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In [1] A. Thayse defined a total differential of a Boolean function f: B*—>B
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and where o are partial derivates upon the variables x; (1<i<{m) defined in
Xi
the following ‘way
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x@y=x"-y U x-y" in Boolean algebra (B, v, -, /, - 0,1)
(1. ..in are permutations of the set {1,2,...,n}).

In this paper we shall present totally new definition of the total differentials
of generalized pseudo-Boolean functions. We shall also consider some properties
of differentials.

Let (P, +, -) be a commutative ring with an identity 1, and let L be a finite
set.

Every mapping f of the set L® in P, where L? is a Cartesian product of L,
is a generalized pseudo-Boolean function, i.e. f:L*—P.

In [4] we gave a totally new definition of the partial derivates of a generalized
pseudo-Boolean function f: L»— P, upon the variables x; (1<i<<n). These partial
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derivates are defined as generalized pseudo-Boolean functions %:L"-»P, (aelL)
X
which are defined
0 ; .
(l) fﬂ- (X)-f(xh cea X1 @y Xi-1y - . . xﬂ)_f(X): ael, (lglgﬂ), where

X=(x1, ceay xn)

Some properties follow directly from (1).

If f and g are generalized pseudo-Boolean functions and ¢ € P then for each
ael:

(1.1)  f does not depend on the variable x; if and only if %=0, (1<i<n)
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DEFINITION 1. The total differentials of the first kind dfy, ae L, of
a generalized pseudo-Boolean function f:L*—P are

@  da=y 2

1=1 0X{

dx;, ael,

%

where (dxi=a—x1), (dx1,...,dxs) are n independent variables, and where

. x1

ael, (1<i<n) are partial derivates of the generalized pseudo-Boolean function f,

The following properties result directly from the definition of the total

differential of the first order and from the properties of the partial derivates of
a generalized pseudo-Boolean function.

LEMMA 1. If f and g (f:L*—P, g:L*—P) are generalized pseudo-Boolean
functions and ccP, then for each acL

(3.1) f is constant if and only if dfa=0.
3.2) d (¢f)a=cdfa
3.3) d(f+8&)a=dfa+dga
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(i) d(Rla—gdist Y f (@) L ox,
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where f(a)=f(x1, ..., % 1, Ay Xi4ly ... sXn).
Proof (3.4) (i). According. (1.4) (i), it follows that
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Similarly, we can prove the other properties of lemma 1.

DEFINITION 2. The total differentials of order m (we shall note them as
d™fy. . .am, (a:€l, i=1,...,m)) of a pseudo-Boolean function f:L*—P for each
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If ay=as=...=am=a, then (4) can be written as
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wherca— (1 <i<n) are partial derivates of f.
Xt

EXAMPLE. If f=L2-P is a generalized pseudo-Boolean function then
] ] m :
d™ gm=|—dx+—dy| fom (%, ¥)
ox Y

are total differentials of order = for each qelL. Furthermore, based on lemma 1 and

(1.5)
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LEMMA 2. If A=(ai, ..., an) is an element of L®
d™fs.. . .ama (A)=0, m=l.

Proof. If
dm-lfs. . .am1=9 (X1, . . . » Xn)
then
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From (1.7) it follows that for each aj,...as-1, @it1,...an€L

0 .
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So lemma 2 is proved.

DEFINITION 3. The total differentials of the second kind of a generalized
pseudo-Boolean function f=L*—>P are
a f an
axn

(ala s 0oy An-1, x‘n)

3 0 fa
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7 om Oxe

ay, ..., ancl.
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Directly from definition 3 there follow the properties of

LEMMA 3. Let f:Lr=P, g:L?»—~P be generalized pseudo-Boolean functions
and ceP,

(5.1) [ is constant if and only if A f=0
(5.2) Alf)=cAf
(5.3) , A(f+e)=Af+Ag
64 AGD—fArre ot T o,
Am f(—1)m 1 Af(at, ... Ga-15 X4y . . . Xn) (5.5)

where i=1, (a1, ...,ai-1, Xiy. .., xn)=X.

Proof (5.4). From definition 3 and (1.4), it follows that
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Proof (5.5). If n=1 then Al f=(--1)2 A £, let us suppose that for n=k, A*f=
=(—1)**1 A f then

Ak+1f=(a(Akf)“‘ (X)—}—a (A%e, (a1, %2, . . ., xn)-l-g“('éi)aﬂ(ab .
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=(—1y2 Af.

So we have proved the property of (8.5). In a similar way, we can also prove the
other properties of lemma 3.
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DIFERENCIJALI GENERALISANTH
PSEUDO-BULOVIH FUNKCIJA
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REZIME

Definisan je operator diferencijal pod (2) za generalisane pseudo-Bulove funkcije f: L#—P

(L-konatan skup, (P, +, +) komutativni prsten sa neutralnim elementom) i dokazana su neka
njegova svojstva.



