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ABSTRACT

An explicit expression is defined to be a Hermite polynomial of de-
gree n, n=1,2,..., in variables £(t,), E(tz),...,&;(tn) e {E(t), teT}, where
{g(t), teT)} is a real Gaussian process. Some properties of these polynomi-

. . . s a2 2
als areA mvc:stngated. Especially, E Hn(EI,EZ,...,En)‘-Hn(gl,gz....,gn),
where Ek-E Ek .

Let {g(t), t ¢eT} be a real Gaussian random process on a
probability space (Q,F,P),with the . expectation Ef(t) =0, teT
and covariance function Ef (ti)g(tj) =B(t1’tj)' ti’tj eT. Let
#H(T) be Hilbert space of square integrable functions, measu-
rable with respect to the o-field F(T), generated by {f(t), t €T},

with the scalar product

(¢,¥) = E¢y , ¢, eH(T) .
We take that E¢ =0, ¢ eH(T)
In |4] a Hermite polynomial of degree n, in variables
E (tl) /£ (t2) s4ecork (tk) ,- tl' e ’tk eT is dgfined as a polynomial
orthogonal to all polynomialsof a degree less than n. It is
shown that
H(T) = ] ® Hp(T) ,
p=1
where HP(T) is a linear closure spanned by Hermite polynomials
of degree p, in variables £(t), teT. In ]3] , explicit expres-—
sions for Hermite polynomials Of degree 1, 2, and 3 are given.
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In this paper &n explicit expression is defined as a
Hermite polynomial of degree n, ,n=1,2,... and some properties
of these polynomials are investigated (Theorem 3, 4, 5).

A well known formula for the moments of the Gausiian n-
dimensional random variable (E(tl),E(tz),...,E(tn)), where n is
even, will be used
(1) BE(EE(E)) oL E() = E T Bt ),
where the sum ranges over all the possible partitions of the
set {tl,tz,...,tn} to pairs'{ti,tj} and the product ranges over
all the pairs {ti,tj} of a corresponding partition.

DEFINITION A Hermite polynomial, of degree N of n
vartiables, I8

(2) Hn(gllgzl°"lgn) =‘E152---£;1' ZBiljlailjl(Elr---IEn) +

+ IB, . B, . 0; =+ .
STiy3,7153,743,4,3,

(B rmensE )+t (-1F 1B

i3
n 171

-2
eeeB, L O, . (B yeeenE ) 00+ (-1) I B.. »
ikjk 4131"'1k3k 1 n . iJj
Ei = E(ti), Bivjv =B(tivFjv), iv,jv e{1,2,...,n} .

We take that i <jv which is not a restriction,
n
O; 4 eoey 2 (Ei,eee,8 ) =1 E,, i# i, 1i#j , v=1,2,...,k,
1131 ikjk 1 n j=1 1 Y Y

n

k=1,2,..., [5].
The first sum, in (2), ranges over all the possible choices of a
pair (il,jl) from the set 1,2,...,n. The k—th,sum,'k=2,3,.,,

ooy Lg] -1, in (2), ranges over all the possible choices of
k pairs (i,,3;), (iz,jz),...,(ik,jk),‘from the set {1,2,...,n},

where the order of pairs is not important. The last term in (2)
is Zf}Bij, where the sum ranges over all the possible partiti-
ons of the set {1,2,...,n} to pairs (i,j) and the product ran-
ges over all the pairs of a corresponding partition. Notice

that ZTjBij is equal to E{ £, ... £, given in (1).

n
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I B, « 0, = (E.peue,sE has * ( ) terms,
1131 1131 1 n 2

1l  n n-2 n,.
IB, .B, .o, « (E.,+.+4E) has = (51 ( Y= (, ) 311
i,3,71453, 11311232 1 n 2 "2 2 4
terms,
T B, . «--B, . 0, . .+ (E.,+...,E.) has
1,3, 1pdy 133003y 71 n

%T (2 )(nzz)...(n—Z(ﬁ;l)) =(;L ) (2k~1)!! terms because there is

( g)(nzz)...(n—zék—l)) =A ways to choose k pairs from the set
{1,2,...,n}, and as the order of pairs is not important, the ex-

1
act number is g7 A

Er_]Bij has (n-1) !! terms.

The polynomial Hn(gl,...,En), for an n even, contains
only elements of an . even degree and the constant element.

For n odd, it contains only elements of an odd degree
and the constant element is zero. In Hn(El,...,gn) we may have
some equal variables. So we have a Hermite polynomial in one,
two rthere , e.t.c. variables of degreen.If El =£2 2... =En, we

have the Hermite polynomial of one variable. For example, HI(E)=
=g, Hy(8) = £2-0%, my(6) =£%-30%, m,(5) =g'-60%E% +30?
HS(E) =Es—100253 +1504g . _In general

2 2k, . n-2k’

T T enFek-n ) o ,

H () =&
n k=1

where £ : N(0,02).

If £(t), t €T are independent random variables, then '
Hn(gl,...,gk) =angl)Hnégz)"'HnéEk)' for. k <n, n==n1+n2+...
..tny . Hni(gi), i=1,2,...,k, are the Hermite polynomials of
one variable, which is a well known definition of the Hermite

polynomial of degree n, in k variables, see for instance |1j.

THEOREM 1.
E H (E,-..,8) = 0.
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Proof. The statement follows immediately for n odd,
because all odd momentS of the Gaussian n-dimensional random va-
riable (51,...,gn) are zero. Let n=2m, m=1,2,,.. . Then

(El,...,gn)+...+

(3) EH (€,,...,E ) =EE £y E = ZBilj Bay 4
1 1-1
k
+ (=1) IB, i+ ««.B, . Ba, . A R 00 &
10377 43, iy dyeee gy L n
m
+ (-1) z[TBij .
Let us notice an arbitrary term Bi . Bi . <esB, . in the
10310 20320 lmojmo

first member Egl cee By of (3). This term occurs in the second

member of (3) exactly m =n/2 times, because Bi 5 can be any one

1°1
m . .
of B . seseB, . se-ssB, . . It occurs () times in the
110710 120720 Tmoomo k
k~-th member of (3), k=2,...,m-1, because B, . ,B., . ,...,B, .
1377453, 1xIx
can be any k elements from B s B, s sese,sB. «. In
110710 120720 1moJmo

the last member z[jBij it occurs only once. According this,
the coefficient of B, . B, . es. B, . in (3) is
110710 120720 moomo

k, m

1-m+(g)4u”+(-n (k)+“.+(-nm($)=o.

Since the product Bi . cee Bi . was arbitrary, the same
10710 mo’mo

is valid for any other term in EEl "‘”En .

THEOREM 2. The Hermite polynomial Hn(gl,...,sn) 18 or-
thogonal to every polynomial in H(T) of degree k, k <n.

Proo6&. It is sufficient to see ‘that
EH (£,,--c08 )Ny -oo . =0,
where n =n(ti) e{g(t), teT}, i=1,2,...,k, k<n. If n is even
and k odd, or conversely, the statement immediately follows,
because, after multiplication, we get a polynomial-with all the
elements of odd degree, o, its expectation is zero. Let n and k

be both odd, or both even. We shall show the case n =2m,
k = 2gq, m,q eN.
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The proof is analogous when n and k are both odd. Denote

B(iS,ip) =Egi E. , i ,ip e{1,2,...,n} ,

1 S
s 'p
B(is’jp) =Egisnjp, is e{1,2,...,n}, jpe {1,2,...,k},
B(jS’jp) =Enjsnjsr jS'jp e{llzl"'lk} .

The terms in Egl .ee Ennl have the form

s My

(4) B(il,iz)...B(i iv)B(l 1,] )...B(l ,J )B(j )...

v=1"' u+ll]

---B(jk_lljk)l ve€{2,4,...,n}, u=n-v, H.ik-
For v=n, (u=0) we have
B(llliz)o--B(ln_llln)B(Jlrjz)---B(Jk_lrjk),
For v=n~k, (u=k) we have
IB(1i

B(il,iz)...B(i B(in,j ) .

n-k-1"*n-x n-k+1°31) -+ k

Let us notice an arbitrary term in Egl...gnnl...nk as it is gi-

ven in (4). In ZB
v/2
1

5 . (E.7eeesE )N e..n, the term (4) oc-
1,3 1 13,01 1 k
)= v/2 times, because Bi

n

curs ( can be any one of the

1

.

1

yopri,)e In ZBiljl...Bl 3, Eo. £)3,---1 3 (€,

..,gn)nl...nk, for r35v/2, the term (4) occurs ( r } times,

B(il,iz),...,B(l

and for r >v/2 it does not occur. We have that in EHn(gl,...

...,gn)nl...nk the term (4) occurs

v/2 v/2 v/2 = G
1 /2 -

times. Since the term (4) is arbitrary, this is valid for any

1= Y4.o.+ (-1)F

v/2
r Y+...+ (-1)

other term in Eg eeed NUREERL S

REMARK 1. Let Sl,Szg;T be arbitrary and Hp(sl)’Hq(S?)
the corresponding linear closures, spanned by the Hermite poly-
nomial of degree p, in the variables g(tl),...,i(tk), t

...,tk

tl""’tj €S,. In [4{ it is shown that

1reee
esl and of degree g in the variables g(tl),...,i(tj),
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Hp(Sl)_lHq(Sz) , P # dg.
The proof follows alsc from Theorem 2., because El,...,gn,nl,..

--.sn, are the arbitrary elements from {£(t), t eT}.

THEQREM 3. The Hermite polynomial Hn(El,...,En), n=2,

3,... gatisfies the partial differential equations
3 =
E—k"Hn(Ellccoygn) —Hn_l(gl,...,Ek_1,€k+1,...,€n),

k=1,2,...,n .

Proof. Denote

l

B . «+sB « QO . : (E 'OCCIE )
103y seeeriJe{l,...,n} 1,3, i3, 113y == 2p3p 71 n
by
) B, . «..B, . a, s (B yeeesE) o
1,2,...,n 119 13,743,043, n

3 = -2
a—gl' Hn(gl"“’gn) _52”-51’1 QE' ZBiljlailjl(Ell-o-lgn) +

IB, ;5 -+-B, . a, . s (B seeesE ) +
861 1131 i3 1131...ir3r 1 n

3
+ ...t (-1) == I[]B.. .
8£l ij
2
T X B, s 0y s (EjpeeesE )= ] B, s 0; 5 (E
0y 4,k 0 13, 43, ntoo Lt n Y930 43, 02

ceiEy)

The sum on the right hand side ranges over all the choices of a
pair (il,jl) from the set {2,...,n}, because after differenti-
ation all the terms with coefficient Blj’j e{2,...,n} disappear,
namely, the corresponding products alj(Ei,...,gn) do not contain

51. In the rest of the terms B (51,...,gn), (i,j) are chosen

13%i3
from the set {2,...,n} and

3 =
3T yy(Eyreeeiby) =gy Epreenity)
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3

Z B . «+«B s O : : (E ,-..,E ) =
98y 1,.%. . 113y 13,743,043, 72 n
)

¥ B, = s+..B, .o, . A - 1
2,...,0 i131 1rJr 1131"’ir3r 2 n
The sum on the right hand side renges over all the choices of r

pairs (11,j1),...,(ir,jr), from the set {2,...,n}, because all

the terms which do not contain El in a (El,...,gn)

i1j1"'irjr
disappear. In the other terms, the indexes are chosen from the
set {2,...,n}, and

9

= O

I (Eyreeiby) =0

. s . s . . (EnpeeerE ),

113 ...1r3r 1131°”°ir3r 2 n

This is independent of r, so it is valid for every term in.

H (E,,...,E ). The same is true if we consider any df-Ez,...,En

instead of El .

THEOREM- 4. The polynomials Pn(El,...,En), n_32,P1(51)=
=£,+ which satisfy the partial differential equations

3

R AL LR U S AU ERRRI LSS T S LRI X
k=1,2,...,n, Ei=5(ti)' ti €T, i=1,2,...,n

with the initial eondition EPn(El,...,En) =0 are Hermite poly-

nomtals Hn(gl,...,gn), n=1,2,...

Before the proof let us consider the following examples

1. Pp,(g,) =&, = H (g))

3 = - -—

2. 33: P,(E,+E,) =P (E,) =£,, s0 ?2(51,52) =g E, +4(E,).
3 _ . . ) _
3¢, Py(E,08,) =P (£)) =&, =&, +¢ (&), 50 ¢7(Ey) =0,

and Pz(El,gz) =E1E2-+c. The constant c is evaluated from the con-
dition Epz(gl,gz) =0, and it is equal to -Eglgz =—Blz, so finally
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Pa(B Bl =8 85 =By =H; (€, 48]
3. 3% P (£ /6y iEy) =EpEy ~Byys S0, By(E)s6y0Ey) = 6k,
S+ ¢ (E5,E5)
367 PalEyiEprty) = B8y tgr ¢ L(EyiEg)sso o 6y (8 ,E,) =
_131352 +¢2(£3), ard P3(£1,£2,£3) =£1£2£3 —32351 - 513%+¢2(£3).

d - - - 9 =

-B12£3 + c.
Fram EP3(EI’EZ’E3) =0, it follows that. ¢ =0 and finally

P3(£1I£21€3) =£1£2£3 —B23£l —B13£2 "31253 =H3(Ellgzl£3)
Proof£f. We know that Pl(gl) =51=H1(£1) and sup-

Phmy(Bpreeer ) = Hy g (Eyreeen g)

Then
3 _ 3 - - -
Te; Palbrr e BT g, Pa TPaoa(Bgreeeby) SHy Gl nity) =
= £5&, --~€n'2 ) Bijaij(gzl-..,gn)+... . It follows that
PR o
Pa= 18t T 2 L Bij g5 (EyreearBl) Bytentd (BppeensBp) .
3 - _ -
3, Tn - GbtcEn T,k ByyoyglEaeee s B )0 et g 6y (8
s b)) SP_(EyrEgreaciE) =Hn—1(£1'€3""'€n) =
= bt ! P TIT a3,...,s,n) +... , whence
3 n
m ¢1(52,-..,En)A=j£3Blja1j(£1,£3,...,£n) '|"'.-. and
) n
P = Ey--E ) Bijaij(gl,...,gn) _j£3Bljalj(gl""'€n)
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FI Py =51£253"'En_2'4';:. o BisoygEpeBarbgreaib) -

-7

n
3 _
- j£4Brj°'1j‘51'52'54'“”5:1”'"+ 3t bplE3reeerbp) =

= 515254.'.511-1 2.4 Z n l] 1J(E1152,E4,-..,E )+
112y 000,

whence

- ) +... , so0
agn ¢2 E ""'En) = B12012(51152154l---r£

Pn(Ell..-,En) =El.’..gn- ): lJ 1J(E1'...'En) -

2,000,

n
i 14015 preeerBp) “Bioa a (€ vennsE ) et 38 e iEy)=

S fcta T 1,2,%..,n Bijaij(gl"'°’£n)+"'+ ¢3(54"”'5!1)‘
In the same way we get the third and the other elements in
Pn(gl,...,gn) =Hn(gl,...,gn).
Let S=T. Denote F E(t)= E(E(t)!F(S)). t eT.
where F(S) is the o~algebra generated by {E(t), t eSs}

In |2 it is shown that the conditional expectation, with res-
pect to F(S), of a polynomial of degree n, in variables g(fl),

...,g(tk), t tk'eT, is a polynomial of degree n, in

12

E(t)) yenns g(tk), t .t €T, where £ (t) =E° g(t), teT.

1*°°

S _ ~ A
THEOREM 5. E H (£ r-+s8) =H (E1,...,E ) .

Proof. We know that
S - ~ ~
E Hn(gl,.--,gn) —Pn(gl,...,gn) and
S S _ %
E'H (g,) = Eg, =¢,
The conditional distribution -of (51152,...,5 ), given F(S), is
a Gaussian with the mean vector (5 152,-..,5 ) and covariance

matrix B = | b, + where b, —E (&, —g )(g g ) are constant,

¥
ij .
because gk~ Ek is 1ndependent of F(8), Let ¢(x gl,xz 52,...x “En!

|F (S))be the conditional density of (51’52""’511) fo
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s . -/\
BB, (8 0eeerBy) =[n Hy (6 reeerx )60 =8 oo =€ T FS))ax,

dxk dxn

and
33; =8, =/s ﬁ Ho (v 48 e eyt )00y oe ooy | FS)aY, ..
rdyg ee- dyn S £an—i‘Y1+€1"'"Yk—1+gkr1’yk+1+gk+1'
e ¥ tE )Gy sy [F(S))dy .. dy

= J H Ok X Xy e Xp )6 (x) E1""'x 17 k-1 X

Ry
A A s
- Ek+ll'"Ixn_Ean(S))dxl'-dek_ldxk+1'° d—’(n = E Hn_l(glloco

e BprEpgqreseiEy) -

Y s _ A A
It follows that the polynomials E Hn(El,...,En) -Pn(gl,...,gn)

satisfy the partial differential equation

~

P (E ~°~l€n) =Pn_1(Ell"‘ng_1l€k+1l"°l€n)l n>2,

ag -
and since

~ A _ s _
EPn(Ell-.-IEn) = EE Hn(€1I°°°IEn) =0

from Theorem 2. we have
s A ~ A A
E Hn(gll.--,gn) =Pn(gllﬂ"lgn) ?Hn(gllo--,gn) .
] .
REMARK 2. In |4| it is shown that for n er(T), E%n er(S).
The same result follows immediately from Theorem 5.
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REZIME

O ERMITSKIM POLINOMIMA GAUSOVOG SLUCAJINOG
PROCESA

, U radu se daje eksplicitan izraz za Ermitske polinome
stepena n, n = 1,2,..., 1 ispituju se neke osobine ovih poli-
noma (Teoreme 3., 4., 5.) .



