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1. INTRODUGCTION

E.Michael and C.Pixley proved the fdllowing Theorem whi-
ch unifies and generalizes some previously known results about
the almost continuous selection property.

THEOREM 1. |8]| Let X be paracompaet, Y be a Banach
space, Z€ X with dimygZ <0 and ¢ : X+ F(Y) a lower semicon-
tinuous mapping with ¢ (X) convexr for all x € X\ Z. Then ¢ admi-
ts a selection.

In this paper we shall prove that a similar result holds
also if X is a normal topologicnl space and ¥ is a paranormed

space.

First, we shall give some notations and definitions. Let:
2¥ = {slscvY,s# @} and F(Y)={s|se 2Y and s is closed in Yi. A

mapping §: X—>2Y is lower semicontinuous (l.c.s.) if and only if
the set {x|xeX, $(X) NV#F} is open in X for every open V in Y.
A selection for a mapping ¢: X F(Y) is a continuous mapping f:X-
+Y such that f(x) € ¢ (x) for all xeX. Finally, if Zg X then dimxzi
<0 means that dim E <0 for every set Ec Z which is closed in X.

Let E be a linear space over the real or complex number

field. The function || |[|* : E> [0,»; will be called a paranorm if
and only if:

1. x|l * =0 «=> x = 0.

2. ll-x]| * =||x|| * , for every x €E.

3. flx+y [[* < |Ix|l * +|lyll * , for every x,y €E.

4. Tf ixgmx Il * >0, AL~ then  |[A x - x I~ 0.
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Then we say that (E,!| [|*) is a paranormed space. The space E is
also a topological vector space in which the fundamental system
of neighbourhoods of zero in E is given by the family {UE}8 >0
where U_ = {x|x €eE, Ix1] * < €}.

In |9] the following fixed point theorem is proved.

THEORBM 2. Let K be a bounded, closed and convexr subset
of E and T :K~+K be a completely continuous operator on K . If

there exists a number C(K) >0 such that:
(1) Haxll *<c(®R)x [{x]|] * , for every 0<X <1 and x €K-K
then there exists an element p €K such that Tp=0p.

In |9] Zima has given an example of the space E and of the
set K such that the relation (1) is satisfied.

DEFINITION Let (E,|I || *} be a paranormed space and K be
a nonempty subset of E. If there exists C(KR) >0 such that (1)holds

we say that K satisfies the Zima condition.

Some fixed point theorems in paranormed spaces are proved
in [3/.

2. AN ALMOST CONTINUOUS SELECTION THEOREM
First, we shall prove the following Lemma.

LEMMA 1. Zet (Y,!| |l*) be a paranormed space, K be a co-
mpact and convexr subset of Y which satisfies the Zima condition
Then for every € >0 there exists 8§ >0 so that:

co((U(S +C)N K< C+U,

for every closed and convex subset C of K.

Proof: Let §>0 be such that U<5+U<SE U € . Sinve
c? (%

the set C is closed and K is compact there exists a finite set F=
{xl,xz,...,xn} =C so that

n
cz= g {x; +Ug} |

i=1
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n
Then (C+U_. ) NKg U {(x,+U € YN K}
8 i=1 t 2 '
C” (K)

Let {Bk}kil be a partition of the unity subordinated to the open
covering f(x, +U € )}irll . Suppose now that z e co{(C +U6) N Kl.
i —— =
C” (K)
Then there exist v; >0 (i=1,2,...,m) and zj¢€ {(c +UG)n K1} (j=1,2,
y.++«,m) so that 2z =

let: J
n
cj = kzl Bk(zj)xk

Then from the fact that C is convex it follows that c.eC, for

IRSE]

szj‘ Further, for every j €{1,2,...,m}
1

m
every je {1,2,...,m} and so c = 7T chj e C. Now, we shall prove
i=1

that z-ce U, which implies that z e Ug + C. Indeed, since the set
K satisfies the Zima condition it follows that:

I 1 T oyl |
Hz-cllx = |i Y.z, - ) y.c. l|* <C(K) yillzi—cl|l* =
1 ) ! T vyl 1 I
= C(K) v, Hz. - B, (z.)x, |l * = C(K) vl B (z. Nz~% )] <
j21 373 = k3K j=1. 3k KOk
<R T val B (z) | zmx, I
S Yot g - s )1 . N =
351 6] (2.) 40 L R T
2 m [3
< C(K) ) y. ) Bk(z.) 5 ) = ¢
=1 J By (2570 3 e (x)

which means that z-c e Ug.

THEOREM 3.Let X be a normal topological space, (Y , || !]*)
be a paranormed space, Z2gX so that dimgz <0 and ¢ : X » F(Y) be a
lower semicontinyous mapping so that ¢ {(x) ts convex, for every
XE€EXNZ . if $(X)& K where K 7s a compact and convex subset of Y
and K satiesfies the Zima condition them ¢ has the almost conti-
nuous selection property which means that for every € > 0 there
erists a continuous mapping £ : X+ K such that f(x) € Ug + ¢ (x),for
every x e v .

Pr oo f: For every € >0 we shall denote the set Ug +
+#(x) by B.(¢(x)) for every x &€ X. Let us prove that there exists

f :¥ -1 such that f(x) €eB.(d(x)), for every x€ X. From Lemma it
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follows that for ¢ > 0 there exists 6§ >0 so that for every x e X\Z:

co((U5+¢(X))ﬂ K)EUE+¢(X) = B€(¢(X))

Since {Ud +y} is an open covering of the set K and K-is co-

yek _
mpact, there exists a finite subset {yl,yz,...,yn]g K such that:

n
K U (y.+U.}
i=1 i 4
Further, for every k=1,2,...,n let Uykgx be defined in the foll~

owing way:

Uy, = {x|xeX, Vi €B, (o(x))}

8

Since the mapping ¢ is lower semicontinuous it follows that eve-
ry set Uyk is an open subset of X. Since X is a normal topologi -

. s [ 7 C
cal space there exists an open covering ‘VYk}kr=11 such that Vyk

CUyk for every ke {1,2,...,n}. Further let:

F = {ykfykeK, eryk} , for every xeX

From the definition of Fx it follows that for every xeX
Fxc Bé(tb(x)). Let S=X\Z and for every s e S:

Gy = {x|xeX, co F_C B (¢(x))I\{ Uw % }.
Yy 5

Every set GS is nonempty, since s € Gs. N'arnely:
co Fsc co(Bd(q)(s)) NK)< BE(q)(s))

Using Lemma 1 we conclude that for every s € § the set GS is open.
c i V. i £
Further, for every x eGs we have that Fx Fs since x ¢Vyk if y, [

¢ Fs. Let G = u ¢ and E =X \G. Since G is open the set E is
s €S
closed and dimE <0 . For the relatively open covering {Vyk ﬂE}kgl

of E there exists a relatively open, disjoint covering {Dyk}k';ll

such that D, - V.
at Pyp = Yyx

k=1,2,...,n. Now, we shall define the mappina f : X+ K in the foll-

N E and let WYk = Vykﬂ (Dka C) for every

owing way:

f(x) =

e 3

. pyk (x)yk , for every xeX.
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and {ka}kg_ll is the partition of the unity subordinated to
{wyk}kzl . It is obvious that the mapping f is continuous. Let
x eE. Then there exists one Yy such that xeDYk and so:

£ = <
£(x) =y, €Bg(6(x)) NKEB_($(x)) .
Suppose that x€G= U_ G_ and let xeG_, for s e€S. Then Ffrom the
(3N -3 S S

definition of the mapping f it follows that f(x) € co Fx. Further,
X €G_ implies F_cF_ and so:
s X s

f(x) ecc F.,sco FsCBe(¢(x_)) .

Using Theorem 3 we can formulate the following fixed point theo ~
rem for multivalued mappihg in paranormed space. Some fixed point
theorems for multivalued mappings in paranormed spaces are proved

in |3].

THEOREM 4. Let Y be a complete paranormed space, K be a
compazt and convex subset which satisfies the Zima condition (KEY),
Zc K with dim2 <90 and ¢ : K> F(K) be a lower gemicontinuoug ma-
pping such that ¢ (%) <& convex, for every x €K\ Z. Then there ex-

ists at least one fixed point of the mapping ¢.

Proo f: Since every compact topological space is nor-
mal, from Theorem 3 it follows that there exists a continuous ma-
pping f :K+K such that all the conditions of Theorem 2 are satis-
fied and so there exists x € K so that x=£f(x). Then x is a fixed
point of the mapping ¢.

COROLLARY 1. Let Y be a complete paranormed space, K be
a closed and convex subset of Y, ¢ :K~> F(K) be a lower gemiconti-
nuous mapping such that ¢ (K) is compact, co ¢ (K) satisfiee the
Zima con’dition and there exists Mgco ¢ (K) such that dim,M < 0
If ¢(x) is convex, Ffor every xe€ co ¢(K)\Mthen there exiets X € K
such that x € ¢ (x).

Pr oo f: We shall apply Theorem 4 taking for the set K
the set co ¢(K). Since Y is a complete paranormed space and ¢ (K)
is complete, it follows |6] that the set <o ¢(K) is also compact.
Further, from ¢ (K) =K it follows that co ¢ (K) <K, since K is clo-

sed and convex-This implies that ¢ (co ¢ (K)) cd(K).cco ¢ (K). S0 we
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have that:
¢ : co 9(K)> F(co ¢(K))

and all the conditions of Theorem 4 are satisfied, which implies
that there exists x € co ¢ (K) such that x € ¢ (x).

COROLLARY 2. Let Y be a complete paranormed space,K bea
celosed and convex subset of ¥, ¢ : K > F(K) be a lower semicontinu
ous mapping such that <co ¢(K) satisfies the Zima condition and
that the following two conditions are satisfied:

() There exists a nonempty set Cc K such that C= ¢ (C)and

Mc C with dim

x e K\ M.
(i1) If Q=coQc Kand Q=co ¢(Q) then Q is eompact.
Then there exists x €K so that xe¢($<).

YM_<_0 so that ¢ (x) is convex for every

Pr oo f: The proof is similar to the proof of the The-
orem from |1]|. Let A= {Q|og<K,0=co Q,C=Q, ¢(Q)c Q}. Then A # @

and Qe A implies co ¢(Q) €A . Let C_ = N Q. Since CeC_, C
° Gea o
is a nonempty, closed and convex subset of K. Further, Co=§ $(Cp)

o

and from (ii) it follows that Co is compact. Since M« C and CC_:Co
we conclude that MECo and K\M;Co\ M. This implies that ¢|Co sa-
tisfies all the conditions of Theorem 4 and there exists x € K such
that xe ¢ (x).

Remar k: From the proof of Theorem 3 it is easy to
see that we can suppose that Y is a topological vector space, K is
such that for every open neighbourhood V of zero in Y there exists
an open neighbourhood U of zero in Y such that for every closed
and convex subset C of K:

co((U+C)NRK)gV+C

and ¢ is a lower semicontinuous mapping from X into K such that,for

every open neighbourhood U of zero in ¥ the set:
T={x|xeX,C€U+¢(x)}
is open, where, C° is a compact subset of Y.

Now, we shall give an example of topological vector space
Y such that for every neighbourhood U of Y there exists a neigh-
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bourhood V of Y such that co((V+C)NK)= C+U, where K is a com-
pact and convex subset of Y and C be an arbitrary closed and con-
vex subset of K.

First, we shall give some notations and notions from|7|
and {2]. A linear mapping & of a topological semifield E into ano-
ther F is said to be positive if &(x) >0 in F, for every x €E with

x>0. Let || || be a mapping of a linear space X overRinto a topodogi-
cal semifield E and ¢ be a continuous positive linear mapping of

E into itself. The triplet (X,]|| ||, ®) is called a paranormed spe
ce over E and || || a ¢-paranorm on X over E if the following co-

nditions are satisfied:

(P1) ||x|] 20, for every x eX.
(p2)  ]ax]] = 2l || x|! , for every real X and every x eX.
(P3)  |Ix+y|| <o {x][+ llyll ), for every x,y eX.

DEFINITION 4 set K,Kg X , where (X,|| || ,9) 28 a ¢ para-

normed space, i1s said to be of type ® if and only if for every
n eN, every xl,xz,...,xneK—K and every Ai,05Ai< 1 (i=1,2,...,n)

v n
such that I Ai=1 s we have:
i=1 .

n
Ay
1T Ayl

i=1 i

A0 Il 1)

n 13

In |7| is proved that every topological vector space is a
$ -paranormed space over a topological semifield RA . We shall use
in the further text the following notation:

Uu e = {x|xeX, J|x]] (t) <e , for every t eu}

!
where p is a finite subset of A and € >0. Then X is a topological
vector space in which {-Uu,e}€>o,ueA is the base of the fundamental
system of gero in E.Similarly as in Lemma 1 we shall prove the foll-
oving Lemma.

LEMMA 2. Let (Y,|] |],9) be a paranormed space, K be a
compact and convexr subset of Yof type b.Thenm for every Ue {Uu E:} there
7

exists Ve {ULl E:} such that:

Ed
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co((V+C)NK)SC+U
for every closed and convex subset C of K.
Proof: Let U=U

u,e’ pye= A and € >0. Since the mapping
’
$® is linear and continuous it follows that N1= (c:[>2)'1(U1J ) is a

14
neighbourhood of zero in R, and let p'= A and €~ >0 be such that:
Uu‘,t:‘ = (x| x|l eNl}.
Let p"= A and €" > 0 be such that:

Ull n+Un "w Uaa .
u"se ptee" S tu,e

We shall prove that co((C+Uu.. ew) Nl K))_C_C+UlJ e - Let z and ¢
’ r

be as in Lemma 2, where we take U , ., instead of Ugs and U, . ..
u",e ¢ uo,E

instead of U ¢ . Then we have that teu implies:
——
C” (K)
m
‘Z. = .C. t) <
523 Lovgeylle) <
1 j=1

lz-c|| (£) = [
3

N o~ 2
—?

| A

m
.2 Y40 ¢ sz—cj]l)(t) =

m n

<
J —
j=1 k=1
m n
2
< N Ty ( ) By (z5) @ (llzj-xkll)(t)) =
j=1 k=1
m n
—_— 2 -
= Z yj( kzl Bk(zj) ® (sz ka ) (£))
j=1
Bk(zj)#o

Since Bk(zj) #0 implies that Z4m%) € Uu'le' and so ||zj—xk!| e N,

we have that n

m
lz=c]| (£) < } e ) By (z5)e=¢ and so z-ceU
j=1 k=1

Bk(zj) # 0

u,€
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Using this Lemma we can formulate the following fixed point theo-
rem.

THEQOREM 5. Let Y be a complete ¢ paranormed space, K be
a compact, convex subset of type ¥ of Y and Zc K with dimYZ <0
Further, let ¢: K-> F(K) be a lower gemicontinuous mapping such
that ¢ (x) s convex, for every xeK\ Z and the set {x!xeK,CgU +
+ ¢(x)} Zs open, for every CEY be compacet and U be an arbitrary
open neighbourhood of zero in Y. Then there exists at lcast one fi-

xed point of the mapping ¢.
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REZIME

TEOREMA O OSOBINI GOTOVO NEPREKIDNE SELEKCIJE
I PRIMENA

U ovom radu dokazano je uopStenje teoreme Michaela
i Pixleyao gotovo neprekidnoj selekciji u varanormiranim

prostorima.



