Zbornik radova Prirodno-matematidkog fakulteta-Univerzitet u Novom Sadu
' knjiga 12 (1982)
Review of Research Faculty of Seience-University of Noui Sad,Volume 12(1982)

ON A NUMERICAL SOLUTION OF THE BOUNDARY
VALUE PROBLEM USING AN OPTIMAL NUMER!CAL DIFFERENTIATION
Ljiljana Cvetkovid and Dragoslav Herceg

Prirodno-matematidki fakultet. Institut za matematiku
21000 Novi Sad, ul.dr Ilije Djuridida br.d, Jugoslavija

ABSTRACT

In this paper we consider a numerical solution of two boundary va-
lue problems: (BVP1) -u"(x) =f(x,u), u(0) =Yg ull) =y» and (BVP2) -u"(x)-
-q(x)u(x) =f(x), u(0) =Y, u(1) =Yy using the authors” four-point rule
of degree 3 for the second derivative. The discretisation meshes depend
upon this rule. The discrete problem to (BVP1) has the usual form, but the
discrete problem to (BVP2) has an unusual form. Under certain assumptions,

our schemes have a third order of convergence.
1. INTRODUCTION

We consider two boundary value problems (BVPl) and (BVP2).
(BVP1) -u"(x) =f£(x,u) on [0,1], u(0) =y r u(l) =Y,

where £ eC3([0,1:| xIR) and v sy, € R. The nonlinearity f(t,v)
is assumed to satisfy the Lipschitz condition

(L)  qv-w) <f(x,v) =f(x,w) <u(v-w), v,welR, v>w, x € [0,1]
for some reals q,u € IR, where
-2 _
(1) -h “q <u <A, qo—3(/5 1), 0<x <8,
and we let h=(1+n -3-+~2¢3‘ )...1 be so small, i.e. n eIN so great,

that

(2) -h"%q_ <3 O, +a)
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(BVP2) -~ -u"-q(x)u = £(x) on [0,1], u(0) =8_, u(1) =8,

where q,fec3[0,1], 80,81>e]R'. We aasume
(3) . 0<q(x) <u<8 on [0,1].

» The assumptions for (BVP1) are similar to the assump-
rtianjfxrélo:n.i}i-I , but here 'qo and A, are different. The parame-
tar h depends on the rule we used for the discretisation of
(BVP1) . For q(x) from (BVP2) a usual assumption is q(x) <0 in
[0,1]. But, our scheme for (BVP2) has a special form and we ha-
ve the assumption 0 <q(x) <8. '

The proofs in section 3 are based upon the results of this

type in1],]2],17],]8].

2. FINITE DI‘F.FERENCE SCHEMES

' In this section we shall describe the schemes which we
are going to discuss. It is convenient to distinguish (BVP1)
and (BVP2). First we shall consider (BVPL).

For u e c5[0,1], the authors” four-point rule of degree 3
for the second derivative, see 4], is

1+./5

{4) =-u (:&) —h [af(x+h) +bf(x) +cf(x ¥ h) +
+arxd HBml+ om?)

where

a=-%, b=6-2/5, c=-(3-/5), d=7—‘5/—§-3.
We let for neIN,
3+/5
h {xzi—i Th Xoi41 =h+xi i=0,1,...,n} ,
3+/5 | -1

where h={(1 + n —2—) . Now we can form the descrete analo-

gue to (BVP1l) by using (4):
Yol i=0,

(DRYP 1) ) (thy)i = o, i=1,2,...,2n,
Yy i =2n+1 ,

where



(5)
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{ Yy o i=0,2n+1,
) -2 . =
(Lh y)i= h Eﬂyi_2+cyi_1+byi+ayi+1]-f(xi,yi), i=2m, m=l,...,n,

-2 .
h [ayi_1+byi+cyi+1+dyi+2]—f(xi,yi), i=2m+1, m=0,1,..n-1.

We can write the discrete problem to (BVPl) in the canonical
form

AhY'FhY =0,

where
;12
a b ¢ 4d
d ¢ b a
a b c. d
d ¢ b a
=h 2 N R2n+1,2n+2
d c¢c b a
a b ¢ d
d ¢ b a
2
! ]
and Fh is a nonlinear mapping of R2n+2 into itself which assi-

T .
gns to y =[}°,y1,...,y2n+1] the element Fy =[}°,f1,f2,...

T
""f2n’Y1] , with £ =f(x,,y;)-

For the discretisation of (BVP2) we use our four-point N
rule of degree 3 for the second derivative, |5/,
(6) “(x) =k 2[af (xF 22012 ) + Bf(x '12'3 K) +
+ ce2I k) 4 pE(x 2 1] 40 k), wec [0, 1]

wvhere

_ 34/TS _ 1+/15 . J/T5-1 _/15-3

A = - s, B = ——, cC = - , D= .
6 2 2 6
In this case, the mesh is
_ . _ 9-/15

Iy —{x2i =ik, Xpi01 =%94 +——k, i=0,1,...,n} ,

where k! =n + 9—%15 , nelN.

Using (6) we obtain the discrete analogue to (BVP2):
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Bo. i=0,
k
(DBVP2) (T, z); = £i . 1=1,2,...,2n,
Bl , 1 =2n+1,
where
z, , 1=0,2n+1,
k-2 D-\z +Bz +Cz +Dz ]— z i=2m+1, m=0,1
1-17P23417 %4437 %145 794 %y ’ rhree
-2 Y _
k [Dzi_5+Czi_3+Bzi_1+Azi+1]—qizi, i=2m, m=3,4,...,
(TkZ)i={k_2[Az+Bz+Cz]— z i=2
1207212171 23d792%,; » 1 =4y
_2-
k 7[C)25*B 2o ¥R 20411791 2oy ¢ 1=20-1
-2 -
k- [:A221+B223+C 25] Q2,4 1 =4,
-2 o
ko leyzon a*ByZon 2*RyZyn )=y, 32y 30 1 =2n-3,
and
A = 418+2715 s = 623-20715 c. = . 19-2715
1 32 '’ 1 i3z 1 12 '
_ _ 15v15-8 _ _
Ay == =37 — + By =-2h; Cy=2, »
k T _ _
* £ =B Eyrenanfy W8], £y =8 (xy), gy =alxy), x; €T,
. 2z z ]T
o' 1" """ 2n+1
The discrete problem to (BVP2) we write in the form
(7) B.Z = £
where
12
A B, k% C
1 1 9 5
a kg B 0 C 0D .0
2
A, 0 BykqC
A-k2q3 B O c 0D
DD O C O —quA
_2 .
(8) B =k -kqu ocon
DO € 0 Bk qg A
—qun 5B O c ©c D
o D O C 0o B qunz a
¢ ¥ay 3 B, O B
D 0 C 0 B-k2q2n
c., ¥
1 7 Dn-1
.

/D=3,

n,

e,
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T
(9) fk - Eso'fz'fl'f4’f3" "'f2n-3’f2n’f2n-—1'61:| .

3. PROPERTIES OF THE SCHEMES

In this section we shall considere the discrete ana-
logues (DBVP1) and (DBVP2) to (BVP1l) and (BVP2). We shall pro-
ve that (DBVP1l) and (DBVP2) have unique solutions, say y and
z, for which we have

k
o -yll, <mp®, (e -zl < mp?

where uh and uk denote the restriction of the exact solution
of (BVP1) and (BVP2) to the mesh I, and J, and M , M, are the
constants indepedent of h and k.

We shall begin with some notations (see |[1!,{2],]|7},]8]).
For x,y e r" , Wwe write

x < (R)y iff xii(<)yi , i=1,2,...,m,

Y EN PN PR TN
ER

Any e e IR", e >0, defines the norm x| g = max =
1<i<m i
on ’". In particular e = [___1,1,...,1]T yields the maximum norm

o, .

A mapping F of K" into itself is called monotone if
X <y => Fx <Fy for any x,yeIRm. .

For mappings F,G of K" into itself we write F <G iff
G -F 1s monotone. '

The set of matrices of the format mxm is denoted by

®m, ,

For any A= Eaij] e ®™ the matrices. Agr A, A; e @™

are defined via Ad =diag(all,a22,...,amm), Aa =A—Ad, Aa =

= [a?.] ,.
13 a,., if a,, <0,

cavT., = { i3 1]
0 if ai.>0.

+
Let 1°(x) ={i: i=1,2,...,m, x; =0}, 1 (x) ={i:i=1,2,...,m,x;> 0}

for x e]Rm .
If 1t} and T2 are disjoint subsets of {1,2,...,m} we
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say that A=[aij]€mm'm connects 1'1 with Tz if for all ie-rltheze

are point io=i,il,12,...,ire {1,2,...,m} such that aij-l i_i#.
. 2 : -
#0, j=1,2,...,r and ire-r .

The matrix A is called an L-matrix if Aaf 0-

Ae R™™ is called an inverse-monotone matrix if A has
an inverse A_1_>_0. Throughout this papér we shall use the ab-
breviation i.m. for inverse-monotone. The inverse-monotone L-
matrix is called a.M-matrix. '

The following 5 theorems and their proofs can be found
in |2[,]13],16],]7].

THEOREM 1. LetAeIRm'm Ge:lRm . If A, <0, 8 >0,
A§ >0 and 1f A connects T (AG) with 1 (AG) then A 28 an M-ma-
trix.
THEOREM 2. ret a=[a,.] e®™™, a-=a%+2a%, a%-
[a(z)]<0 a® ..]:a(S)] <0. The matrix A is ’L m. if the follo-

wing conditione are satzsfzed

1. Ad +A% Ze& an M-matrizx,
. (z) _-1_(s) s g
2. ij_k=‘1 agy kkak] for all aij >0, 1#3,
3. there existe e2>20 (e eIRm) such that Be >0 and aZ or
2% connects TO(Ae) with 'r+(Ae) .
THEOREM 3. Let A<B (A,BeIR"'™) and assume that B is
i.m. Then A 28 1.m. iff there exists e >0 (e e:IRm) such that
-1
B "Ae >0.

THEOREM 4. Let C<A<B (A,B,CeR"™ . If B and C are

i.m. then A 28 1.m.

THEOREM 5. Let F be a nonlinear mapping | into it-
gelf and let P,Q e R'™ be such that Q<P, QXF<P. Let A,S €
eIRm'm be such that A-P, A-S are Z.m., 28 <P +Q. Then (A-F)
exists and | (A-F) ' - (A-F) w| < (a-p) 1|
Furthermore, the parallel chord tteration

-1

m
v-w|, for any v,weIR ,

xX° e®", @A-9x" = F-9)x""), nemw

converges for any x° e R™ to the unique solution of Ax =Fx.
Now we shall consider (DBVP1).
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THEOREM 6. The matriz Ay from (5) ie 1.m. and for -
any mgtrix D=dia’g(0,u1,u2,...,u2n,0) 8uch that

-2 o .
(10) - u, € [-h qorr )i 21,2,...,2n, q =3(/5'-1), 0 <ig <8,
the matrizx Ah—D 48 Z.mi

Proof. We can write the matrix Ah in the form

A =h'2ML,
where
" - _
h? _ 1
2,1 2
m m2 2 1
m m 21 1 2_2
m m
B 1 72 ~ L, 1%
M= m m s L=
2 1 )
‘. 1 2
m m ¢
2 .
2.1 %
m, m, 2
s b1
. 4 5
2n+2,2n+2 /5 ’ 2/5 3-/5
M,LeIR ! 'm1=1+T ,m2=—2(1-—§—), ll=‘ _2"—,
__ 5-1
2y == 55— .

Since § = [1,1,...,1:|T >0, M8 = [hz,/g-l,...,/g-l,hzl'r >0,
Theorem 1 yields that M is i.m. Taking & again, we have L6 =
= [1,0,0,...,0,1]17 >0, ®@&) =1{1,2,...,2n}, t*(L8) ={0,2mn+1}.
The matrix L connects 1°(L§) with T+(L<S) (for ioeTo(LG) we

define ij+l =ij-1, j=0,1,...,r-1, ir4 =0) and Theorem 1 yields

that L is i.m. The matrix Ah is the product of two i.m. matri-
ces M and L, i.e. Ah is an i.m. matrix.

Let e € JR2n+2 be defined by

ei = xi(l—xi) +§, XieIh, E = > 0.

Now we have e >0, (Ahe)°=(Ahe)2n+l=£,(Ahe)i=)\iei R

i=1,2,...,2n, where
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_ 2 2 _ =
li _m > 0I5 < lo' 1—1,2,....,2n.

Let D —diag(o d 'd2""’ on ,0) >0 satisfy condition (10)
Then Ah D :Ah (Ah D )e >0. Since Ah >0 it follows Ah (Ah-

-D-)e >0 and Theorem 3 yields that A - 'Dl is i.m. Let D, =

= diag(0,d;,d5,...,d5 ,0) <0 satisfy condition (10). Let (A, -

2 2n’

-D )$=A +2°%, where A% =|:zij:|, AS=[sij] is defined via

2

- (3-V5) if i=2m, 3=2m-1, m=1,2,...,n,

-2 |- .
ij=h— ’ i=2m-1, j=2m, m=1,2,...,n,
0 otherwise ,
- 2%5 1f 1=2m, j=2m+l, m=1,2,...,n
sij=h—2 ' i=2m+1, j=2m, m=0,1,...,n-1,
0 otherwise.

Then applying Theorem 1 to § = [:1,1,'. ..,I:IT we see that (Ah-

-D,)d +A% is i.m. Since

2. — oy _p~2 -
d(b-h"df).<ac<=>d7>-h "q , and (7 -D,)e>A e >0 .

Theorem 2 yields' that Ah—D2 is i.m..Now let the matrix D =
= diag(O,ul‘,uz, .ee ,uzn,O) satisfy condition (10). Then there exist

matrices D1 >0 and D230 such that Dzin ':Dl. Since Ah —D1 <

< Ah—D iAh_-Dz, Theorem 4 yields that Ah—D is i.m.

THEOREM 7.  Suppose that conditione (L), (1), (2) are

satisfied. Then for any v,w em2n+2

[v-w| i(Ah-M)_lthv—Lhw| ’

where M =diag(0,u,M,e..,u,0) € ]R2n+2,2n+2

_ THEOREM B. Let S =diag(0,5,8,,..-,8, ,0), s; >-h"%q_,
i=1,2,...,2h; and s = max Si-(-% (u+q)+ Then the parallel chord
i<2n
iteration
o 2n+2 ~1
y €IR n ’ (Ah—S)ym= (Fh-S)ym , meN

converges for any y.o to the unique solution of Ay =th.
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The proofs of Theorem 7 and Theorem 8 follow directly
from Theorem 5.

THEOREM 9. Suppoge that eonditions (L), (1), (2) are
satiefied. Then
1 . 2n+2
[ v-w||e 2% ||th-Lhw|!e., K=min(g,A -u), for any v,weR '
2 2n+2
|| v=wl]|_< Hl th-Lth o ¢ Jfor any v,welR .
AGEK
Proof., Since (A -M)e>Ke and (A -M) ' >0 it fol-
lows that
-1 1 -1 ~1 1
(A -M) Te<poe, |l (q-M) Tl = |] (A -M) Tell <%

From Theorem 7 it follows that

-1 1
v-wlle < || a-m 7 | Il Lv-Lwll g <% [lLv-Lwl]_ for any
v,we]Rzm’2 .
Since
1 g 1 2n+2
0.35+¢ ”2”,,§||2He_<_g Il z[l, for any zem '
we have .
. 0.25+ 2n+
|| v=wli_ f_—g?é—g [Ith—Lhw[[w , for any v,w e R“" 2 ,
which completes the proof.
COROLLARY 1. Suppose that conditions (L), (1), (2) are

satisfied. Let y be the solution of (DBVPl), u the solution of
(BVP1) and the veator uh be the rectricetion of u to the meseh
Iy - Then

uec®,1] =>|]y-u?|l <mn’

where M 18 a constant independent of h .

1
Proof. In |5] it is proved thatuecs@,f_'] im -

plies that . - '

Lu’ -1y = om),

Assuming v =uh and w=y, from Theorem 9, there, , follows the

proof.
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We shall consider now the boundary value problem (BVP2)
and its discrete analogue 'Bk'z‘=fk'.

THEOREM 10. - Let eonditien (3) be satisfied. Then the
matriz By 18 Z.m. ‘

= B% +8%, where B® = [bj(_z)] ’

Pr oo fLet (Bk 3

)a.
(2) g- CAf  i=2m, j=2m%2, m=1,2,...,n-2,
b,y = 1=2m+1, j=2m-1, m=2,3,...,n-1,
0 otherwise.
Since (Bk)d +B% is an M-matrix, 2D132 _<_A2C, 4BD5C2 and

Bk¢=[5',2"-1232' 2-q,-e,, 2-qe,, 2-q4eq.-.
' c2~q, e, , 2-q e g:]T>0 for
Tt 2n 2n' 2n-1"2n-1’' ’
T = -
e=[eo'e1""’92n+1,] >0, e; =x,(1-x,)+ &, x, T, ,

where £ >0 is determined so that 1y <6_§—5T€ < 8, we conclude

applying Theorem 2, that Bk is i.m.

THEQREM 11. Suppose that condition (3) Z8 satisfied.
Let z be the solution of (DBVP2), u the solution of (BVP2) and
the vector.uk the restriction of u to the mesh Jk' Then

wec® o, =>ukeal], <upd

wher‘e.M2 i8 a constant indepedent of k.
. ARy .
Proof. Let £ € (O,mln(—Al, 23—1'—3 )). Now multi-
ply the zeroth row of the matrix B, by ek~2 ‘and add the result
to the first and third row. Also, multiply the (2n+l)th row of
matrix B, by ¢k 2 and add the result to the (2n)th and (2n-2)th
row. Now multiply the first, third, (2n)th and (2n-2)th row of

matrix B, by 2 .As a result one obtains a new matrix ﬁk. The

k
equations
Bkz =fk and Bkz =fk’ with

- 2 2 2
£ = [Bork ™y +eBorf kT Ey 4By Eafofyreenifyn o X Fpn g *

' 2 T
+ eBy f, JKE, | +eB 8]
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are equivalent. Using Theorem 2, with vector e from Theorem

10, we obtain that B, is i.m.

- 4) >0. Then B

Let X =min(1, e >le

ek 2
0.25+8' 0.25+f k
~=1 1

. .k = _z k = _ 3 k __ _
Since 7 (u) —Bku —Bkz—Bku -fk = 0(k”) and u z =

= l;}-cl'r(u), we have

lu* - 2]l < ©.2540) || u* - 2]] _ < 0.25+8) [1 B | _Hlt@) | o <

<(0.25+8) § -3

@l <Mk’

L. NUMERICAL RESULT

In this section we shall present a numerical example :
-u" = -e%, xe[0,1], u(0) =u(1) = 0.
This problem is considered in |3| and |6|, and its exact solu-
tion is :

c(x-0.5))
=52

u(x)=-4n2 +2 ¢n(c sec s © = 1.3360557 ... .,

For x e [0,1] is -1 <u(x) <0.
To compute the approximation of u(x) we define (see

12])
(-1, for v<-1,
£(x,v) = { -e' , for -1 <v <0 ,
-1 ’ for v >0,

‘satisfying (L) with q=e-'l -1, u=0. Using our first scheme,
with n =20, we iterate according to

y© = El,l,...,l]Te r4?, Ahym =thm—l’ meN

From Theorem 7 (see |2|) it follows that
m -1 m u
ly -¥] iAh lAhy -thm|, mew,
where y is the solution of (DBVP1l} for our example. Also it

holds that

[ym—yl:wm , meN ,
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where w™ is a solution of Ahwmi [Ahym —thm[ , meW.,

We have calculated in double precision arithmetic on
PDP 11/340.

The numerical results are

1 6

h=0.18740391-10" %, m=16, ||y™-y|l_ <107'°,

|y <1077,

where uh denotes the restriction of u to the mesh Ih .
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REZIME

O NUMERICKOM RESAVANJU KONTURNOG PROBLEMA
POMOCU OPTIMALNOG NUMERICKOG DIFERENCIRANJA

U radu se posmatra numeridko reZavanje konturnih pro-
blema (BVP1l) i (BVP2) pod pretpostavkéma (L), (1)}, (2) osnosno
(3). Za formiranje diskretnih analogona (DBVP1l) i (DBVP2) ko-
riste se optimalne &etvorotadkaste formule reda 3 za numerid-
ku aproksimaciju drugog izvoda iz [4] i |5|. Pri tom se koris-
te specijalne mreZe diskretizacije I i Jk. Dokazano je da pod
navedenim pretpostavkama opisani diferencni postupci imaju red
konvergencije 3 i da postupak paralelne selice za reSavanje
(DBVP1) konvergira. Numeri&ki je refen primer iz [3| i |6].



