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In this paper we shall prove a fixed point theorem in probabilistic metric
space, which is a generalization of the fixed point theorem from [6].

A pair (X, TF) is a probabilistic metric space iff X is an arbitrary set, F: X X
x XA (F is the set of all distribution funotions F such that F (0)=0) so that
the following conditions are satisfied (& (p, ¢)=Fy, ¢ for every p,gqe X):

1. Fyq(x)=1, for every x e Rt iff p=¢q.
2. Fp,q=Fy,p, for every p,qge X.
3. Fp,q(x)=1 and Fgr (y)=1 implies Fp,, (x+y)=1 (p,¢re X, x,y>0).
The (e, A)-topology in X is introduced by the (g, A)-neighbourhoods of v € X:
Uy (e, N)={u | Fu,0 £)>1—2}>0, Ae(0,1).
A triplet (X, &, r) is a Menger space iff (X, F) is a probabilistic metric
space and ¢ is a T-norm such that for every x,y>0:
Fpsr (x+3) 2t (Fp,q (%), Foor (1)),
for every p, ¢, re X.
The set McX is a probabilistic bounded one iff:

sup Dy (e)=1 .

where:
Dy (€)= sup 1nf Fzy (3), >0
8<e z,y€M :

is the probabilistic diameter of the set M. If f: XX and xe X then Oy (x)——
—{x,f(x), F2(x), .. }

DEFINITION 1. Let (X, F) be a probabilistic metric space and f: X—X.
A point x€ X is regular for f iff sup Doz (€)=1. -

B 4 :
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"DEFINITION 2. Let (X, F) be a probabilistic merric space and f: X—+X.
We say that two points x,y € X are asymptotic under f iff:

Fin (2), tn ) (€)1, n—>o00, for every €>0.
If (X, d) is a metric space similar definitions are introduced in [5].

THEOREM. Let (X,F) ba a complete probabilistic merric space, f: X—+X
be a continuous mapping such that each point of X is regular for f and both two points
of X are asymptotic under f. If there exists q €(0, 1) such that for every x e X:

(N Doy (11 (€) 2 Doy ) [i) foi every £>0.
q

then there exists one and only one fixed point z of the mapping f and z= 11m f" (x),
where x 15 an arbitrary element from X.

Proof: From (1) it follows that for every >0 and every ne N:
& €
) Doyipm @) (€) 2 Doy 112-1(20 (;) Z...2Dos @ (E]

Now, we shell prove thet the sequence {f* (x)}nen is a Cauchy sequence which
means that for every ¢>0 and every A& (0, 1) there exists np e N such that:

Frmz, 1s @(€)>1—A for every m, s =ny.
Since x is a regular point of X for f it follows that:
sup Doy @) (e)=1
and so there exists £(A)=>0 such that:

A
Dos ) (¢ (A)>1— ?

Suppose that np € N is such that — ® >t (). Since Doy € A it follows that:
q 0

Doy @ (q ] > Doy (£ O)>1—-
and so from (2) we have:
(3) Doy n (2] (e)>1——;— for every n>np
This means that:

sup inf Fu, (8)>1—~7\—, for every n>=ny.
S<eu, veOr(fm (2)] 2
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Since Fz,y(e) =Fz,y(3) for every 3<Cg, and every x, y € X it follows:

inf Fu,o(©)>sup inf Fu,o(3)>1—>
%, VEOs[fn (7)] 3<e u,v€07(fm (2)] : 2

and so (3) implies:
) Fus (s)>1—% for every u,ve Oy [f* ()]

and every n =ny.
The inequality (4) means that:

A
(4) Fpm @), r i (e)>1—?, for every m, r =ng

and, since X is complete, there exists z=lim f» (x). Using the fact that f is continuous,
no>0

we have that:

f@=lim f [f* (@)]=lm fr+1 (x)=z

and so z is a fixed point of the mapping f .Suppose that w7~z and fw=w. Then

we have that:

Fy, 2 &)=Fmw, s (£) 1, n—>o0, for every >0

and from 1. it folows that w==z.

COROLLARY Let (X,F,t) be a complete Menger space with contintous
T-norm t such that the family { Ty (x)}nen is equicontinuous at the point x=1, where:

Tn(x)=t((...t(%,%),%),...,x), x€[0,1], neN,
fRR A ——
n-times

If there exists qe(0,1) such that for every u,ve X and €>0:

Fru, o (€) 2Fu,» (i)
q
then there exists one and only one fixed point of the mapping f.

Proof: Since for every ne N and every u,ve X:

Fyn, gn(e) >Fu,v(i), for every >0
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and F,,,€A it follows that:

Ff,’,',f.’,'(e)—’ls n—oo, for every e>0

and so each two points »,veX are asymptotic under f. Let us prove that every point
xeX is regular. We have for every peN:
A

4 ) 1_
=t| Frr1a), 2 (iJ: Fi, = ( q E))>
\ q q

1— 1—
=t I(Ff""w), z [i]a Fra), » [ 1 5]]; Frz), 2 [——q 5]] =
q . g q

1— 1—
=t t( . (Ffw, z(i]: Fraz), x( 1 EJ],- «s Fray, z( qE)]Z
q q q

(p—1)-times

1—
=2Tpa (Ff(x), x ( g e]], peN.
q

£ 1
Frp(z)s2 [7] >t [ Frp(a), 1(2)(€)s Fria), o [

Since Fy),2€A and the family {T, (4)}nen is equicortinouous at the point u=1,
it follows that for every Ae(0, 1) there exists 8 (A\)>0 such that:

LG,
q
From (5) it follows that for every Ae(0, 1) there exists £>0 such that:

(5 Ffp(z),,( ]>1—A for every peN.

Ff" (z), fm\z) (5) 2Fﬁ-~m (z), (i)ZFfr—m (), = [i)>1 —A
a~ q

for every r >=m, r,meN and so:
sup Doy (2} (€)=1.
4
It is easy to prove that:

Doy 11121 () = Doy () —e—), for every >0 and every xeX and so from the
q

Theorem it follows that there exists one and only one fixed point of the mapping f,

In [2] an example of T-norm ¢ is given such that the family {Ta(4)} nen is
equicontinuous at the point u=1. If r=min then Ty (4)=u for every neN and every
ue[0, 1] and so the Theorem in [6] follows from the Theorem.



A generalization of the contraction principle 17

Let (S, 7, t) be a Menger space wirh continuous 7T-norm ¢ such that the family
{Tn (4)}nen is equicontinuous at the point u=1. In [3] it is proved that there
exists a sequence {an}neny in (0,1) such that lim a,=1 and that the family

{dn}nen of pseudometrics: dn (x, y)=sup {¢ | Fr,y (£) <an} (x,y€S,neN) defines
the (e, A) topology in S.

If X is a topological space in which the topology is defined by the family
{dn}nen of pseudometrics, we shall use the following notation:

Dy (M)=sup {dn (x,) | x,yeM}, McX.
Similarly as in [4] we shall give the following definitions:

DEFINITION 3. Let X be a topological space in which the topology is defined
by the family {dn}nen of pseudometrics, f: X—X and xeX. The point x is regular for
I iff for every neN there exists My such that:

Dy (O5 (%)) <Ma.

DEFINITION 4. Let X be a ropological space in which the topology ts defined
by the family {dn}nen of pseudometrics, f: X—X and x,yeX. The points x,y are asym-
protic under f iff for every neN:

lim dy, (f™ (x), f (¥))=0.
m—>00
LEMMA 1. Let (S, F, t) be a Menger space with a continuous T-norm such

that the family {Tn (u)}nen s equicontinuous at the point u=1. If a point xeX is re-
gular for f in the sense of definition 1 then it is regular for f in the sense of definition 3.

Proof: Since x is regular for f in the sense of definition 1, it follows that:
(6) Sup D0f (z) (€)= l.

We shall show that for every neN there exists M, such that:

Dy (Of (x)) SMa<oo
and so:

dn (f (x), fr (x)) <Mn, 7,5eNU{0}.
Let us show that there exists, for every neN,MnSO such that:
Frs @y, fr (1 (Mu)>an for every s,reNu{0}.
From (6) it follows that there exists z, such that:

©) Doy (e (ta)>an.
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From (7) we have:

sup i.anf: (@), f7 (@) ([)>an
t<In 5, reN {0}

and so there exists M, such that:

inf  Fys ), ir (00 (Mn)>an.
s, reN {0}

From (8) we conclude that Fys(a), fr ) (M,.)>an, for every ne N and every
s, r € Nu{0}.

LEMMA 2. Let (S, F 1) be a Mevnger space with a continuous T-norm such
that the family {Tn (U)}nen is equicontinuous at the point u=1. If two points x, yeS
are asymprotic under f in the sense of definition 4, they are asymptotic in the sense of
definition 2.

Proof: Since the points x,yeS are asymptotic in the sense of the definition 4,
we have that:

9 Fpmy, may 8)—~1, n—>oo for every §>0.
Let us show that from (9) it follows that:
dn (fm (x), fm (3))—>0, m—>oo for every neN.
Suppose that e>0. We shall prove that there exists m (n)eN such that:
dn (fm (x), fm (¥))<<e for every m >m (n).

Since lim Fnay, fa) (€)=1,6>0, there exists m (n) such that:
>0

Fim (z) my (€)>aa for every m>=m (n).

LEMMA 3. Let (S, F, t) be a Menger space with a continuous T-norm t such
that the family {Tn (4)}nen is equicontinuous at the point u=1 and f: S—S. Then con-
dition (A) implies condition (B) where:

(A) There exists qe(0, 1) such that for every xS and €>0:
Doy 1121 (g €)>Doga) (e).
(B) There exists g€ (0, 1) such that for every xS and every neN:
Du[Or [f #)11<q Dn [Of ()]

Proof: Suppose that condition (A) is satisfied and let us prove that:

Dy [Of [f ()]] <q Ds [Or(x)] fo1r every xeS and neN.
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If, on the contrary, there exists xS and neN such that:
D [O7 [f ()]1>g Dn [Or (x)]
then there exists 3>0 so that:
Dy, [Or (x)]<8 and Dy, [Or [f (x)]]1>¢ 3
Then we have:
sup {dn (f* (x), fr (x)) | r, seNU{0}} <3
and let 8'<d be such that:

10) dn (f* (x), fT (x))<3'<8 for every r, seNuU{0}.

From relation Dy [Or[f (x)11>¢9, it follows that theie exists roeN and soeN such that:
(1n dn (foo (x), fro (¥)) > 3. |

From (11) it follows that:

(12) F fo(x) f(x) (q 8) <an

and from (10) that:

(13) Ff(x),f (x)(8)>as for every s,reNu{0}.

From (12) it follows that inf Fps () (@) (¢ <an
r, seN

and so from the relation:

sup inf Fys (z), fr (2 (p) <inf Fys (), s (2) (¢ 9)
e<qg8 r,seN r, €N

it follows that:

Doy 1 (21(q 8) <an.

Furhermore, since from (13) it follows that:

inf Fps(z), o2y (@) 2an
r.8eNU{0}

we conclude that:

(14) sup inf  Fpi(a), or (o) §) Zan
E<3 r,seNU{0}

and so (14) implies:
Dos (2 (3) =an =Doy 11 (=1 (¢ 8) > Doy (=) (3)

which is impossible.
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Similarly as 10 [4] the following theorem can bé proved: Ler X be a topological
space in which the topology is defined by the family {dn}nen of pseudometrics and which
s complete, f: X—>X, such that every pommt xeX is regular for f and every rwo points
x, yeX are asymprotic under f. If there exists qe(0, 1) such that for every xeX:

D [Of [f (x)]11<qDn [Of (x)], for every neN
then there exists one and only one fixed point z of the mapping f and z—hm f" (x),
for every xeX.
Using lemmeas 1 2 and 3 and the above Theorem it is easy to prove the follo-
wing proposition.

PROPOSITION, Ler (S,F,t) be a complete Menger space with continuous
T-norm t stch that the family {Ty (4)}nen s equicontinuous at the point u=1,
f: 8>S, every point xS is regular for f, every two points x, yeS are asymptotic under
f and for every €>0 and every xeS§:

Doy 1f (21 (g€)>Dosay (), ¢e(0, 1).
Then there exists one and only one fixed point z of f and z=lim f* (x) for every xeS§.

n—>o00
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A

JEDNA GENERALIZACIJA PRINCIPA KONTRAKCI]E
U VEROVATNOSNIM METRICKIM PROSTORIMA

Olga Had%ié

REZIME

Ako je (X, @) verovatnosni metri®ki prostor, f: X—+X i x € X tada se sa Oy (x) obeleZava
skup {x,f(x),f2(x),...}: U ovom radu je, analogno kao u radu {5], data definicija regularne
tatke x € X u odnosu na preslikavanje f i definicija asimptotskog para tataka (x,¥) € X*® u odnosu
na preslikavanje f a zatim dokazana sledeéa
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TEOREMA. Neka je (X, F) kompletan verovatnosni metricki prostor, f: X-+X neprekidno
preslikavanje tako da je svaka tatka x € X regularna za f i svaki par tafaka (x,y) € X? je asimptotski
u odnosu na f. Ako postoji qe(0,1) tako da je za svako x€ X:

£
Dog 1) = D0y (2 (;), za svako €>0

tada postoii jedna i samo jedna nepokretna tatka z preslikavanja f 1 z=lim f* (x), gde je x proizvoljan
N—o0
elemenat iz X, gde je za svako MSX, Dys verovatnosni dijametar skupa M.

Dokazano je takode i sledete tvrdenje.

TVRDENIJE. Neka je (S, F,t) kompletan Mengerov prostor sa neprekidnom T-normom
t tako da je familija {Tn (u)yneN podjednako reprekidna u talki u=1,f: S-S, svaka tatka x€ S
Jje regularna za f i svaki par tataka (x,v) € X? je asimptotski u odnosu na f. Ako postoji g€ (0,1)
tako da je za svako >0 1 svako x€ S:
Doty (ay1(ge)> Doy .2y(€)

tada postoji jedna i samo jedna mepokretna tatka z preslikavanja f i z=lim f#(x) aa svako x€ S,
oo



