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ABSTRACT

A difference schemes was formed with a cohstant fitting factor on a
nonuni form mesh for a singular perturbation problem of the second order and
for boundary conditions of the third order. A uniform,convefgence'of the or-
der one was proved with respect to the small parametar of the solution and
its first derivative. Emelyanov's technique was used.

We shall consider a problem of the form

() Lu(x) = eu“(x)-+a(x)u%x);+b(x)u(x) = f(x)
1l

u’(0) -gu{d) = My o u(l) =

¥2
where g >0 and the functions a,b and f are sufficiently smooth
and satisfy a(x) >a >0, b(x) <0.

By M and Mi we denote the constants which are indepen-
dent on € and h (h is determined by (3)).

Emelyanov [2] presented a difference scheme on a unifo-
rm mesh for a solving problem (1) and postulated that it is uni-
formly convergent with the order one, The first derivative whi-
ch is obtained from scheme [2] has the order one of the unifor-
mly convergence with respect to €. Thereqult. of [7] represent a
generalization of the results of [2] on a nonuniform mesh. 1In
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this paper we shall show that the fitting factor in (2] and
[7], which depends of a(x;), can be replaced with either con-
stant or "quasi constant" one [4],which depends only on a(0)=uw.
In [2] and [7] for obtaining an estimation of the difference
between the numerical and asymptotic solution the appearing
expressions exp[}(a(xi)—a(o))h/é] create difficulties in a
non classical error estimation.

Taking into account the results of [1] and the asym-
ptotic expansions [8] we use an expdnentially fitting fac-
tor of the form

oy (prw) = 0 Xi+é i cth xi’:‘l *5
Then the schemes in (2] and [7] become simpler and the condi-
tions of the grid in [7] are relaxed. At -the end we shall pre-
sent some numerical experiments. Further we shall compare the
schemes from |2] and [7] and this one. We shall also compare
a uniform mesh and a nonuniform one and present a numerical
validation of the theoretical order of the uniform convergen-
ce for the above schemes. The experimental determination of
the order of uniform convergence is based on the General Con-
vergence Principle [1].

Problem (1) can be written in the form

Ll(u,v) =¢v' +av + bu = £
(2)
L2(u,v) =u" -v=0
v(0) - Bu(0) = My u(l) = u, -
For solving system (2) we use a nonuniform mesh
n
= - = -1 __
Xj4p =%3 YO4Re TNy S0y 0 <M, BT s i_z-_l 51
(3) i=Fn-1, xo=0, x1=1,, dl=—n1=1, cieIR
Ioi+ni]iMixi R xiico’ C0 is glven,0<co§1.
and
h — -
Ll(uo’vo) = (ewp/2) cth(u.\p/Z)(vI vo)/2 +

(4) |
+ b(h/2) (utu)/2 = £th/2) o = h/e .
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h _ - <
L yagivy) (ul—uo)h (v,~v )/2 =0

(03 (prw) /o) (Bgvy ) +Byvy ¥eyvyyy) *

h
L 1(ui,vi)

(4) + (F.v.

iVi- 1+8i4vi+1)a(xi) +b(xi) (agu

o1 FBilyy) S E(xy)

h e Fu 4B u 43 -
L 2(ui,vi) =(A,u, .+B u, +cgu, )/h (a v ¥ByV )= =94

i“i-1 "1 17°1i+1
(i = 1,n-1)
where
ci(p,w) = QiCthQi, Qg = woyp
A, = oi/ni(oi-ni) B, =-(ni+cri)/cin. i ni/o (n i)
@y = oi/(oi-ni), Bi=-ni/(cri-ni), gi=0
We use the solution of system (4) for an approximation of

the exact values u(x) and u”(x) in the points of the grid

u’(xi) ﬂ;vi, u(xi) Ayui (1=0,n)

It can be shown that a solution of system (4) can be obtained
from the recuryent relations

5) Uil T Bi¥ 8y
vi+1 = pluo + qy v (i=0,n-1)
similar to those in [7].
Here
= B
t, = K [1+ (B + +Aos)h/2j
s, = Koh[(l +AJu, +r, +2g°]
Py = K [(A  +Bch/2)u, +r +hB°go]
_ _ -1
K, = (1 B_h/2)
A= {wcth (wp/2) —a(h/2)) /v, B, =-b (h/2) /¢
r, = 2fh/2) /0, = wcth(wp/2) +a(h/2)
ty =K (RyPy o ¥85t5 5 ¥BBPy ) ¥838))
Sy =Ky (RyQy 5 *85S5 5 #ByBy Yy *8455 3 *N; )

P' 'K (FiPy_ o ¥Q38;.5 ¥ByPy_; +6;D5%, )

Q=K (Fd5 5 +0Qy8; 5 +B3qy ) +6;Dy8, o +M,)
(l 1, 2 ceesn-1)
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P, =8, 9, =u, t =1, s =0
PP
Ky = (1-84Dy)

Ry = ByAytoy v 0 Q =¥y Py G
8y TCyBy Yy My = ry+ey0;
Fy = ogPy*Cy w0 Ny =0y ¥ryfy

S e o 2 o Nt
Ay = ch(mc:i«::thQ:L +aini)/ni¢ ’ ai‘ a(xi_)

¢= mcthﬂi + a; ‘

B, = ~(oc2-n2)uctha, /n? ¢, ¢, =b,0,/n.é
17 7Ty AEL g SERAUAS
a2 b, _2,2
ai' hdi/ni ’ Bi _hci ’ Yi -O’i/ﬂi

S L g2_:2,,2 .
61-—'(1}1 Si)/ni PPy ='hg.l

LEMMA 1. ILet u, and v, be a solution of system (4).
-1
Let |K;| <M, |t _ ] <M,
Then

[ug | +]vg] <M (gl +iu,] +H) ,where H Lo

determined by

[£(x;)[; h]g,| <H (1=0,1,...,n).

The proof is completely analogous to that of Lemma 1

[71.
THEOREM 1. Let u, and vy be a gsolution of system (4).
Then the following estimation holds '
2 2 4
- h h h
Juy —ulxg )] +|vy=u”(x,) ] <M( T+—E—z + :‘ ) .

The proof is obtained by using the techniques outlined
in {7].
" 'For a "non classical" convergence we use the
asymptotic solution of problem (1) which has the form ([8]):

u(x) =wo(x) +€¢i(x) +euo(x/e) +52u1(x/e) +w(x)
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v(x)r=¢b(x) +e¢l(x) +v°(x/e) +evl(x/e) +2z(x)

where ¢i and.wi are the solutionsof the differential equati-

ons system, independent on e .

p; (t) are polynomials of the order

__ ¥ -ut ' —u aut
uo‘(t) =- e , vl(t) He
-wt -wt
u (t) = p,(tJe ", v, (t) = p,(tle ,

following estimations hold:

Jwix)| + ]z(x)]_ﬁMe2

e ® D R et k=1,2,3,4 ).

We now introduce the notations

Tu = aju;_, + B934

_ =1,z .
Du =h “(Aju,_, + Eiui + Eiui_'_l)
h = - -
W, = u(xi) u, w(xi)
zh = v(x,) - v, - z(x,) = x, /¢
i i i i’!’ i *

t,
B £
h

two. According to [2] the

By applying the operators Lh and L2 to the mesh functions

1

h .
w?(xi) and zi(xi) we obtain

4i

5 3
h h h h h H
Lo(z,, w,) Te .-, L (z.'Wh) = ¥ Yki
171 i k=1 ki 2 717 7d k=1
LRy = - eu (1/e) -eu) (1/e)
22 (0) -8 (0) = -By_e? , where
Qli =—(-fi-+aiT¢o-+biTwo-+e(ci(p)—1)D¢o +eD¢o
, _
+ea;Te, +eb Ty, +e” (0, (p)D¢, +b;Tu, t,)
= “(E)B ~utiyy
¥, T ex;a7(8)B;p, (ke
Ca, (prw) -~wt O, (prw) ~wt,
__ i - i-1 i - S T
= xoe( - i +———3__— Bie aiaie
. -wt,
+ W Y& e 1 )

sh.ﬂi ng=o;

+
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w,
“1
) A+TE'

5i
-mti- wti S wt

A =—mo‘iucthf21hDe' - wi'Te -a’(@)xifre i
: o (p,m)  —wt LG (p,w) 4 wt

_ - i 7 i=-1 2 - i 2 i

B = Eu(Ai—-—-—p———’e ti-l +Bi 5 - tie +
_mti
. e . T -wt S
2 e i 2 i-1
+ wti_1 + aiti-le )

sh Qi (ni—ai)

H =-{Dy_ - T¢,) - €Dy, - T¢,)

u t

I} —wt
HZi- emDe +u Te

- 2 —
Hay = €7 Du, (t) —eTv (t) .

Using the Taylor expansions of the above functions about x i
and the following inequalities ([6],]1]):

c’etishtic"et, 0<c<t<e

¢“t <sht <c"t 0<t<c

-

c, ¢” and c" are constants.

-t ~8t

tle <c(ele . pe(0,l), 0<t<w

we can prove lLemma 2.

LEMMA 2. For ‘bki and Hki the following egtimations
hold

. .

]wkiI:M(e +h)

. 2

1}Iki] _EM(E +h)o
‘We now turn to the "non classical" estimation contained in The-
ofem 2.

THEOREM 2. Let Iili and v, be a solution of system

(4) on grid (3)}. Then the following estimation holds

fuy -v(x)] +]vg —u 6] <Mh+e?)

Te proof is obtained by applying Lemma 1 and Lemma 2.
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 : THEOREK 3. Let v, and vy be the solution of system

(¢) on grid (3). Then the estimation
fuy -ulx,) | + ]vi -u”(xy) | <Mh , Rolds.
 Using Theorem 1 when h_<_.€2 and Theorex;f 2 when h >—'.€2"
the proof is immediate. .
For choosing ny,9g and s in (3) we use the test for the
order of uniform convergence [1]. The following theorem trans-
forms the results of [1] on a nonuniform mesh.

m
THEOREM 4. Let F X be the mesh fumction defined om

the mesh
, Mk
= = = - = -1 _
Ink'{xi"‘i =x3_y *oh i =1, m=l), x =1, h -Lloi}

and p be. a positive number. Then

"

JF X -F] <M mP for all m >m

if and only if the following two conditione Hold:

a) ]FHH(-F[ =o(l}), ae mk‘-»w
b) [ka-ka+1] M, m;p for all m >m_ .

L lmkl A >l
The proof is similar to that {2]| p. 20.

By applying Theorem 3 we form the test for the experi-
mental determinationiof the order of uniform convergence for
difference schemes on a nonuniform mesh. Let moi =2mk,,

Mk

I I , U, be an approximative solution and u(x.) the
My ™ Mgy 3 J
exact solution at the point x5 We de note
_ L
2y e —mg.x]uj 35N k=0,1,000)

where the maximum is taken over all the points of the coar-
ser one of the two meshes. ‘
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If the difference scheme fs uniformly convergent, then
oy -p |
Juy® - ulxy) | <My my

‘by applying Theorem 3 we can show that

]uj - u(xj)] +o(1), my +w
-p _
zk,e-inzmk then holds, and that
M, is independent of ¢ if and only if M, is. We take the quan-
tities
-pP
z . .
Z ke =(mk 3 = 2P , and determine p in
k+l,e (g
this way

P = logy(zy /74,

Numerical results. We treat problem |[1|
eu” (x) + (14x2)u” (x) - (x -3 Zu(x) =4(3x% - 3x +1) (x+1)
u{0} - u”(0) =0, wuw(l) =0

€= 0.0625,
In the following series of figures and tables we present the
results of our computations.
We use the notations

Scheme I e ci( Or W . with a uniform mesh
Scheme II e ci( p,a(xi)), with a .upiform mesh
Scheme III e oi(p,a(xi))-mesh.II

Scheme IV e ci(p,w) with mesh I:

Mesh I ... 0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.07, 0.09, 0.11,
0.13, 0.16, 0.20, 0.24, 0.08, 0.32, 0.36, 0.40,
0.46, 0.52, 0.58, 0.64, 0.70, 0.75, 0.80, 0.84,
0.88, 0.92, 0.95, 0.97, 0.98, 0.99, 1.00.

Mesh II ... 0.0,0.02,0.04,0.0608,0.082368,0.1046733
0.1276864, 0.1513789, 0.1750714, 0.1997785
0.225500, 0.2522360, 0.2799866,I0.3087516,'

0.3385311, 0.3693251, 0.4011336, 0.4339656,
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0.467794, 0.50266460, 0.5385124, 0.5753934
0.6132888, 0.6521987, 0.6921232, 0.7330621
0.7750155, 0. 8179834 0.8619658, 0.90699628

0. 9529741, 1. 00
For computing p we start with m =32 and we putrm.k_'_1 '=2mk
(k=0,1,2,3 ). o

Fig.l.

LI SChme I
==== Scheme 11
- Exact
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Fig.2.

¢eee  Scheme III
==== Scheme IV
- EXxXact



TABELE 1
SCHEME I g Clan, _
£ k Pk P"v ' € Pu-. ,P'v_
271 0 .1913569E+01 .2000908E401 2 © .1059774E 01 .1729662E OI
1 .1978778E401 .1998136E401 .-~ - .190528.E 01 '.195587 E 01
2 .1982236E401 .2A0I04Q7ENL . .1979763E.01 .1976815E 01
_3 0 .I7ISI3ZE401 .1997260E01 58 _3478056E 00 .1105804E 01
2> 1 .2006710E401 .1999607E#01  ~ .1410312E 01 .1338642E OL . -
2 .1922706E401 .1998428E401 . - ..18420198 Q1. .1711334E 01
_4 © .1848952E01 .1881095E¥01  _, .2682550E 00 .1062844E 01
2% 1 .200700SE+01 .1995805E401 2 . .1041304E 01 .1068558E 01 .
2 .1895981E#01 .I886913E401 L1420031EQ1  .1329972E 01
SCHEHME IV, MESH I
_, © .)926638E 01 .1996914E 01. _ .1422633E 01 .1413524E 01
2711 .2004060E 01 .1998076E 01 2 O .2208937E 01 .1784494E 01
2 .1935634E 01 . .2004372E 01 .2183209E 01 .1919046E 01
_3 0 .2124112E 01 .1963680E 01  _, .1218086K 01 -.177968IE 01
272 1 .1997517E 01 .1992213E 01 2 ° .2218703E 01 .1158596E 01
2 .1706424E Q1 .2000217E Q1 -2287345E 01 ..1480441E 01
_4 0 -2414846E 01 .1900175E 01 5 .71B6019E 00 .2143383E 01
27% 1 .1973113E 01 .1974578E 01 2 ° .185841SE 01 .1053521E 61
2 .1871747E 01  .1994568E 01 -2217098E 01 .1129259E 01
SCHEME II ' '
_y O .2953125E 01 .2027054E 01  _ .76J51SSE 00 .129331SE 01
27l 1 .1893125E 01 .1976741E 01 2 ° .1779995E 01 .1625615E 01
2 .1799886E 01 .1990415E 01 .1936217E 01 ~.1800102E 01
_3 O .2110542E 01 .1940582E 01  _o -.3318977E-01 .9576272E 01
27> 1 .1993218E 01 .1972463E 01 2 ° .1244720E 01 .1024618E 01
2 .2018799E 01 .1987117E 01 -1847666E 01 .1311047E 01
_4 O .1787984E 01 .1831006E 01  _; -.6986086E-01 .9262857E 01
274 1 .1980410E 01 .1917159E 01 2 ° .9985099E 00 .9649740E 01
2 .1995338E 01 .1958870E 01 .1262807E 01 .1034051E 01
SCHEME III MESH II
_, 0 -2213184E 01 .1981158E 01 . .133265E 01 .9237934E 01
271 1 .1884465E 01 .1992462E 01 2 © .1540363E 01 .1210781E 01
2...1030667E Q1 .1999636E Q% . .1775866E 01 .1628408E 01
_3 0 .1774796E 01 .183530E 01  _ .1508032E 01 .8960677E 00
2771 .1956434E 01 .1950804E 01 2 ° .1990338E 01 .9521322E 00
2 .2006448E 01 .1987238E 01 ~1719587E Q1 . .1003877E Q1

201
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0 - .1418320E Q1 .156033E 01 _9 +1067063E.01 .8662433E 00

2% 1 [1896836E 01 .1855237E 01 2 ° .1488140E 01 .8518415E Q1
2 .1966221E Q1 196045201 .1999397EQ1 .975B75E Q1
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REZIME

O KONVERGENCIJI NEKIH KONACENIH
DIFERENCNIH ZEMA ZA SINGULARNE PERTURBACIONE
PROBLEME

U radu je data jedna diferencna Sema sa konstantnim
"fitting" faktorom za re3avanje konturnih problema za diferen-
cijalne jednaling drugog reda sa malim parametrom uz najvedi
izvod i konturne uslove tredeg reda. Dokazana je uniformna kon-
vergencija po malan‘parametru za reSenje i njegov prvi izvod.
Koristi se neekvidistantna mreZa.



