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ABSTRACT

In |6| two theorems on the existence of a solutionof equations.
Tx =F(x,Tx) and Tx=F{x,Q(Tx)) in locally convex spaces are proved. Using
fixed point theorems from |4| and |7] we shall prove. in this paper, some
generalizations of Rzepecki“s results from |6].

In |1},|2|,|7| and |3]|,|4| some generalizationsof the
Banach contraction principle in locally convex spaces are pro-
ved. Some applications of such a result in the theory of Miku-
sinski operators are given in |3j}.

Here we shall use the following fixed point theorem pro-
ved in |7].

THEOREM A, Let (x,{di}ieI) be a sequentially comple-
te Hauedorff uniformizable space, T be continuous mapping X

into X satisfying the following conditions:
1) For each 1 eI there exiet £(1) eI and a nondecreasing
. + L
function q; : R =[0,=)~+[0,1] so that
di(?x,Ty) Sayde gy (xe¥))dg 4y (x,¥)

for every x,y €X .

2) For each i eI and t eIR+, lim 9en (1) (t) <1 .
n--w

3) There is an element Xo €eX such that:

iug (%fn(i) (xo,.Txo) =K; eR 1for every :eI.
Then there-exists a unique x* ¢X such that x* =Tx and for each
iel:
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sup d n
neN f£(1)

* =
(xo,x ) 5, € IR .
In the following Lemma A is an index set and

{f is a net of transformations.

a}aeA

LEMMA 1. Let E be a Hausdorff locally convex topolo-
giteal vector space in which the topology is defined by the fa-
mily {pi}ieI of seminorms and g + I »I. Further let M be a clo-
sed sequentially complete subset of E , for every a eh, fa : MM

8o that lim fax extsts for every x eM and the following condi-
a€a

tiong are satisfied:
a) For every i €I there exists 9 R ++[§) 1lwhich e a
nondecreasing funotion for which 1s limq gP (1) (t) <1 for

every i el and every t e]R and for every X,y eM:

(1) Pi(fax -f Y) <qi(P (1) (x-y))p T (1) (x-y) for every aeA.

b) PFor every i €I there exists a continuous function

hi :E+IB+ guch that h, maps bounded set into bounded
get h, (0) =0 and :p . (x) <h, (x) for every x eE and every
i iy -1

neNU{0}, and for every x eM is {fax]a eA}l bounded,
If fox ;:.:An fax, xeM, £ a¥a =*a for every aed, x°=f°x° then

lim x_ = x_.
o
a€A

Proof. From (1) it follows that:

pi(fox-foy) f-qi(pg(i) (x-y))pg(i) (x-y)
for every x,y €M and every i eI. Applying Theorem A, from b)
we conclude that for every beAl {0} there exists one and only
one x, €M so that xb £.% - Furthc;r in |7] i: is p:oved that
for an arbitrary yo eM, Xy =1im Yoo where Y, =fayn-1 (nzl)
and that: nee

k-1
a a a _,a a_.a
Py (¥Vyyy¥y) ig 9gs (1) Pgs+1 (1) Yx-s Yk-s-—l))pgk(i) Yooy,

for every aeA, keN and 1eI.
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. a a a a ‘ ‘
Since pgk(i) (yo yl) ihi(yo yl) for every k eNU {0},
aeA and i eI and q,(t) e[0,1] for every i eI and every t eR”
it follows that:
a ,.a
Py vy -vp_)) <hyyg -¥])
for every ne€N, aeA and je0O(i,q) ={i,g(i)‘,g2(i),...} .
So we have:
a a, k-1 a_a a_a
Py (Yo, ,~¥Yy) <[] g (h, (y2-yT))h, (yo-y7), 16I, aeAh.
ik+1k_s=ogs(i)1ol i“Yo “1
From b) it follows that y(a) can be an arbitrary element from M

and so let yz = x_ , for every a ¢A. Then:

(o]
a a ko1
Py (Y1~ Yk) _<_Sr:<I) qg,5 ) (hy (x -£_x ))h (x -f x ), keN, 1eI,

aeA.
Further, it follows that the set {xo-faxola eA} is bounded

' +
and by using b) we conclude that there exists Ni e IR so that

hi(x ~-f x )f-Ni' for every aelA (ielI)

o "a’o
which implies that:
2) p,ly -y )< q (N.)h,(x -f x ) (keN, aed, 1eI).
1i'Yk+1 k'—s=o gs(i) i"7i*"o "ao '

From (2) we have:
m-1 s-1

m-1
a _a a a
Pi(yp-yy,) < Py (Yo ¥gls L ([T 4a (N )b (x_-f_x_)
1%m “n —-sg i¥s+l ‘s 's-z—n k=0 gk(i) i i'“o "a’o

and when m +«,
a © s-1
(3) pylx_-y,) isin( 1!;:}3 qgk(i) (N))h,(x =f x )(neN, ieI,aed).

—_ o S-1
Since lim g (t) <1 it follows that the series [ ([7] @, (N)))
n»e g (i) s=1 k=0 g (i)

is convergent for every i eI. From (3) we have:
] a 020 s=1
p, (x_-y¥7) < ([ «a (N,))h, (x -£_x )
i7a 1 =2 k=0 gN(1) 1 170 aton
and so:
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@  g=1-
py (X =X ) <Py (x =f_x )+p, (£ x =X ) _<_s£1 (kl:]o Lk g (Ny)) x

X hi(xo-faxo) +pi(faxo—x°) (eI, aed).

- ' = - i - = b
Since X, _faxo foxo faxo and ;;J;\. foxo faxo 0, by
using the continuity of h, and h, (0) =0, it follows that:

lim p,(x_ -x ) = 0, for every i eI
aeA i*7a o

which means that 1lim x_=x_.
a o)
ach

In the following Lemma, E is as in Lemma 1., Lemma 2 is

a generalization of Theorem 1 from {6}, for bounded T(M).

_ LEMMA 2, Let M be an arbitrary set,T be a transfor-
mation from M into E such that T(M) & a sequentially complete boun

ded elosed set and let {ga} be a net of transformationsg defined

aeA
on M with the values in E and ga(M)g'I‘(M) s for all aeA. Sup-
pose that for every a eA and every x eM there exists lim g X =

aeA
= g X- Further, for every i el there exists f(i) ¢ I and

q i (0,1 as in Lemma 1 so that:

Py (9,%-9,Y) <qy (Pg (3) (TX=Ty))Pg 4, (Tx~Ty)
for every x,y eM and condition b) of Lemma 1 for f=qg i8 sati-
sfied. Let beAU {0} . Then:

1. For every y e T(M) the set gb(T-ly) has only one eZemer;t
and the mapping fgy—bgb(T_ly) has one and only one fixed point

2. For every x eT—ly, ap X = Tx and gbx(l) =Tx(1) (ief{1,2} )im-

plies that Tx(l) =Tx(2)

. e -1 -
3. i;u}t\l Tx, =Tx (xp, €T "y, beAlU{0}).
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Proocf€£. First, we shall prove that gb(Tuly) con-
tains only one element. Let y e T(M) and Tx, =y (i ef{1,2}). we

shall prove that Vi =V, where vy =gpx,, 1 e {1,2)}. We have:

Py (vy=vy) =Py (g% =95 X,) 2q; (Pg 5y (T =TX)))Pg () (Tx)~Tx,).

Since Tx1 =Tx2 =y it follows that v. =v_. From this we conclude

1 2
that fb is a singlevalued mapping. Since 9p M) T(M) it follows

that fb + T(M) »T(M). Further let x,y €T(M), x=Tu, y =Tv. The.n:
pi(fbx-fby) =p; (gbu—gbv) b (pf(i) (Tu—'I‘v))pf(i) (Tu-Tv) =
= 9 Pg(q) XYNIPg (4 (xY)
and so for every b €A U {0} there exists one and only one eleme-

nt y, eT(M) so that fyy =gb(T_1yb) = ¥y . Applying Lemma 1 we

conclude that 1lim ya =yo. The proofs of 2. and 3. are as in The-
a€A

orem 1 |6

THEOREM 1. Let McCE,K be a eclosed and convex subset
of E, T:M~+K,T(M) be complete and bounded, :+ K+E be a compa-
et mapping, F :Mxi(-rT(M) s0 that the following conditions are
satisfied:

1. tor every i €I there exist f£(i) €I and q, * R » [0,1] as

in Lemma 1 so that:
pi(F(xl,Y)—F(ley)) :qi(pf(i) (Txl-sz)).Pf(i) (Txl—sz)
for every Xy 1%, eM and y €K and the condition b) of Lemma 1 teg

satisfied for g=f.

2.For every i el there exists C(i) >0 so that:

Py (F(x,y )-F(x,y,)) <C(i)p, (Qy, -v,)

for every x eM and every Y,1¥Y, €K and for every i el the serie::
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© k-1 k
I (T a, e)cE W)
k=1 r=o £ (i)

. +
18 convergent, for every teIR ,

Then there exists x eM so that F(x,Tx) = Tx.

Proof. From Lemma 2 it follows that for every y €K
there exists u(y) eM such that F(u(y),y) = Tu(y). If va:y»Tu(y)
(y eK) then g(K)gK. The continuity of f follows as in 16| si-

nce all the conditions of Lemma 2 are satisfied, where {xa}aeA

is a convergent net in K, lim x =X, and 9a x =F(x,x ), g x =
aehA
= F(x X ), for x eM. Let us prove that f(K) is compact which me-

ans that for every net {xa}aeAmKthere exists a convergent sub-

net of the net {fxa}aeA = {F(uxa'xa)}a€A . We have (a,c eA):

pi(F(uxa,xa) -F(uxc,xc)) ipi(F(uxa,xa) —F(uxc,xa)) +

+ pi(F(uxc'xa)-F (u‘xc'xc) ) 2qy (pf(i) (Tuxa-Tuxc) )Pe (1) (Tuxa-Tuxc) )

* Oy (@xmQx) <qy (Pyy) (Tuy ~Ta, D gey) (o, (79, =Tuy )

(Tu, —~Tu )+C(£(1))pg ;) (0x,-0x ))]+C(1)p, (0x -0x ) <

X pg2
£21) a o]

---<|_Iq (p (Tu ~Tu_ ))p (Tu_ -Tu,_ ) +
s=o f£o(1) £ *a X £ Ml Tx, Txg

k+1
+ 7« [—| q (p (Tu, =Tu_ )))C(E ~(1))p (
k=o s=o f£°(1) £ *a *c £ )

- - . Furth th ists M(i 0 (iel) that
(Qxa Qxc) + C(i)pi(oxa Qxc) er there exis (i) >0 (ieI) so

(Tu, -Tu ) <M(i)(se NU{0}, ieI, a,ced).

P
£2Hi)  Xa %
Then:
) n
py(F (u_xa,xa)-r (uxc,xc)) isr;l qfs o (M(1))M(L)+C (1) p, (Qx_-Qx )+
n-1 'k

k+1
(™1 g M(i))C(f (1))h, (Qx_-0x, ).
k=0 s=o0 f° (i) + a b
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If n -+« then:

© r
p, (F(u_ ,x_)-F(u_ ,x)) <C(i)p, (Ox_-0x ) + (Ma MM :
i xa' a -xc' c’ ' = 1'**"a e r£o s=o0 £5 (1)

r+1,.
x C(f (J.))hi(Qxa-Qxc) .

The set Q(K) is compact and so there exists a convergent

subnet {0x_}

alaen’ of the net {Qxa}aeA' Now, we shall show that

{F(u is a Cauchy net which means that there exists

X )} )
xa a a€h

a, €k, such that a,¢>a_(i,e) implies (e >0):

p;(F(u, ,x_) -~ F(u_ ,x)) < e,
i x 'Ta’ X, ¢

Since hi is continuous and hi(O) =0 it follows that for

every ¢ >0 there exists a neighbourhood vi’ E,(O)f of zero so that

.eﬂ
K(i)
< r r+l
where K(i) = ] ([ ] g, (M(1))C(f "~ (i))+C(i). Since
r=0 s=0 f (1)

is convergent there exists ao(i,e) so that a,c za,

z evi’e, => hi(z) <

{Qxa}aeA'
(a,c €A’ ) implies:
Qxa —Qxc eV'i'e .

Then we have that a,c _>_ao (i,e) (a,ceAr’) implies that:

pi(F(ux rxa) - F(ux rxc)) <E.
a c
The rest of the proof is as in [6].
Asin |6| and using a similar method as in Theorem 1 we can pro-

ve the following theorem. _
THEOREM 2. Let MG E,K be a closed and convex subsget
of E, T :MsET(M) be bounded complete M) € K,Q : K *E be a compact

mapping and F :M xQ(K) +E 80 that for every x €M the mapping
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y +F(x,y) (y 6 QK) is continuous, F(M,Q(K))S T(M) and the follo-
wing conditions are satisfied:

For every 1 eI there exist £(1) eI and q; :]R*-» [&',JJ as
in Lemma 1 so that:

pi(F(xl,y)-F(xz,Y)) iqi(pf(i) (Tx,-Tx,) )pf(i) (Tx,-Tx,)

for every X)X, eM and every y ¢ Q(K) and condition b) of Lemma
1 78 satisfied for g=f .

Then there exists x ¢M so that F(x, Q(Tx)) = Tx.

From Theorem 2 we obtain the following Corollary, which

is a generalization of Krasnoseljski“s fixed point theorem.

COROLLARY Let K=K bea bounded, convex and complete sub-
set of E, Q :K+E be a compact mapping, F :K xé—(i) +E 8o that
for every x €K the mapping y-—+F(x,y) (y € Q(K)is continuous,
F(K,Q_(—IZ))QK and the following condition is satisfied:

For every 1 el there exist £(1) €¢I and qy : mY +[0,1] as

in Lemma 1 so that:
pi(F(Xer)-F(XZrY)) iqi(Pf(i) (xl-x2))pf(i) (xl—xz)
for every Xy0%, eK and every y ¢ Q(K) and condition b) of Lemma

1 78 satisfied for g=f..

Then there exists x €K so that F(x,Qx) =X.

Proof. It is enough to take that T =1dK, M =K.

REMARK. In Krasnoseljski~”s fixed point theorem is
F(x,y) =Sx +ywhere S is a contraction type mapping.

Using a similar method as in |6| we can prove the fol-

low ilng Lemma.
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LEMMA 3. Let (E, {p },;,) be a Hausdorff locally co-
nvex topological vector .space in which the topology is defi-

ned by the family {p,;!} od seminorm, g : I +I,M be a closed

ieT
sequentially complete subsét of'E , for every a en, £, :M>M g0

that lim fax exists for every xXeM and the following conditi-
ael :

ong are satisfied:.

1. For every i €I there exists q(i) >0 86 that:
pi(fax-fay) iq(i)pg(i) (x-y), for every X,y fM and

every a €A,
2, For every ie I and every neN there exigt. a, (1) 20
and £(i)e I so that Pgn(i)( < an(i)Pf(i) {x) fozl every x¢ E

and the series:
o n-1 . o
I (T alg ()))ag ()
n=1 r=o .

78 convergent for every ic_:[.

If £x = lim £ aX» for every xeM then lim x =Xgs where
aei agA '

f x_=x_, for every aeAU{O} -

a“a a’
Using Lemma 3 instead of Lemma 1 it is easy to prove
the following theorem on the existence of a solution cof the equ-

ation Tx =F(x,Q(Tx)).

THEOREM 3, Let E,M,K,T,TM),Q and P be as in Theo-
rem 2 and the following condition be satisfied:

For every i eI there exist q(l) »0 and g(i) €I so that :

pi(F(xl,Y)-F(leyn_<_Q(i)P )(Tx -Tx,)

g(i
for every x;,x, €M and every y eQ(K) and condition 2. of Lemma
3 18 satisfied.

Then there exists x €M so that F(x,Q(Tx)) = Tx.
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Suppose that E is a wvector space in which the topolo-
gy is defined by the family {pi}ieI of functionalssuch that the

following conditions are satisfied:

1. p-i(O) =0, for every i €I .
2. pi(—x) = pi(x), foe every x6 E and every i €I.
3. pi(x+y) _<_p1(x)+pi ty), for every %,y €eE and every i €I.
4, If p, (%, -x)» 0, ({x,} is a net from E) and t_a-*t then
p; (t x-tx) >0, a €A,
Then E is a topological wvector space in which the fundamental
system of neighbourhoods of zero in E is given by the family:
v(i,r) = {xlpi(x) <r} (ieI, r>0).

Suppose now that (E, {pi} ) is a topological vector space in

iex
which the topology is defined by the family of functionals
{pi}iEI so that 1.,2.,3. and 4. are satiéfied. We shall suppo-
se that E is Hausdorff which means that pi(x) =0, for every
i€I implies that x =0.

Similarly as in |8]|, it is easy to prove the following

fixed point theorem.,

THEOREM &4, Let (E, {pi} be a Hausdorff topologi-

iel
cal vector space in which the topology is defined by the fami-
ly of functionals (i€I) go that 1.,2.,3. and 4. i8 satisfied.
Let M be a closed and convex subeet of E and F :M +M be a com-

pact mapping such that the following econdition is satisfied:

For every i eI there exists Ci >Q so that:

p, (tx) <C;tp, (x) , for every te[0,1] and x ¢ F(M) -F (M) .

Then there exigts X €M so that x = Fx.
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Proof£E. First, we shall show that for every V
from the fundamental system of neighbourhoods of zero in E
there exists a neighbourhood of zero U so that:
co(UN (F(M) - FM))cV

where co is convex hull. Let V=v{(i,r) (ieI, r>0). Then U=

= V(i, f‘:_ ). Indeed, suppose that z gco(UN (F(M)-F(M)). Then
i
n
there exist s;>0 (i el,2,...,n}) so that } si=1' and
- i=1
u.ieUn (FM)-F(M)) (ief1,2,...,n}) so that:
n .
z= ] s.,u, .
i=1 *
Then we have:
n n n o
P;(z) < §J p,(s.u.) g J C;s.p.(u.)< } C.,s, = =r,
i "j=11 JJ j=1lJlJ j=1J.JCi

Then |5| there exists x ¢M such that x = Fx.
Now, using Theorem 4 instead of Tihonov's fixed point
theorem, it is easy to prove the following genetralization of

Theorem 1.

THEOREM 17, Let (E,'{pi}ieI) be a Hausdorff topolo-
gieal vector space in which the topology is defined by the fa-
mily of functionals Py {i €I) so that l.,2.,3.r and 4. are satis-
fied. Let M,K,T,Q and F be as in Theorem 1 and conditionsl. and
2. be satiefied as in Theorem J.Suppose'that for every iel the-
re exists Ci >‘0 so that:

p; (tx) < C tp, (x) s for every t e [0,1] and every x e T(M)-TM).

Then there e¢xiste x €M so that F(x,Tx) = Tx.
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REZIME

O JEDNACINI Tx=(Fx,Q(Tx)) U LOKALNO
KONVEKSNIM PROSTORIMA

U ovom radu su, koriZéenjem te€orema o nepokretnoj tad-
ki iz rada |4| i |7],dokazana neka uopitenja teorema o egzis-
tenciji reSenja jedna®ina Tx=F(x,Tx), i Tx=F(x,0(Tx)) u lokal-
no konveksnim prostorima koje su dokazane u radu l6




