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It is well-known that if p is a binary reflexive and tran-
sitive relation on S, then o=p ﬂp—l is an equivalence on S, and
that an ordering y can be defined on S/o by: (X,Y) ey iff (x,y) ep
for anv X e X, v.ev, Binary relation ¢ is a maximal
(in regard to the set inclusion) equivalence relation contained
in p , and morever, the set of all equivalences in p is a comp-
lete lattice.

The class of binary reflexive and transitive relations is
uniquely determined. In |3] it is shown that this ik:not the case
with (n+l)-ary relations, when n > 2, Here we consider 2-reflex -
ive, nil—transitive, (n+l)-ary relations on the given set §, de-~
noted as (2,nAl)—RT relations, induced among some other classes
of (n+l)-ary relations in ;3|. The structure of generalized equ-
ivalences (defined in |1} included in such an generalized quasi-
order is the subject of this article. We show that this poset
always has the maximal elements, and we give the necessary and
sufficert conditions under which it is a complete lattice. Final-
ly , we describe two generalized orderings induced on the corre-
sponding partition of type n (Hartmanis, see |1l]|) by one class of
(2,n§l)—RT relations. We note that the considerations of some of

these problems, we started in |2].
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*

. .t . .
1. (n+l)-ary relationp on S is (11)—reflex1ve, ire--

RNE N €{2,...,n+1}, iff
. . i -
(all ' a a12 : a ' a an+l Ye p o«
1 4 : 2>y : 1 1 3 +
1 11+1 . 1t_1+1 lt 1

)

1
for all a 'ail-l'ail+1""’ait—l’ait+1""’an+1’ae s .

AR

p i8 t-reflexive, t € {2,...,n+l}, iff it is (i%)-refle-

€{1,...,n+11%). (n+l

xive for all different i el An (11 )-ref-

17°° t
lexive relation p is (trivialy) (n+l)-~reflexive, and it is des-
cribed by the formula:
+
(vaes)(( " ep)

2. (n+l)-ary relation p on 8 is k-antisymmetric, k € {2,

«e.,n+1)}, iff for all Byreerdy €S the following is satisfied:

If all permutations of a;,...,a, are included in (n+1) -

tuples of p, then a; =...= ag
3. (n+l)-ary relation p on S is nﬁl -transitive iff from
(al) eo, (arl‘“) e, and a; #a, for i#j, i,j €{l,...,n}, it fol -
n-1
lows tha+ (ao ,an+1) €p, for all @yreeerd g €S .

REMARK:
Some other generalizations of the antisymmetric and tran-

sitive relations are given in |3],[4| and |5].

4. (n+1)-ary relation p on § is symmetric, iff for all

al,...,an+1 €S, the following is satisfied:

n+1 . .
(al )e p implies (aﬂ(l),...,aw(n+l))€ p, for each nw €{1,...,n+1}!.

1) For t=2, this is (i,])-reflexivity from |5].

2) ‘VReflexive" in |5] is 2-reflexive 'here.
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5. (n+l)-ary relation p on S is generalized equivalence,

iff it is (1,n+l1)-reflexive, symmetric, and nKl-transitive (f1ly.

6. We denote by d2 the intersection of all 2-reflexive
(n+1)-ary relations on S, i.e.

a, ={(a2)|ao,...,an €S, a; =ay for some i,j €{0,...,n}}.
(4, is nﬁl—transitive too, see |3]).

In the following, we assume that |S! >n.

To illustrate the problems that arise in considering the
structure of equvalences contained in generalized quasi-order ,

we start with one example.

EXAMPLE 1. s={a,b,c,d,e}, n=2.
1)
p =n{a,b,c) U 7tb,c,d) Un(b,c,e) Un(a,b,e)U n(a,c,e)l
{(a,b,4),(4,b,a),(a,c,d),(d,c,a),(b,a,d),(b,d,a),
(c,a,d), (c,d,a),(e,a,d),(e,b,d), (e,c,d),(a,e,d),
(b,e,d), (c,e,d),(d,b,e),(d,c,e),(b,d,e), (c,d,e)} .

p is (2,231)—RT relation on S. The following relations are max-

imal ternary equivalences contained in p

o, =4, yn{a,b,c)y n(b,c,e)y nla,c,ely nla,b,e) ;
o, = d, ur(b,c,d) yrm{a,b,a); P g, O3
oy = dzljﬂ(b,c,d)Ljﬂ(a,C,e);

Hasse diagram of the . partialy order set
of equivalences in p illustrates the si-
tuation.

d,

1) 7 (a,b,c) denotes {(a,b,c}),(a,c,b),(b,a,c),(b,c,a),(c,a,b},(c,b,a)}
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THEOQOREM 1. Let p be (2,n§l) -RT relation on S . Now,if
E. denotes the set of all equivalence relations 0 on S ,such that
0c p,then the partially ordered set <E,S=>contains at least one max-

imal equivalence relation.

Proof. E# ¢, since d,<= E (see |3]). Let {ci;ieI}
be a chain in <&,&>. S = |y o, 1is an upper bound for that
iel
chain. Realy, § is 2-reflexive, since d2 c 6. 0 is symmetric:
n+1l ‘- n+1

if (al ) € ¢ then (al )eoi ; for some i €I, and since o5 is

symmetric, (a , for every me{1l,...,n+1}1 ,

m(1) 31y €94

and thus(aiﬂ(l)

ve: suppose that (ag) € G and (a

yee.gsda ) € G, for every m. Tis ni\l-—transiti—

m(n+1)
n+1 - .
1 ) € G, and al,...,an are dif-

ferent. Then (ag) € o4 and (a?+l) ecj , for some i,j€I. Let
0, S o5 Then both (n+1)-tuples belong to 0 And by,ni\l-transitivity
...l -

n-1
,an+l)€ c. By

it follows that (ao r @ni1

n
) ecj, and thus (ao
Zorn’s Lemma we conclude that <E,c>has a maximal element.

Generalizing binary case for (2,nil)—RT relation p on S,
we get the following definition of the relation co:
n+1 a
1 (1)’ """ (n+l)
me{l,...,n+1} ! .

(1) (a ) eop iff (a ) €p, for every

It is obvious that the following proposition holds.

Lemma 2. If c€E, then
a) (an+l) €0 Zimplies (a ee.s@ ) €p for every
1 m(1)’ T (n+l ’

Te{l,...,n+1}!

b) d, coc o,

Up to now we have found that for n>1

i) c;p is not always transitive;

ii) <F, € > can have more than one maximal equivalence; and
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thus 1iii) <F, => is not always a lattice.

If the following we discuss some of these problems.

THEOREM 3. o, = UE(union of all (n+l)-ary equivalences
in B ).

Proof. 1) UEc:op. Realy, if (a?+l) €c, OEE,

+
then by a), Lemma 2, (a? 1)e cp.

2 cp<:UE . Indeed, if (a?+1)e Oy then for every 7w e {1,

n+1
ee.,n+l}! (an(l)”"'an(n+l)) ecp, and (al ) belongs at least

to equivalence relation ¢ =d2 U{(an(l),...,a
...,n+1}1} . Thus, (a)t) e UE.

TT(n+l)); me{l,...

It follows from 1) and 2) that cp==UE.

It is obvious that <E, <> is a meet semilattice with ze-
ro d2. Now we can give the necessary and sufficent conditions
under which it is a lattice.

We start with the following definition of a special (n+1)~-
ary quasiorder.

(n+l)-ary relation p on § is (2,n§l)3 RT relation iff it
is (2,n§l)—RT relation and the following is satisfied:

(*) If

(a) (a ) €p and (a

(o)’ 3 (n) B(1)7" 3 (n+1)) P ¢

for each o€ {0,...,n}! and for each g e{l,...,n+t1}!, and agr.-

.,an+l are different elements of S, then, with each cosequence

(b) (b h,

..b ) ep, (by,...,b

17"

n+1 e{ao,...,

n+1 an+1

for the corresponding premises of (a) by nKl-transitivity, in p
is also

(b) (b ,b

177 Ppo1Ppy1 Py}

for all ao,...,an+l €S .
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THEOREM 4. If p Ze (2,nz'\.l)-’f RT ralation, then VUE is

(n+l)-ary equivalence relation on S.

Proof.
a) UE is (by definition) 2-reflexive and symmetric.
b) UZ ia nA - transitive:

Let (ag)e UE and (a?+l)e Ue , ai#aj, for i#j, i,je {1,
...,n}. By (1) this is equivalent to (a) in (*).

bl) If agress are not all different, and the conditi-

n+1l
ons for the application of nA,-transitivity are satisfied, then

. - 1
(aY(O)""'aY(n—l)' aY(n+l)) € p, for each vy e {0,...,n-1,n+1}! ,
because of
1) 2-reflexivity of p ; or
2) the consequence becomes one of the premises in (a).

Thus, (ao,... y e UE.,

a
18n-17%n+1

are all different. Then,
,an+l),all (n+1)

b2) Suppose now that Bgreeer@pq

starting with (a), we get that with (ao,...,an_l

tuples of the form

(a a ), mef{l,...,n-1}!

o'y n(n-1) "%n+1

also belong to p. Since 2-reflexive and nﬁl-transitive relati-
on admits all cyclic permutations of first n coordinates of it’s

elements, and by (*), it follows that for each

ye{0,...,n-1,n+1}!, ( ..,a

3y (o) "3 (n-1) "3y (n+1)) € P

Thus, (a_,...,a ) €eUE, completing the proof of the propo-

a
o n-1""n+1

sition.

THEOREM 5. <E, => {5 a complete lattice iff 0 is
(2,n5xl) XRT relation.
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Proof.

a) Let p be (2,n§l)3RT relation on S. Then by Theorem 4.,
UZ e E. That is why UF is the only maximal element in <g, => ,
and clearly, the gratest one. I is closed under arbitrary inter-
sections, and thus, it is a complete lattice.

b) Let now <fF, => be a complete lattice. Then it has a unit
element UE. UE is thus (2,n51)3 RT relation. Indeed, let

n+l
1

1

n | n-
(o) (ao) € UF and (a ) € UE imply (ao ’an+l) e UE

Then by (1)

(ag) eUf iff (aa ) ep, for every ae{C,...,n}! ;

(o),...,aa(n)

n+1

(a1 )y e UE iff (a ) ep, for every Be{l,...,n+1}!

B(1) " "% (n+1)

n-1 .
(a ,an+1) e UE iff (aY(o),...,a

o ) ep , for every

Y (n-1) "%y (n+1)
vye{0,...,n-1,n+1}! .,

In this way it is shown that p satisfies (*), and thus

it is (2,n§1)3RT relation.

EXAMPLE 2. S={a,b,c,d,e,f} , n=2,

p = d2 Urn(a,b,c) Un(a,b,d) Un(a,c,d) Un(b,c,d) Un(d,e,£f) (1)
U{(a,b,e),(b,a,e),(a,c,e),(c,a,e),(a,b,e),(d,a,e),(b,c,e),
(c,b,e),(b,d,e),(d,b,e}),(c,d,e),(d,c,e),(a,d, ), (b,a,f},
(a,c,f),(c,a,f),(a,d, fy,{d,a,f),(b,c,f),(c,b,f),(b,d,f),
(d,b,£), (c,d,£), (d,c,£)}. UE
p is (2,nA))*RT relation.
The lattice <F, => is given
by it“s Hasse diagram, where

zero is dz, and unit is UE,
described by (i) in p. d
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Since in binary case there is only one class of RT rela-
tions, and it satisfies (*), the fact that for n=1 <E,= > is a

lattice is a direct consequence of Theorem 5.

Consider now the binary relation y, defined at the begin-
ning of the article, concerning the induced order on the parti-
tion. The following two theorems deal with the same problems for

(n+l1)-ary relations.

THEOREM 6. Let p be (2,n§1):RT relation on 8 , and
denote UE by ao. Let S/c be the corresponding partition of type
n. Now, 2f x is (n+l)—-ary relation on S/ag, defined by

(2) (@) ex iff (x, s...0x; ) ep, for all
11 n+l
(X. rena g X, )eQ X...X0Q Q I"'IQ GS/O',
i, i1 1 ntl">*1 n+l

then in this way induced (by p) relation x iz (ntl)-reflexive,

(n+l) -gntisymmetric, and nﬁl—transitive.l)

P roof.

n+1l
a) (Q)ey iff (x, ,...,x, ) €p, for all
i i
1 n+1
K, yeeerX, € Q, and this is true since (xi reee Xy Je
l1 ln+1 1 n+1l
€EcSp .

Thus ¥ is (n+l)-reflexive.
b) x 1is (n+l)-antisymmetric:
]
Let (Qn(l)""’QMn+1)) €y, for each me{1l,...,n+1}!. Then

(xﬂ(il),...,xﬂ(in+l)) € p, whenever this (n+l)-tuple belongs

to Q Lo XQ , 1.e. when

(1) * T(n+1)

1) These properties are consistent as shown in 13l.
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(x, reserXy ) €. But this means that x, rees Xy
4 n+1 4 n+1

belong to the same class, i.e. Q1=... =0

c) x is nil-transitive:

n+1

Let (Q0) €x, (Q) ) ex, o’iafoj, for i#j, i,j € {1,...,n}. This

holds if and only if

(X, ,e0e,X; ) €p, (X, ,+..,X ) €p, whenever x., €4Q.
1o 1h ub! in+l lj J
(3 e{0,...,n+1}).
Then (X, ,...,X. X, ) €p, X, €Q., Jje{0,...,n-1,n+1},
1o Th-1 Tn+l T
since : a) p is 2-reflexive (if xi ,...,xi are not all different)
1 n

or b) p is nil—transitive (otherwise).
By a), b) and c¢), the proof is complete.

Generalized ordering relation y , defined in the prece-
ding proposition, in binary case reduces to the usual one. The
same is with the relation y , given in the following propositi-
on. This one has already been defined in |3|, but with some un-
preciseness included. That is why we repeat it here, together
with one example, illustrating both, X and y.

THEOREM 7. Let |8| >n, n#¥2 and p, o , and 8/oc be as
in Theorem 6. Define (n+l)-ary relation Y on S/c in the follo-
wing way: )

For Ql""’Qn+1 €S/o-, if

a) I{Ql""’Qn+1}| # 2 ,?hen
n+l R i
(Q1 ) €Y Zf and only if there are KyreoosX oy €5, xi#xj,

for i#j , i,je{1,...,n+l} , such that

I Ai = {xl,...

TT (X, 4e..,X, ) €p when (X, ,...,X, ) EA.X...XA
1 Tn+1 , 11 Th+l !

pXne1d N (xS0, i=1,...,n+1, and that
n+l

and i1f
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by 1{Qys--e00

n+1l . . .
(Q1 ) €Y Zff there 718 exactly one set with n+l element

n+1}| =2 , then

{Xl""'xn+l} €S, xg #xj, for i#j, i,je{l,...,n+1}, such that

I and II hold.

Then ¢ 18 (n+l)~reflexive, (n+l)-antisymmetric, and nﬁf

tragnsitive relation on S/o.

Proof.

n+1l

a) (Ql ) ey if and only if there are Xl""'xn+l' Xy #x. ,

J
such that Al defined in I is a subset of Ql' and that II is sa-
tisfied for Ai==Al, i=1l,...,ntl. Since each class contains at
least n elements, Al

always exists, and II is a consequence of
the definition of S/o0. Thus, Yy is (n+l)-reflexive. ’

b) Let (Qn(l)""’Qn(n+1)) €y, for each me€ {1,...,n+1}1.
Then for each such m , there is exactly n+l element xl,...,xn+l

such that I and II are satisfied, provided that Ql""’Qn+1 are

not all equal. Realy, if {Q1’°"'Qn+1} consists of only two dif-
ferent classes, then this uniqueness is postulated. Otherwise,

suppose that for some o,8 € {1,...,n+1}! Qa(l)""'Qa(n+D) de-

termines xl,...,xi_l,xi,...,x and QB(l)"""B(n+l) deter-
’
’e

Now, for Qr and Qs, r, se€{1,...

n+l’

X,

i X, s X .
mines X rRia1r Ny "nt 1

11
cee,n+1}N{i}, Q, # Qs' we have

_ ' - .
[an Qs| = |{xl,...,xi,xi,...,xn+l}\ {xr,xs}! = n which

means thet Qr==QS, contrary to our assumption. So we can consi-

der x Each of this elements is in at least one class

RN S Lem
and thus all permutations of (x1 ) are in p , i.e. all those
classes are equal, proving (n+l)-antisymmetry for ¢ .

n+1

c) ¢ 1is nﬁl —-transitive: Let (Qg) €y, (Q1

conditions of nﬁl—transitivity. It means that there are xo,...,x

) €y satisfy the

n
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and YyreeorY g satisfying I and II. By the definition of the

sets Ai’ {xo,...,xn}={yl,. }, and we can deduce that XYy

*r¥nel
1)

o Yn+1 - Now, nAl-transitivity for ¢y fo-

for i=1,...,n, and x

llows directly from the same property of p .

EXAMPLE 3. s = {1,2,3,4}, n=2

g = d2UTT(l,2,3) U {(112:4)1(21114)'(11314)1(31174)1(31411)1

(4,3,1),(2,3,4),1(3,2,4),(3,4,2),(4,3,2) }.

p is (2,25f:RT relation on S.

o = d2 Ur(1,2,3)

S/o: Q. = {1,2,3}, Q2 ={1,4}, Q3=={2,4}, Q, =1{3,4}

1
3-reflexive, 3-antisymmetric and 251- transitive relation x , de-
fined in Theorem 6, is given by:

X = 10Q,,0,,0),(0,,05,0,) ,(03,05,03),(Q,,Q,,C,)
(Ql,Ql.Qz),(Ql,Q1,Q3),(Ql,Ql,Q4),(Q3Q4Q3),
(Q4,Q3,Q3),(Q4,Q4,Q2),(Q4,Q2,Q2).(Q2,Q4.Qz),(Q4,Q4.Q3)}.

3-reflexive, 3-antisymmetric and 2§l—transitive relation ¥, de-
fined in Theorem 7., is given by:

_ 3
0= L) 1y 55,47 V0010500505 (0,,0,,0,) 4 (0,,04,05) (05,0, ,03),

(Q4'Q4’Ql)'(Ql'Ql’Qz)'(Ql'Ql'Q3)'(Ql,OlIQ4)'(Q4'Q4'92)'
(Q409550,) 1 (Q5,04,05) 1 (Q4,0,,03) 4 (0,4,05:05),(Q5,0,,04),
(Q409,/04) 1 (Q,/0Q4,03) 5 (Q,,0,4,0,) , (Q,,0,,0}.

1) The statement holds in ternary case also if we require that X%y, and
XY
242
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REZ IME

STRUKTURA UOPETENIH EKVIVALENCIJA SADRZANIH
U (2,n1§1)—RT RELACIJAMA

U radu se razmatra jedna klasa generalisanih relacija
pretporetka ((2,nil)—RT relacija) i ispituje se struktura u
njima sadrZanih ekvivalencija. Daju se potrebni i dovoljni us-
lovi pod kojima je taj parcijalno uredjen skup kompletna mreZa.
Takodje se pokazuje da se na odgovarajuéim particijama tipa n
moZe posmatrati uopSteni poredak, indukovan spomenutim genera-

lisanim pretporetkom.



