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1. INTRODUCTION

In paper |1} Bahvalov suggested a finite-difference me-
thod on a non-uniform mesh for solving boundary value problem (1).
The mesh points in that method are completely determined as va-
lues of function A(s) at equidistant points, in such a way that
the consistency error is uniform in perturbation parametat c.A

second order convergence uniform in ¢ is achived.
In the paper presented here we shall consider meshes

formed with more freedom in choosing mesh pointes;yet, implying

convergence uniform in e. This enables us to achieve a greater

number of mesh points in narrow regions of boundary layers.
Consider the problem

Le(t): = -~ e2x"(t) + b2 (t)x(t) = £(t), te (0,1)
(1) x{(0) = Xor x(1) = X,
b(t)>B>0, te[0,1]
where o<e<e_,e,6 ,X ,X,, BeR. If b,fec(0,1],then there ex-

ists a unique solution x EC2[O,1] to problem (1), |7].

Further on, C will denote each positive constant inde -
pendent of €.

For problem (1) we can state (]1],[4),[8]):

LEMMA. Let L be the operator in (1) and y any smooth
funetion sueh that {(Ly(t))(J)!_ic, j=0,1,...,3,, te [o,1] .

* Work on this research study was in part supported by the Sel f - Manage-
ment Community of Interest for Scientific Research of Vojvodina.
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Then for j=0,1,...,jo+2 and te [0,1]

)y ()] <c+e T exp(- tb(0) /e) + € exp(- (1-t)b (1) /e)).
If, moreover, b2(0)y(0)=Ly(0) and b2(l)y(1)= Ly (1), then

(2a) |y 3 (1) | <c1+e? Texp (-tb (0) /e) + e¥ Texp - (1-£)b (1) 7€),

3=0,1,...,3,%2 te[0,1].

In this paper we shall use Bahvalov s function A (s},
|1]. Here we shall give its definition and some properties.

Let a>o0 and g€ (0,0.5) be arbitrary constants indepen~
dent of € and

Y(s) = aeln(q/(g-s)), s e [o,q).

Let (a,¥(a)) denote the point of contact of a tangent
line taking the value 0.5 at 0.5, to the curve Y(s). o is the

solution of equation
Y(x) = 0.5 + Y (x) (x-0.5) .

It is easy to prove that this equation has a unique solution
o€ [O,q) when ae<g<0.5. We can determine o from o =g- q/xco
where x_ is a limit of the series

xo= 1, xk_,_1 =xk
and hix)=1lnx- (1-0.5/g)x + 1-0.5/(ae)

-h(xk)/h’(xk), k=0, 1, ...

Now we can define A (s). For ae > q we take A(s) =s ,
se [0,1] and for ae<q let

v(s) » se€f0,a]
A(s) = 4v(a) + $7(a)(s~a) , se [a,0.5]
1- x(1-s) , se[0.5, 1]

For A(s) we have X(s) >0, X (s)>0, se [0,1] and when ae <q

o , se [0, o
0 , s € (o, 1-a).
6 , sel-a, 1]

v

(3) At (s)

I A
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The contact point of the tangent, parallel with line
(s-q)/(1-2q), to the curve ¥(s) is denoted by (@) ¥ (). We

have a < oy and @, =9- g€, q1=a(l—2q).

By (az,\p(az)) we denote the contact point of the tan -
gent, parallel with line s, to the curve ¥(s). Now 0y, <a, ay =

=qg- ac

2. DISCRETISATICN MESH

We form the discretisation of (1) on the mesh 1= {to,

t .,tn}, n=2m, m>2, meN, where

17

to=0<tl<t2<...<tm__1<tm=0.5, .

t ;3 =1-t;, i=0,1,...,m1 .

(4)

Since to=0, tm=0.5 and the points ti for i=m+l,...
...,n are determined when ti, i=1,2,...,m1, are known , we
shall, when constructing the mesh Ih’ give only the points ti,
i=1,2,...,m~1. We shall consider two cases: case A and case B

of mesh contruction.

For at > g each non—uniform mesh Ih is convenient for
the numerical solution of problem (1) when discretisation is
given as in |1]|, because we achieve convergence uniform ine.
From now on we shall consider only the case ae<qg, i.e. eo=q/a.

We shall not consider the case b2(0)y(0) = Ly (0) and
b2(1)y(l) = Ly (1) when the uniform convergence can be easily
proved by using (2a).

Let 1(e) be such a function that 1(e) <0.5 and

(5) exp(-T(e)/(ae)) <Ce, ee (0,e ],

¢ (k=1)/k

for example 1(e) = for k> 2, €s small enough,or rt)

=X (0,2) . Define K= sE/no, where

Se =q(1—exp(-T(e)/(ae)))( n,>2q/(1-2q), n_ewN .
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Then Kmdﬂ)<0£ » Dy 2<m and s, <g

Case A.
Let ti = A(Ki), i=1,2,...,no+1. If no+2= m , we have
tno+2 = 0.5 and if ng+2 <m, we take the points ty i=ng+2,..
...m1, arbitraridy,but with property (4).
Then, using (3), we have
(6) ity -1

ti gt SKXN(RD) <t-t,

>R X(Ki) > t-t i=1,2,...,n

o r
1’ i=n—no,...,n-1 .
Case B.

For i=1,2,...,no+1 we choose ti as in case A, and for
i=no+2,...,m let it be possible to choose t; so that

t -t =t -t ’

+ +
no+2 no 1 no 1 no
ti_ti—lliti+1_ti<§ti_ti-p’ i=no+2,...,m—1 ’

mrsm@p=pUJe{L3“u”an.

3. DISCRETISATIOM OF (1)

We shall have two discretisations of problem (1) for
both cases, A and B, of mesh construction.
Case A.

Define

1 _.1 1 1 (= -
th(ti).-—aix(ti_1)+ bix(ti)+ cix(ti+1) , 1i=1,2,...,n-1

where
ai = =2 <0,
(b=t ) (78 )
Bl - 2 v o,
(=t ) (B54078)

—
!
[\

.
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If b,f ecl[o,1], then

1, _ _ . 1 - (al . 12
(7) pj = "% (ti) th(ti) (ei ti)x (Oi) R
, k , , 2
with t,_,<o;/<t, . , k=1,2, i=1,2,...,n-1, and if b,feC”[,1]
then
1 _ 1 (ti+1-ti)3 v, 2
- = — "w
(8) Py = b =2t 4k, )™ (ty) + e et ) X7 (o)) +
i+17 “i-1
3
(t-t, ) .
+ i "i-1 le(o;) ,
12(t; 178 p)
t, . <olct, <ol <t i=1,2 n-1
12121 2% S 1 rEreey :

The system of linear equations

xh(to) =X, v fh(tn) = X,
(9) 2.1 - S }
€ thh(%i) + b(ti)xh(ti) = f(ti) , i=1,2,...,n-1 ,

. ; _ T _ g+l .
with solution xh'_(xh(to)’xh(tl)""'xh(ﬁg)) e®"" is a dis
cretisation of (1).

We can write discretisation (9) .in the form:

Bk, *+ B, = gy

_ i +1,n+1
where B = diag(0,b(t;),...,b(t _,),0) e ,
_ T +1
£, 0= (X E(E) .. B X e,
- "2 ?
1 1 1
a1 bl cl
1 1 1
a; by; ¢
1 1 1
-1 mvlcml
-2
| € -

Elements of matrix Ah equal to zero are not indicated.
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Case B.
Now we shall define the dis
mesh for case B. For 1=0,1,...,nO a

cretisation is given as in (9), and

2.2
€ I,.hxh(ti) +b (ti)xh(ti)

2.3
e“Iox (£5) + b(t,)x ()

the
dis-

cretisation of (1) on

nd i=n—no,...,n the

otherwise by

f(ti), for i=no+1,...,m '

f(ti), for i=m+1,...,n—no—1,

where
2
th(ti) = dix(ti—p) + cix(ti_l) + bix(ti)-+aix(ti+l),
3 =
th(ti) = aix(ti—l) + bix(ti) + cix(ti+l)-+dix(ti+p).
Natural numbers p=p(i) for i=no+2,...,m-l are given in the
construction of the mesh for case B, and for i=m+l,...,n—no-2
we take p(i)=p(n-1i). Since tno+2-tno+l = tno+l—tno and toel”
—tm=tm—tm_l imply dno+l=dm=0’ we can formally take p(no+1)=

=p(m) =0 and p(n—no—1)=0.

The coefficients in the given schemes are, |[5]:
A - 2(zz+z3) i -2(zl+zz+z3)
i _ _ ’ i = ’
z,(z,72,) (2,=25) Z12,%3
~ 2(zl + z3) _ 2(z1 + 22)
ci = ’ di =
zy(z572,) (z5725) z3(2572,) (25725)
where zk==zk(i), k=1,2,3,
t ~t for 2 (t,-t ), for 2
i+17 %50 Ln 17—’ Ln
z, = z, =
R 3 2 _ 3
(ti ti—l)’ for Lh { ti+l ti , for Lh
2
. - (ty ti—p(i)) » for L
3
3
ti4p (i)t 4 for Ly

2
. from Lh we can

d,
i i

For a., b,, ¢
1 i
4, <0.
1—

state ai<0, bi>0, ci_<_0,
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For k=2,3 and b,feczfp,ﬂ we have

k _ " _ .k _ 1 iv,  k
(10) Py =% (ti) th(ti) =5 (zlzz+zlz3+zzz3)x (Gi) ’
2 3
bipS8iZtiny v i 263284,

As in case A, we can now write the discretisation in the form

82Ahxh * Bp¥, =
where Bh and fh are defined as before. The matrix Ah for this

case is formed analogously as in case A.

4. CONSTSTENCY ERRCR

T __n+l . _ .21
a1t n_1,0) ER with r; =e"p;y

i=1,2,...,n-1, where pi is given by (7) or (8), and let R de-

Define r:=(0,rl,r R o

note:
T n+1l
R = (0,R;,Ry,...,R _,,0)" €R ,
1 .
Py v i=1,2,...,n
2 i=n +1
pi 14 —O ree e,
R, = 52 3 .
i pi ’ 1=m+l,...,n—no—l ’
1 \
pi ’ l=n~nol"iln
where k k=2,3, are given b (10) . For x=(x,,x X )Te
e pl 14 - I I g y . - ll 2!'001 n+l
+
e R®ML 1et IIx[ , = max x|, and let h, , h_ denote,:
i . i A B
1<i<n+l
h, = max (t.-t._.) h, = max (b=t __ )
A n_+l<i<m i1 B n +2<i<m-1 + P
o — = o "
and d = min(b(0), b(1l))

123
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Case ‘A.
THEOREM 1.  Let b,fec'[0,1]and a>1/d . Then

lell ,<c1/ng + hy)

where r 1s given by o] from (7).
Proof: Using (7) and (2) we have
Iz, | _<_62 max (t, =t., ti-ti_l)c(1+£_3(exp(-ti_lb(0)/6') +
+ exp(—(l—ti+1)b(l)/e))), i=1,2,...,n-1 .

If no+1 <ix< n—no—l , then
tj_'_lztno = A(s) = 1(¢) and
t, <t = 1-t - 1
i+l1="rn ng = 1- 1({e)

and because of (5) and ad> 1, we conclude
—tye oty ) .

1 <0.5, and € ‘exp(- (1-t,, )b1)/e)

(11) Iri|_<C max (t;
When 1<1i <no+1, we have ti+
get

is bounded uniformly in e.Fromthis and@ because of (6) we

|ri| Clt mty) (1+s_lexp(-ti_lb(0)/€))§
<CKAT(K(i+1)) (1+ Texp(-t,_ b (0)/e))<

C

Y AT(K(i+1)) (1+€-lexp(-ti_lb(0)/e)) .

<
o}

Now let us show

C
(12) lri|:;° .
Since
AT(s) S¥T(a) <¥T(a)) = 1/ (1-2q) ,

(13)
we Jjust have to prove

(14) A7(K(3+1)) e lexp(-t,_,b(0)/e) <C
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1. ay < K(i~1). Then we have A(dz)it , and

i-1
exp(-t; ;b (0)/e) < exp(=) (a,)b(0) /e) =

= ((qay) /@ 2P @) = (ae/gf™®

from where, using (13), we get (14), because ac < q and adz 1.
2. K(i-1) < ay- Now we consider two cases.
2.1. K(i-1) <min(o,q-4K). We conclude

ab (0)

exp(-t, b(0)/e) = [(g-K(i-1))/q] and

A(K(i+1)) <y "(K(i+1)) = ae/(g~K(i+1)) < 2ae/(q-K(i-1)}) ,

because from K(i-1) < g-4K we get 0.5(g-K(i-1)) < gq-K(i+1}). The

above relations imply (14).

2.2. min(a,g-4K) < K(i-1) <aq Since a>a.,, we have

2° 2

g-4K < K(i-1) < oy, = g-ae

(15) e < 4K/a <4_QL .
a nO

Now consider the inequality

[ri[ < 252 max Ix"(t) ] < C52(1+e-2exp(—t._lb (0)/e) +
T telt,_ ety 4] - *
LTi=17Ti+]
+ ¢ Zexp(- (1=t )b (1)/e)) < Cle’+exp(~t;_b(0)/e)) .

Because of

a b(0) ab(0)

exp(~t,_ 1b(O)/e) < (4K/q) < (4/n.)

and (15), we get (12) directly.

For the case n—no-l <i<n-1we can prove (12) analogo-
usly .
From (11) and (12) we get the statement of the theorem.

125
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THEOREM 2. Let b,fec’[0,1] and ad> 2. Then
lr]|, <C(1/n2 + h,)

where r s given by pi from (8).

Proo f£f: When no+1ii_<_no—l, we can prove relation
(11) in the same way as in Theorem 1. For other values of i we

shall prove

(16) rl<c /ncz)

Using (6) we have for 1<ic< n_ + 1

i
P =3 (b, -2t 4, ) ]x" ()]
3 'Ti4l i Ti-l ith
_ 1 _ 2 iv
Q=37 (b -t "2 max x7" () |.

teft, [,t.,,]
We can show that EZQiC/ni analogously to Theorem 1.

Now let us consider P. We have

L SKAAM(K(i+1)) <K 1

2
o

- +
Bie17 20

= Kzae/(q—ul)zic/(n &)

2

Using the above inequality we can prove that ¢ Pic/ni when

Ki>a in the same way as in part 1. of the proof of Theorem

1.

2!

When Ki <o, and Ki <min(a,q-2K), we use

2
. : 2 oy 2
A"(K(i+1)) = ae/(g-K(i+l))" < dae/(g-Ki)

to conclude the same fact, analogously to part 2.1. of the
proof of Theorem 1.
When g-2K < Ki < O the proof is the same as in the pre-

vious theorem.
For n- no—l <1i<n-1 the proof is analogous.
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Case B.
THEOREM 3. et b,£eC2[0,1] and ad>2. Then

2 2
HRHm_iC(l/no +hp) .

Proo f: When i=1,2,...,no and i=n—no,...,n, we
have

2
IR;| = |r;l<c/ng

The proof is the same as in the previous theorem.
For other i we have, because of (10),
2 2 2 -4
!Riij_ce max (z5,23) (1+€ exp(—ti_p(i)
: 2 2 2 -4
IRi[iCE max (z5,23) (1+€ exp(—(l—ti+p(i))b(l)/e)) ,

b (0)/e)), i=n_+1,...,m

i=m+1,...,n-n -1 .,
o

But here we have ti_p(i)z_r(e) and ti+p(i)
(5) and ad > 2 we conclude

<1l-t(e), and from

2
IRy <C max (tj_tj—p(j)) '

no+1 < iin—no—l.
no+2<jim-1

This completes the proof of the theorem.

5. CONVERGENCE UNIFCRM IN ¢

Discretisations of (1) in both cases of paragraph 3.
can be written in the form
2
(17) € Ahxh + thh = £

+
where A B er" 1,n+1' xh’fh
graph 3. Let %' denote the restriction of the exact solution

of problem (1) to mesh I and let r,Re]Rn+l be the same as

h 1

an+l are defined as in para -

in the previous paragraph.
Now we have

» 2, _h h _ _
(18) £ Ahx + th = fh r

for case A and

..a127
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2 h h _. N
(19) € Ahx + ByX = £ R

for case B.

From (17) and (18) we get
(20) efa Mex) B Pk ) = - x
and, analogously, for case B:
2 h _
(21) (e”A + Bh)(x -x,) =-R.

THEOREM 4. The matrices EzAh+Bh in both cases A

and B are regular and
I (EzAh +13h)"1 I, < 1/min(8%,1) .

Pr oo f: For matrix Ch==[c..1 etlntl

13 defined by

_ 2
Ch = € Ah + Bh

we have
cii?>0, i=0,1, «.., n,
cij_io, i#3,4i,3 =0,1,...,n .
Since a1 + b1 + cl =0 i=1,2 n and
i i i ! recsss
a; + bl + cy + di =0, i=1,2, .,n ,
we get _
n n bi , i=1,2,...,n-1
z !cij| == z clj
j=o j=o ¢ 0 , i=0,n
j#i j#i
= 1
where bi denotes bi or bi. Now
n
S:= min (le,;,] - ]} ‘e, .|) = min (c,.-b.,1)
o<i<n 11 . 1] 1<i<n-1 1177
j#i
= 2 .
Because of cii==bi-+b (ti) and b(ti)z_B, i=1,2,...,n-1, we ccn-

clﬁae
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s >min(g%,1) >0

Then Theorem 1. from |9 implies that Ch is a regqgular matrix

and
-1
S

which completes the proof.

ez, <1 /mines?,1)

THEOREM 5. Let x: and xg denote restrictions of the
exact golution Af problem (1) to I, in case A and in case B ,
respectively, and let xﬁ and xl,'i denote solutiong to discreti-

sations in case A and B, respectively. Then

Eoa 1/n_ + h, ,when b,fec [0,1], ad>1
(22) HXA - xh”“’ < C 2 2 \ ’
1/n” + h, ,when b,fec”[0,1], ad>2
o A ~ -
h B 2,2 2
(23)  |lxg - xll, <c1/nJ+hy) , when b,fec”0,1], ad>2.

Proo f: From (20) we have

2 = Pl < N +m L el

and using the previous theorem and Theorems 1. and 2. we con-
clude (22).

Using Theorem 3. we prove (23) for case B.

6. REMARKS

1. We use a symmetric mesh and even n just to show
the main ideas of the paper in a simpler manner.

2. Even the function A (s) need not be centrally sy -
mmetric. We can take X, (s) for se [0,0.5) with q=q,, a=a,
and A, (s) for se [0.5,1] with 9=q,, a=a,, where ab(0) ,

ab(1) >k, k=1,2 .

3. If we take ty = A{i/n), we obtain Bahvalov’s result

[1].
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4. It is naturally more interesting to consider the

case seia. When we take 1(g) = )\(az), we have s€=m2§a.
Besides, for each ¢ there is k=2,3,... , such that
sgf_o‘zi“ when we take 1 (¢) =e(k-l)/k .

5. The error of the numerical method gets smaller
when n grows, but in such a way that n, grows and the 'maxi -
mal step od difference schemes decreases outside the boundary

layers.

7. MNUMERICAL EXAMPLE
We shall illustrate the theoretical results with so-
me computational results for the problem
- %"+ x = 1, x(0) = x(1) =0
with solution

exp((t-0.5)/e) + exp((0.5-t)/¢)

x(t) =1 -
exp(0.5/e) + exp(-0.5/¢)

This example represents a linear model of a catalytic reacti-
on and it has been numerically treated in |2], |6|, |8].

Since x(t)=x(1-t), we shall find the numerical solu -
tion only for tev[0,0.5]. The number of mesh points in (0,0.5]
is denotedas before by m. The number mg denotes how many mesh
points are in Ih n,e].

Ih tables I, II and III we give the results for m=20,
g=0.4, a=R2. The values
x(ti)-xh(ti)

|
g_ = max i

and
g = max [

where x(t) denotes the exact solution and xh(t) denotes the

W.
{
:teI (0 .g] J

x(t,)-x_(t.)
i h "i .
! .tieIh},

(t.)
Xh(ti.

numerical solution to the given problem, are given in %
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7 Table I contains the numerical results for case A and
for case B. Number k is the smallest
= Elk--l)/k

integer which satisfies

<l.5€e .

T(€)

We used the meshes with points ti==A(Ki), i=l,2,...,no+1, and

ti’ i=no+2,...,m—1, which are given in Table IT.

For e=2"2, 2713, 2717 in case B it is not possible to

keep the same number (nine) of mesh points in (0,5], because

of the conditions that the mesh satisfy (2. Case B). Put we

used the knots tno+2 and tn with the property

+3
(o)

Eitn +2-tn +1itn +3_tn +2ihB 4
o (o] (o] o

and a non-equidistant three-point scheme at mesh points tn +1'
(o}
tn +2 Then estimate (23) is still valid, since for a three-
po?nt scheme we have

]ril <Ceemax (t; =t ,t, -t )ih;)

1 i il g+ i=ng*ling*2

when ad >2.

Table ITII shaws the numerical results for the case ti=

=x(i/m) (as in [1]).

TABLE I Case A Case B
€ k no gs% g% gs% g%
P 9 12 0.226 0.414  0.126  0.659
=9 16 12 0.596 1.388  2.402  23.974
13 53 12 1.033  2.200 4.868  7.975
~17 3 12 1.385 2.232  7.548 12.175
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TABLE II, Case A

e=2"" e=2"" e=2"13 e=2"17
t, 5.97 E-2 3.71 B-3 2.51 E-4 1.42 E-5
£, 7.30 B2 5.08 E~3 4.61 E-4 2.61 E-5
t 9.57 E-2 9.17 E-3 1.41 BE-3 1.23 E-4
t,, 1.34 E-1 2.14 E-2 5.68 E-3 9.19 E-4
tg 2.00 E-1 5.82 E-2 2.49 E-2 7.45 E-3
t)y 3.11 B-1 1.69 E-1 1.11 E-1 6.10 E-2

TABLE II, Case B

e=2"" e=2"" e=2"13 e=2"17
t ), 5.78 E-2 7.16 E-3 6.92 E-4 7.38 E-5
ts 6.85 E-2 2.26 E-2 1.63 E-2 1.57 B-2
t 8.77 B-2 3.80 E-2 3.19 E-2 3.13 E-2
t- 1.22 'E-1 6.88 E-2 6.31 E-2 6.26 E-2
t18 1.85 E-1 1.30 E-1 1.26 E=1 1.25 E-1
tlg 2.97 E-1 2.54 B-1 2.50 B-1 2.50 E-1
TABLE III
€ m gs% g%
2% 6 0.130 0.119
277 6 0.132 0.220
2713 6 0.134 0.297
2717 6 0.135 0.389

From the numerical results we can conclude that dg
and g do not change much when € decreases, i.e. the convergen-
ce oOf given difference schemes is uniform in €. The results
from Table III are determined by €, g, a and m. Table I shows
that it is possible to achieve a greater number m_, than in
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Bahvalov s case. However, Jg and g are greater, but still to-

lerable, especially 9g which is more interesting.

These are only some possibilities of mesh constructi-

on, The automatical construction of an optimal mesh has not

been considered.
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REZIME

NEKE DIFERENCNE 3EME ZA SINGULARNI

PERTURBACIONI PROBLEM NA NEEKVIDISTANTNOJ MREZI

U radu se posmatra diskretizacija problema (1) na ne-

formira tako da
2
hl
i Lg , sluaj A i slucaj B, imaju jedinstvena refenja koja uni-

ekvidistantnoj mreZi (4). Pri tom se mreZa Ih

diskretni analogoni za (1), dobijeni primenom operatora L;,L

formno po e konvergiraju ka reSenju problema (1) kada ng e i
hA<+O, odnosno hB-+O. Kada se ¢vorovi ti mreZe Ih odredjuju
prema ti = x{i/n) , i=0,1,...,n, dobija se poznati rezultat
Bahvalova |1|. Slobodniji izbor &vorova mreZfe koji se predla-
Ze u ovom radu omoguéava da, u odnosﬁ na mreZu Bahvalova, ve-
¢i broj &vorova leZi u uskom grani¢nom sloju, pri istom ukup-

nom broju ta¢aka mreZe.



