SPACES

In his paper: Statistical Metrics, Proc. Acad. Sci. USA, 28, 1942, 535—-
—537 K. Menger has generalized the notion of metric space attaching to each
pair (p, ¢) in the cartesian product SxS a distribution function F, ,. Thus was
obtained the notion of probabilistic metric space (briefly PM-space). The no-
tion of random normed space was introduced by A. N. Serstnev [13] and in this
paper we shall prove a fixed point theorem for mapping ®z=(H (x, ), K (x, ),
z=(x, y), where 81 and S: are random normed space, Uc 81, V< 8, H: Ux
V—U and K:Ux V-V,

Important contributions in the study of PM-spaces are due to Wald [5],
B. Schweizer and A. Sklar [3], O. Onicescu [6] and in [1], [2], [7] and [8] are
given some fixed point theorems for contraction mapping in PM-spaces. In [9]
the notion of the Kuratowski function is introduced and based on it in [11] are
defined the functions probabilistic densifying and «-contractive and some fixed
point theorems for such functions are given.

First, we shall give some definitions and theorems to be used in the sequel.

Definition 1. The mapping ¢: [0, 1] x [0, 1[0, 1] is a t~norm if the fol-
lowing conditions are satisfied:

1. t(a, 1)=a for every ae[0,1] and t (0, 0)=0

2. t(a, b)=t (b, a) for every a, be [0, 1]

3. If c=a and d=b then t(c,d)>t (a, b)

4. t(t(a, b), c)=t(a, t (b, c)) for every a, b, ¢ €[0, 1] Let A+ be the family of
all distribution functions F such that F(0)=0

Definition 2. Probabilistic metric space is an ordered pair (S, F) where S
is an abstract set of elements andF is a mapping of S X S into a collection A+ (the
value of F at (u,v) € S X Swill be denoted by Fy, ») where the functions Fy, v are as-
sumed to satisfy the following conditions:

(@) Fu, olx)=1 for all x>0 if and only if u=v. .

(®) Fy, 0)=0 for every (u,v) € SxS

(c) Fu, v=Fy, u for every (u,v)e Sx§

(d) Fuy» (x)=1 and Fy, s (3)=1 imply Fy, v (x+3y)=1
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Definition 3. A Menger space is a triplet (S, F, t) where (S, F)is a
PM-space and t-norm t is such that Menger's triangle inequality :
Fu, w (x+3) 2t (Fus » (%), Fo, w (3))
is satisfied for all u, v, w € S and for all x>0, y>0.

The (e, A)-topology in (S,7F, ) is introduced by the fam.il‘y of (e, A)-neigh-
borhood of ve S:

Us (5, )={ue S: Fy, o(e)>1—21}, €>0,2¢ (0, 1)
Definition 4. A random normed space is a triplet (S, F, t) with the follow-
ing properties:
1. t-norm t is stronger than Tm (a, b)=max {a+b—1, 0}
0x<0
1l x>0
3. For every ue S,xe R, A e K, A7o.

2. Fy=H for u=0 where H(x)=[

Fy (x)=F, [I%J where S 1s vector space over the field K.
4. Fysp (x+y) =t (Fy (%), Fy(y)) for every x>0 and y>0. It is easy to see
that every random normed space is a Menger space if we take Fy, y=Fy_y.

Definition 5. A mapping T on PM-space (S, F) will be called a generali-
zed contraction iff there exists a constant ¢, 0<<q<Cl, such that for every u,ve S:

Fry, 7o (gx) Zmin {Fu, » (%), Fus 7u (%); Fos 70 (x)s Fu, 70 (2), Fos u (2%)}, x>0
Probabilistic diameter of the set A = § is defined in the following way:
D4 (x)=sup inf F, y (t)
t<x u,ve A
The set A is probabilistic bounded if sup Dy (x)=1. The Kuratowski function
of a probabilistic set 4 is of the form: :
. ‘ aa(x)=sup{e>0,34;< S, j=1,2,...,n, Ac 191 Ay, Dy; (_x) >e}

The Kuratowski function has the following properties:

1. xa€ A

2. x4 () =Dy (x)

3. #Ac Bc S=ay (x) 2ap (x)
4. aaup (x)=min {«4 (x), ap (x)}
5

. &4 (x)=az (x) where A is adherence in (e, A)-topology
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Definition 6. If T is a mapping of random normed space S into itself so
that for every subset A of S such that aqa<<H we have:

oAy >0l A
T is called probabilistic densifying.
Theorem 1 [1]. Ler (S,F, t) be a Menger space, t=min and T:S—S is a

generalized contraction on S and S is T-orbitally complete. Then T has a unique fixed
point v€ S and lim T™u=v for every uc S.

n—+o0 '

Theorem 2 [1]). Let {T;} i € N be a sequence of mappings on a Menger space
(8, F,min) and let T:S5—S be a generalized contraction on S which is T-orbitally
complete. If each Ty (i=1,2,...) has ar least one fixed point v; and the sequence
{Ti}iieN on the subset: —

I={u|l ueS, there is some T; such that u=T; u} converges uniformly to T
then the sequence {u;} 1€N converges to a unique fixed point v of T.

Theorem 3 [11]. Ler (5,7, t) be a complete random normed space, A a pro-
babilistic bounded, closed, convex subset of S and T a continuous probabilistic den-
sifying selfmapping of S such that TA < A. If t=min, then there exists ar least
one fixed point of the mapping T in the set A.

Theorem 4. Suppose that (S1, F1, min) and (Sz2, F2, min)* are complete
random normed spaces. Further, let U be a closed, convex subser of S1, V be a closed,
convex and probabilistic bounded subset of So and H:UxV—U, K:UxV—~>V such
that the following conditions are satisfied:

1. The mapping H is uniformly continuous and for every x>0 the following
inequality holds:

FH(u, w)—-Hw, w) (qx) = m-in{Fu-'v (x), Fu—H(u, ) (x): Fv—H(v, ) (x)s
Fu—H(v, w) (Zx), Fv-H(u. w) (Zx)}
for every u, ve U and every we V, o<g<l.

2. The mapping K is continuous and for every set Q such that ag<<H we ha-
ve ARWU,Q) >>oQ
Then there exists at least one element z, € UXV such that:

D z,=2, (<Dz= (H (x,y), K (x, ), z2=(x, y))

Proof: For every w e V we shall define the mapping H,, of the set U into
itself such that:
Hy (w)=H (u, w) for every ue V,weV

From the condition 1. it follows that the mapping H. satisfies the following in-
equality:

Fr o -Hywy (g%) = min {Fy_y (%), Fu_Hyw) (%), Fo- By (%), Fu_m,m (2%)

Fo_ Ry (22)}
for every u, ve U and we V.

* If K(U, V) is compact and (Sz, Fz, ¢) is admissible [14] in (g, 2) topology from [14]
it follows the existence of element 2, € U X V such that ® z,=2,.
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From Theorem 1 it follows that for every w e V there exists one and only
one element Rw e U such that: Hy, (Rw)=Rw. We shall prove that the mapping
R:V—U is a continuous mapping. Since (e, A) topology is a metrizable topology

we shall prove that from Lim w,=w,, where {wn} nexy is a sequence from U it
n—+00

follows:
lim Rwy,=Rw,
n—rco

Let Hy, be the mapping Hy, for every ne N and I-Z,=Hw.. Since the mapping
H is uniformly continuous we have:

lim H (u, wn)=H (4, wo) for every ue U,
n—»c0o . B

namely that:
lim H, (w)=H, (u)
n-»00

uniformly in respect to # € U. From Theorem 2 it follows that lim Rwn=Rw,
f—>co

and so the mapping R is continuous.
Now, we shall define the mapping T of the set V into itself in the following
way:
Tw=K (Rw, w) for every weV

It is obvious that the mapping T is continuous. We shall show that the mapping
T is densifying.

From the definition of the mapping T it follows:

TO={Tw;we Q}={K(Rw, w); we Q} = {K(u,v); ue U,ve V}=K (U, Q)
Suppose now that ay<<H, 4 < V. From the property 3. of the Kuratowski func-
tion and the condition 2. of the-Theorem we have:

arg) (x) = akw, @) (x) for every x>0
and so:

ATQ UK, Q) >0Q

which means that the mapping T is probabilistic densifying. From the Theorem
3 it follows that there exists w, € V such that Tw,=w,. If we take for element
2, the element (Rw,, w,) € UxV we have:

‘D Bo=ZXp
which completes the proof.

Remark : Every Banach space is complete random normed space if Fy (x)=
=H (x— || u|]) for every uec S.If we take z=min and F: S— A+ is defined by
F (u)=Fy for every ueS then (S,F, min) is a random normed space. It is easy
to see that (s, A) topology induced on S the norm topology and that every boun-
ded subset is probabilistic bounded. If K (U, V) is a compact set it is obvious
that:

wg<<H implies axy,q)>xg

and so the Theoremi of Avramescu from [12] follows from our theorem.
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TEOREMA O NEPOKRETNOJ TACKI U SLUCAJNIM
NORMIRANIM PROSTORIMA

Rezime

U ovom radu je dokazana sledeéa teorema:

Teorema: Pretpostavimo da su (S1, F1, min) ¢ (Sz, F2, min) kompletni sluéajni normirani
prostori. Neka je dalje U zatvoren i konveksan podskup od S1, V zatvoren, konveksan ¢ probabilisticki
ogranien podskup od Sz, H preslikavanie proizvoda UXV u U i K preslikavanie proizvoda U XV
u V tako da su zadovoljeni sledeéi uslovi:

1. Preslikavanie H je neprekidno ¢ za svako x>0 je:
Fo @, wy-1 @, wy (qx) Zmin{Fp—p (%), Fu—tr (u, wy (&), Fo-b (0, &y (%),
Fu-re, wy (2%); Fo— o, wy (2%)}
za svako u, ve U i svako we V gde 1e 0<g<1.

2. Preslikavanje K je neprekidno 1 za svaki skup Q takav da e ag<Hwva%i: oxy, gy >0Q-
Tada postoji bar jedan elemenat zo€ UX V takav da je D zo=2z0 gde je P z=(H (x, v), K (%, »))
z=(x, y).



