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In this paper the equation

(1) x=Tx + f , feB

is considered in a Banach “s partially ordered space B. It is
supposed that T is a linear operator and that

(2) u<v = Tu>Tv , (u,veB) .

To solve equation (1) a nonstationary iterative procedure is

used

{ z =Tz2 ,+f (n=1,2,..., or n=2,3,... )

(3)
T x =Tx+p , 0 €B, (z 2, eB) .

"Auxiliary" operators Ak and Bk are introduced so that

kai pk iAkx
where x is a fixed element of space B which is expressed via se-
quence (3). In this way it is possible to construct invariant

intervals for operator T~ .
(4) T'x = Tx + £

which allows an a posteriorj error estimation and an accelera-
tion of the procedure (3). The achieved results represent a

generalization of the results from |1| concering the alternative
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iterative sequences.In Lemmal the idea of proving the statement

1.2 |1| was used. For the sequence z, it cannot be stated that

it converges to the solution of equation (1), but for each k,

fixed by the conditions of the following theorems, it is possi-
ble to determine a neighbourhood of the point x*, x*- being the
solution of equation (1), to which z, belongs. Furthermore , it
is possible to determine the point from that neighbourhood which

represents a better approximation for x* than z,  is. The neigh-

k
bourhood diametar depends on the operators Ak and Bk and can be
made small up to the extent to which we are able to determine these
operators. Let us list some notations which wiill be used in

this paper.
(5) X = Tx + £, xoeB (n=1,2,... )

(i=1,2,... )

: 8z =z -z,
(6) { 21 2i 2i-1

622i+l = 2,007 Zhi4 (i=0,1,... )
(7) Gz, (s) =z, + sbz,
(8) Iz, (s,t,p,q) = [Gz, (s) +t, , Gz, (p) + q]
¢ (A,B) = T 1Py %2 T BpZp t (B A +By ) U, Bz, o
(9) . _ 2
¢y (A,B) =-T, _ lBkzk-2+Akzk—l+(Ak+Bk)uk+AkBk—2
where
(10) u =2z, ;- (Ak+Bk)zk_2 for k=21
{ U = 2z 5 for k=2i+1
¢, (A,B)=(B ~A )z, +(B A +A B Ju -BA 2z +A f
(11) - —rn - 2,.2
01 (A,B)= (A~ By )z +(A +B Ju +A Bz, ,+B f
LEMMA 1. Let the equation (1) be given in Buwith linear

monotonously non-increasing operator T which satisfies condi-

tion (2). Let ok some j in sequence (5) there exist P,+q, €B so that
it holds that .
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(12) pif_éxiiqi (i=j-1,3) and
> s, + S.q.
(1) { Py 284951 % 559
3
. <S.p. + s.p.
943 2°5P3-1 T %3Py

where sj and Sj arg real numbers and
(14) 0<s,<8S.
J— ]

Then, for J)=2i operator T ° maps the interval Ixj(—S,O,—s,O)
intb itself and for j=2i+1 the same operator maps the interval
Ixj(s,O,S,O) into i1tself.

Proof£. Let j=2i. From (I12) and (13) we get

(15) s.60x, + S.6x., <8x. <8.6x. + s.6x.
J J-1 37 -""31—"3"73"1 J ]

By ¢pplying operator T onto the inequality (15), because of
dxj =-Tchj_1 , We get

X. - 8,6x. >T(x.-S,8x,) +f

J i 1= j 3 3

v_>Tu_ + =v

[e} 1

v = X. - S.8x.
(] ] J ]

u X, - s.0x.
3%

° J

From (15) it also follows that

< + =
ug < Tvo £ u,

Because of (14) u,<v, so that

For an arbitrary s € Eu-o,vo—_l it holds that

=Ty + £<Ts + + £ =
u, Vo f£f<Ts fiTuO f v

Hence, operator T~ leaves the interval Ixj(-—S,O,-s,O) invariant.

1

In a similar way, the statement for j=2i+1 can be proved.
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COROLLARY 1. The quantities py,q,; (i=3,3-1) determi-

ned in Lemma 1 are nonnegative.

THEOREM 1. Let the limear monotonously nonincreasing
operator T bedefined in B, Let for some K >2 in sequence (3) the

Ffollowing hold

1.1. (T—Ak)uk iTnuk < (T+Bk)uk (n=k,k-1)

U = Zp_ o0 Zpy T (MABLIZy

1.2. There are g,sGp €R such that

k
0 < gk < Gk
a). for k=2i
(1-G )8z, =g 5z, | >(A +g B +G B Jw +& (A,B)+5 ¢ (2, R)
Gkszk—l-(l—gk)szk‘i(Bk+gkAk+GkAk)wk+¢£(A'E)+gkQk(A’B)
Vi T Zk-1 T BytBr)
b) k=2i+1

- - [ 3
(1 Gk)sz gkazk_l_i(Ek+gkAk+GkAk)zk_2+ k(A,B)+Gk¢k(A,B)

3 - - > -
Ckﬁzk_l (1 qk)sz-—(Ak+ngk+GkBk)zkk2+q%(A’B)+gk¢5(A’B)

Then, in the case k=2i, operator T maps the interval Ix2(—5,
0,-5,0) Znto itself and, when k=2i+l, operator T’ maps the in-
terval Ixz(s,O,S,O) into itself. In addition 52=gk,sz=ck , and
x, te determined by (5) for X =2y o

Prooft. For k=2i we shall determine the quantites

Py 94 (i=1,2) which satisfy the conditions of Lemma 1 for X,

determined in the above way. Let us introduce the notations
+ £, z =z
o

n = Tken-2%n-1 (n=1,2,... )

k=2
_ _q,\ 0 2-n n- _
e S Re N b N O T
(16) _ _yyn~1 n-1 2-n _ -
Yo = (T+(-1) (A) (By) Wpy v E ¥ T2y
x, = Txn_l + f Xy T2y,

)" = ()" = E , E the identity operator.
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According to condition 1.1
(17) Rlizliyl
Let us show that

(18) 2522,2>Y,
Because of 1,1 it follows that

= 7% £ +. - -
J11 Tzo"'”"'pk-l Pr-1 k"o

2> Ty . -+Bk k
zziTz1 - Akz1 f.>_ I’[‘—Ak)y1 +f = Yy
On the basis of the above inequalities we get the followino re-

lation between X, and Ek

x =z o+ (-1)P"1 a_ + (D" x_ (n=1,2)
(19) { = n n~-1
x =z + (-1) b+ (-1) <, (n=1,2 )
where
_ _\n
( xn = yn + 1)\krl
- _q1yh-1
z, = 9“n + (~1) Sh
Rt _1yn-1
* yn = Zﬁ + (-1) an
-— ot - n
Lho= 2, % (-1) bn

In view of (17) and (18) it holds that aizo, biz_o, (i=1,2 ).

Since
Tz <z, - £ + AW
(20) { o—_ 1 _k k
-THzoi_Tk—IHzo + Bkwk (H=Ak, Bk)
{ c, = Bszo - 'I‘Akzo - BkAkzo + ka
(21) _ _ _
k2 = Aszo - 'I‘Bkzo + AkBkzo + Akf

after introducing (20) into (21) we get



140 Katarina £€urla

c, <o (A B)
(22) { 22%k

’
k2 i ‘D]; (Al B)

From (19), (22), (6) it follows that the quatities

Py = 82).) T BxWg
p, = 82 - Aw, - ¢ (A,B)
(23) q, = 82 _; t Bwp

q, = dzk + Bkwk + ¢k(A,B)

satisfy inequality (12) for j=2, while xj is determined by (16).
The quantities (23) also satisfy inequalities (13) for
Sz=Gk’ S,=g s hence after applying Lemma 1 the statement is
proved. ’
In a similar way, it can be shown that for k=2i+1 the

quantities

Py = 682p .y ~ BeZp o

o
)
i

= 82y - Bz 5 - o (AR)

(24) _
a; =98z ) *F Rz,

e}
N
|

L =6z, + Az _, + & (A,B)

satisfy inequalities (12) and (13) for j=2 and 8 =Gk- s

2 2 %"

COROLLARY 2. Let condition 1.1 of Theorem 1 hold.
Let Hukﬂio (H=Ak,Bk)J where u 18 determined by (10). Then,

¢k(A,B)_3O and ¢£(A,B)_10 .

THEOREM 2. Let the operators Ak and Bk be commutati~
ve with operator T. Theorem 1 ig valid if & i@ replaced by

o1 and §£ by ¢£ .

Proof. The theorem can be proved in the same way
as Theorem 1 but the following majorizations have to be used
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¢y <%y (AsB)

k2 _<_¢];(A,B)

THEOREM 3. Let a linear monotonously nonincreasing
operator T be defined in B. Let for a k2 2 in sequence (3) it
holds that

3.1. (T+Ak)ukf.Tnukf.(T-Bk)uk (n=k,k-1)

u, = (

x = (Zpogr Zpog T BBz 5 )

3.2. There exist such real numbers I and G that

k

0<g <G and

k k

a) for k=2i

(l—Gk) 82y = 82y, Z_(Ak+GkBk+ngk)wk + fI>k(B,A)—gk<bk(B,A)

Gkazk_l—(l—qk)5zk_:-(Bk+gkAk+GkAk)wk - ¢k(B,A)-gk¢£(B,A)
b) for k=2i+1
(1—Gk)dzk—gkﬁzk_lz_—(Ak+G B, +9,B )z —@k(B,A)—Gka(B,A)

k"k “k"k’ k-2
(l-gk)ﬁzk-Gkﬁzk_l_i(Bk+JkAk+gkAk)zk_2+gk¢k(B,A)+ @k(B,A)

Then, operator T  leaves invariant the interval Ixz(-S,
0,-s,0) for k=2i, and interval Ixz(s,O,S,O) for k=2i+1, respec-
tively. Here Sz=Gk, S =gy and x s determined by (16).

Prootft, The proof is similar to that for Theorem 1
where sequences Rn and y are defined in the following way

n-1

L= (TH(-D) (Ak)z'“(ak)“'l)g +£,

n-1
L= DR e 2Ty

; Lo, (=1,2)

+ £,

Y n-1 Yo=%k-2

Afterwards it is necessary to show that for k=2i the quantities
Py =87y * By

Ay =92y 7 By
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= - ¢ -
P, dzk k(B,A) By Wy
q, = 6zk + ok(B,A) + Akwk

and, for k=2i+1 the quantities

Py = Sz ) * Bz,

9 T SZp ) T Pk

P, = GZk + Bkzk_2 + ¢k(B,A)
Ay = 8z = BypZy_p - 0 (B.A)

satisfy inequalities (12) and (13) for j=2, Sy=Uypr 82=Gk.

THEOREM 4. Let the operators Ak and Bk be commutative
with operator T. Then, Theorem 3 holds if @k 18 replaced by ¢k
and @k by ¢k.

COROLLARY 3. If condition 3.1 is satisfied by AU, <0
and Bkuk_io, up 78 determined by (10), then,

¢, (B,A) <0 and ¢ (B,A) <0.

In the above theorems the invariant intervals for ope-
rator T~ were determined. The interval boundaries were expre -
ssed in terms of a function of X, and z,- Using the relati-
on between X, and z, we shall determine a somewhat wider in -
terval Izk(U,m,V,n), so that

Ix (u,O,v,O)C:Izk(U,m,V,n) = Jz

2 k

We shall show that for k=2i
{ m = -C + Uk(k+qk)
= -V -
ny k K(c+pk)
and for k=2i+1
me = -C + Uy (—k—pk)

{ k
| n, = k + Vk (c+qk), where

Uk = u2 ’ Vk = v2 ’
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(25)

—_—t—
‘o
EOI

]
[o2]
N

=
t
—
t
o}
—

The functions which we can introduce for ¢ and k as well
as for P, and a, differ from the theorem to theorem and should
be determined for each theorem separately.

For k=2i we have U, <0, Vk< 0 (Lemma 1.) and

k
Z)7 X 27 Py
zz-cixz__z2 + k ,
so that
X, +Uk(‘3x2_>_zk -c +Uk(<Szk+k+gk) = sz(U) + mp
x, + Vk(SXZizk + k + Vk(ézk-c—pk) = sz(V) + n, .

For k=2i+1 we have U, >0, V, >0 and

k k

Z) T PrEX 27

z, - C<x,<Z, + k,
so that

1 Y

X, + Vk6x2_<_(‘zk(]) + nk

Xy + Uk6x2_>_sz(U) + moo.

THEOREM 5. Let us suppose that by means of Theorem I
or Theorem 3 the interval Izk and Izk+1 are determined, and
that
5.1,

Y <941 * Ok 2Ck4

5.2. p{>0, q/>0, (i=k,k+l), where P{ and q] are
determined by (25). Then,

(26) Iz, S 1z

k k+1
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Proof. Ve shall demonstrate only a part of the
statement concerning Theorem 1. Theorem 3 can be proved in an

analogous way. According to (23) and (24) for k=2i

0, >0,

>0, B Br+1Zk-12

Akwk— kw >0,

k2 Arr1%-12

hence because of Corollary 2 tD}; (A,B) >0 and tbk (A,B) > 0.

Consider the difference between the lower limits of the

intervals Izk+l and Izk :

2y 41 Ik 1 8 2k M4 T2 PO 82 M2 -62y L (1-gy ) 4Gy 82 +

) +G 8

k+1% %K %k+1 (A,B) +

(3,B)-g, (8

oMMy = m8zp (Imgp k+1

+ B l)+<I>k(A B) +G (Qk(A B)+B ) >c 52 sz+1(l—gk+1)

k+1%k+

(A,B)+B )+<I>k(A,B)+G (<I> +B Wy ) >0,

1(BBY=gy (9 k+1%k+1

since, according to 1.2 b) for k+1=2i+1

)8z (B z +¢};(A,B)) -

G192k~ (191 1) 021 17941 Brr1%k41

= O (BB 2 A 2 PO B ke 20 -

For the upper limits

)8z -

8z k+1

Sz

kK" Zk41 " Ck+18%K 417 Mk 2 (176

2k 9% k+1

Sz (A,B)-G -Q}Q(A,B) +

= Ix+19%K Cx 41 %% +1 k+1P%+1%k-1

+ @k(A,B) + gk(®k(A,B)+Akwk) >0 .

In thisway we have obtained relation (26) for k=2i. The proce-
dure is analogous for k=2i+l.

Relation (26) for the intervals determined by Theorems
2 and 4 can be obtained in a similar way, if it can be stated

that k and ¢ are nonnegative.

REMARKa1t. When Ak:Bk:O and B=Rn, Theorem 1,2,3 and 4 are

reduced to Theorem 1.2 |1].
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Experimental results. In l4| and |5] a nonstationary iterative

proceduré for solving the Fredholm intedral equation of the se-~
cond kind was described.

o ‘
(27 u(s) = f K(s,t)u(t)dt + £(s), (s,tefa,b] = I)
a
£(s) ec(I) , KX(s,t) eC(IxI), (a,beR).

The approximate solution zk(s) is determined from the formulas

z = f
o
z, = Kp,z + £
(28) 1 1%
z, = Kmkpnrnzk-l + £, (k=2,3,... )
where
a) r. - operator, r, s c=c(1)+RrR" R rnu={u(si)}121
b) p.. — operator, p :RP+C p.z =S, (z,s.)
“n ’ n . 14 n A I j 14
SA(Z'Sj) - third degree spline on the grid
Ara = 51<52<"'<sn = b

c) K:C~C
b
Ku = [ K(s,t)u(t)dt
a
The operators Km approximate the integral operator K and they
arise as a result of replacement of the integral by some qua-

dratic formula.

d) K :C~»C
m

Ku=" 5 d.(mK(s,t)ult,), p=2"+1 where d,(m)- wei-
m j=o J J J Jj -
ghting coefficient of the applied quadratic formula and m is

determined by

[]rn(Kmu—K _lu)H <e , €>0 given,

m
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The iterative procedure (28) has the from (3) if it is taken
that

P © Kmkpnrnzk-l - sz-l ¢

In |4] and |5| the conditions were given which enable
us to get the estimation of the form

(29) lpkfisl e e dlall s m, @,

where g is the order accuracy with which the calculations were
caried out. If an estimation of the form (29) is possible, than
Theorems 2 and 4 can be applied onto (28) where it has been ta-
ken that

(30) A, =B = (e, / (gin zk_z(t))'l)E

An application of Theorem 2 is demonstrated on Love’s equation

K(S,t) =_-._-_1.-__ .’ -1is,t_<_l

n(1+(s—t)2)
f(s) =1

The computation is stopped when for some p

fr_ (z2_~

n 2o zp_l)[ié

The extremes were determined by means of the cubic spline so
that an error of the order 0(([A|P) has been introduced (]4]).
The results are shown in Table 1. DGk denotes the lower
interval limit obtained after the k-th integration and GG, - the
upper limit, while ASk denotes the arithmetic mean of the obtai-
ned interval. For a comparison, we give the results of Brakhage
(iber die numeriche Behandlung von Integralgleichungen nach der
Quadraturformel Methode, Numer,Math. 2, 183f¥96, (1960)).

s; u(si)

0 0.6574172
0.25 0.6638282
0.5 0.6831709
0.75 0.7148688
1 0.7577358

where !u*(si)-ﬁ(si)|‘§0.0024, u*(s) is the solution of equa-
tion (27).
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REZIME

O ALTERNATIVNIM NESTACIONARNIM
ITERATIVNIM POSTUPCIMA

U 1] su date teoreme kojé omogudavaju ubrzanje staci-
onarnih iterativnih postupaka i daju aposteriornu ocenu greske.
U ovom radu su dokazane analogne teoreme za nestacionarne ite-

rativne postupke.



