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ABSTRACT

In this paper a fixed point theorem in probabilistic metric spaces
is proved. This theorem is a generalization of a fixed point theorem from

I3].

A pair (S,F) is a probabilistic metric space if and
.+
only if S is an arbitrary set, F : SXS*A.'T (A is the set of_
all the distribution functions F such that F(0) =0) so that .

the following conditions are satisfied (F(x,y) =F

£
x,y Tor every

X,y €5}):
1. F (e) =1, for every ¢ eR+ iff X =Y.
X,y _ .

2. F = F for every x,y €S.

X,y y.x'
= ' g = + =
3. Fx,y(e) 1 and Fy,z(s) 1 implies Fx'z(e 8) 1,

+
where x,y,z €S, €, €R ,

The (e,A)-topology in S is introduced by the (g,})-
neighbourhoods of x € S:

Ux(e,x) = {y:Fx,y(s) >1=-32} e£>0, Xel(0,1)
A triplet (S,F,t) is a Menger space iff (S,F) is a pro-

babilistic metric space and t is a T-norm such that for every
+
81'52 €R

Fx,y(51+€2) f_t(Fx,z(El) ’ Fz,y(EZ))

for every x,Y,Z €S.
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A set Mc S is probabilistic bounded iff

sup DM(e) =1
where. ) C .
D, (e) = sup inf F (8)
M §<e x,yeS x(y”
is the probabilistic diameter of the set M.
_ If f:S+S and x €S then ‘

0 (%) = {(x;f(x), £2(x),..:} .

DEFINITION-1. |1] <Let (S,F) be a probabilistic met-
rie spaée and £ ¢S +85. A point x €S 18 regular for £ 1ff
sup Dof(x)(e) = 1.:

DEFINITION 2. |1}~ Let (S,F) be a probabilistic me-
tric epace and £ : §+S. Two pointe x,y € S are agymptotic under
£ iff

F n () »1 for n+= , for every € >0.
£ (x),f (y)
. THEQREM t.  ZLet (S,F,t) be a Menger space with a con-
tinuous T-norm t and let the mapping f : S +8 be such that eve-
ry point from S be regular for f and every pair of points from S

18 asymptotic under f£. Let D whenever D

0g (x) “Po (£(x))

Of (x)
<H. If for some x €S the sequence {f"(x)}

has a convergent
neN verg

n
subsequence {f k(x,)} with a limit a and if
nkeN

sup ¢ (8) = ¢(t) ,

where 6<t

o (8) = inf F_ (&) ,
x,ye0.f (a) XY

then the point a is a unique fixed point of the mapping £

Proof. First we shall prove that from the condi-
tions of the theorem if follows that

F m (e) >D

()
a,f™(a) Of(f(a))
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for all meN and for all € >0. Prom the definition of a Men-

ger space we have for all 6 <e¢

8 ' 5 '
F (e) >t (F (5), F (e-351) >.
m = Koy 2 k) @) 2T

a,f (a) a,f "(x)
s o
>t (F (5), t(F n, - “ne- (s )Fn (e=8))).
= aekx) 2 £ K x) £ K(a) £%(a), £ (a)
Also we have that
F (e<§) > inf F ' (e=8) ,
K (a), £ (a) ~ m,neN  £(a), £ (a)
which means that
F ) >t(F o (3),t(F ng  (3) .
a,f™(a) a,f “(x) ° £ Xx),f “a). ¢
inf F n (e=8))) .
m,neN £ (a) , £ (a)
If nk-+w, we have
. 8
lim F (e¢) > lim t(F n ( —) +E(F n (=),
noe  a,£7(a)  Tnoe a,f K(x) k(x) £ (a) 2
, inf F (e-6))).
m,neN fm(a) fn(a)
From the preceding inequality we get
8 8
F (E) >t(H(—)It(H(—)I inf F (E-(S))) ’
a,fa) 2 27" m,neN £(a),f%(a)
since
8 8 '
lim F ny (§)=H(§) ( lim £ " (x) = a)
ny e a,f " (x) n, e
8 8
lim F n (5 ) =H( =3 )
noow £ F(x),f “kay 2 2

(x and a are asymptotic points). Therefore, we have

F (e) >t(1,t(1, inf F (e=68))) >
™ (a) - m,neN £7(a),£"(a) -
> t(1,t(1, sup inf F (e=8))) =D ()

0<&<e m,neN f£fT(a),f(a) Of(f(a))



58 Mila Stojakovid

So we. have proved that

te) > D (e) .
a,fm(a) (f(a))

Now we shall show that

| Po, ta) ) = Po_ (s (a)) &)
We have:
D (e) = sup inf F (t) =
Og (a) t<e n, keNU{O} £ (a), £ (a) .
sup (min{inf F (t), inf F () 1) .
t<e neN a,f (a) n,keN £ (a), f (a)

From the next two inequalities

F (e) >D (e) inf F (e)
a,£™(a) O (f(a)) n,keN £ (a), X (a)
inf F n (t) > inf F n (t) ,
neN a,f (a) n,keN £ (a), f (a)
it follows that
min{inf F n (t), inf F ’ ()} =
neN a,f (a) n,keN £ (a), f (a)
= inf F (t)
n, keN f (a), f (a)
and then we get
D (¢e) = sup inf F (t) =D (g)
of(a) t<e n,keN £0 (a), f (a) Of(f(a))
Since Dof(x) <D0f(f(x)) for all x € S whenever Dof(f(x)) <H
it follows that
D =H=1D
Of(a) Of(f(a))
Since
F (e} >D (e) = H(e)
a, M@ ~ OrE@)

for all meN, and every € >0 for m=1 we have that
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F (e) = H(e)
a,f (a)

which means that
f(a) = a.

If we suppose that a point b eS is also a fixed point
of the mapping £, then we have

F (e} = F (e} > H(e)

asb £ (a) ,£7 (b)
for n+= (a,b are asymptotic points). Prom the last equality
we get a =b,
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REZIME
TEOREMA O NEPOKRETNOJ TACKI U VEROVATNOSNIM
METRICKIM PROSTORIMA

U ovom radu je dokazana teorema o fiksnoj tafki za pre-
slikavanja u verovatnosnim metri€kim prostorima. Ona predstav-

lja generalizaciju teoreme o fiksnoj tacki preslikavanja u me-

tridkim prostorima dokazanoj u |3|. Teorem glasi: Neka ije

(s,F,t) Mengerov prostor sa neprekidnom T-normom t i neka ije
preslikavanje f : S +$ takvo da je svaka tadka iz S regularna zai
f i svaki par tacdaka iz S je asimptotski u odnosu na f. Neka j=

DOf(x) <D0f(f(x)) kadgod Je Dof(x) <H, Ako za neko x € s postoi
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n
. n . . k
niz {f (x)}neN takav da konvergentni podniz {f (X)}nkeN

ima grani®nu vrednost a i ako je

sup ¢(8) = ¢ (t) , gde je
8<t

$(8) = inf F (8)
’ x,yeof(a) Xy '

tada je ta¢ka a Jjedinstvena nepokretna tadka preslikavanja
f.



