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ABSTRACT

In this paper bisymmetric [n,m]-groupolds {defined in |6]) are co-
nsidered. It is shown that every bisymmetric [n,m]-groupoid Q(f) is commu-
tative, if the range of at least one of its componenf operations is Q. A
corollary of the preceding proposition is that there do notexistproper bisy-
metric [n,m]-quasigroups (which was proved in |6]). It is also shown that
from the commutativity and mutual mediality of the component operations fo-
llows the bisymmetry of an [n,m|-groupoid. A characterization of the compo-
nents which are n-quasigroups of a blsymmetric [n,m]-groupoid is given.
Necessary and sufficient conditions for an [n,m]-groupoid to be bisymmetric
with n-quasigroup components are obtained.

First we shall give some basic definitions. The notio-

ns from the general theory of n-quasigroups can be found in |1
Instead of x

we shall write’ {xi}(.l or

prese ¥ i=p

p'*p+ q
xg. If p >q, then xg will be considered empty.

An n-groupoid Q(f) is called commutative iff the fol-
lowing identity holds
ny _ ¢ (n)
f(xl) = f(x¢(l)) '
for every permutation ¢ of the set N_ ={1,...,n}.
An n-groupoid Q(f) is totally symmetric iff

implies £ (xw (n))_

n —_—
flxp) = x v (1)) =%y (n+1)

A+l for all xieQ R
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i=1,...,n+1 and every permutation !b of Nosp-

- Two n—qroupoids Q(f) and Q(g) are mutually medial iff
: in, i n o nj n

f({q(xu)_ 1 j=17 g({flxl:l ) } )

holds for all xij €Q, i,3=1,...,n. A n—groupoid which is me-

dial to itself is called medial.

An n-groupoid Q(f) is bisymmetric iff
FUEGGT ) M)
is invariant for every permutation of elements xij €Q, i,3=1,..
.
Let Q be a nonempty set, n and m positive integers
and £ : Q" +@™. Then Q(f) is called an [n,m]~groupoid. The n-ary
operationé-fl,...,fm defined by\

n, _ - 3 (M
£(x]) = (] <=> (¥ieN ) y, =£(x])
are called the component.operations of £ and this is denoted
by f£= (£y7--.,£ ). An [n,m]-groupoid is proper iff n,m, [Q] >2.

An [n,m]-groupoid Q(f) is called an[n,m]-quasigroup (or.
multiquasigroup) (|2},]|3]) iff for every injection ¢:N_ N

n+m
and every (axll) eQn there exists a unil;ue (bl;"'m) eQn+m such that
n, _ nm < -
f,(bl) = (bn+1) and b¢(i) a ., i=1,...,n.

An [n,m]-groupoid Q(f) is commutative iff
n, _ ¢ (n)
f(xl) = f(x¢(1) )
holds for all xieQ, 1=1,...,n and every permutation ¢ of Nn'

Obviously, an [n,m] -~groupoid is commutative iff all its compo-
nent operations are commitative n-gqroupoids.
Let Q(f) be an [n,m]-groupoid, f={f ,... £ ). If

X = Ex ] is an n xp array of elements from Q, then an mxp array
Cp(X) = [:yi] is defined by yij—f (x ), i=1,...,m, j=1,...,p.
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IfX = [xi .] is an r xn array of elements from Q, then an rxm

array R (X) = [z j] is defined by zi] f (x ), i=1,...,r, j=l..,m.

An [n,m]-groupoid Q(f) 1is said to be bisymetric (]6]) iff for
all n xn arrays X = [xij] of elements from Q and every permuta-
tion ¢ of N XN -
= $
R (X} CfRf(X )
where x° = [x‘“i j)]’ holds.

It is obvious that the components of a bisymmetric
[n,m]-groupoid are bisymmetric. But from the bisymmetry of the
camponents the bisymmetry of an [n,m] -g'i'oupoid does not follow
(]6]). In ]6] it is also shown that there are bisymmetric [n,m]-
groupoids which are not commutative. But this does not held for
a class of bisymmetric [n,m]-groupoids which are described in
the following proposition.

If Q(f} is an n—groupoid, by Rf we shall denote the
range of f.

THEOREM 1. Let Q(f) be a bisymmetric [n,m]|-groupoid,
=(f1""’fm) , such that there is a component operation flt
for which Rfk=Q. Then each of the component-operations fi’

i=1,...,m,78 commutative.

Proof. OQ(f) is a bisymmetric [n,m]-groupoid, so
for every every 2 eNm and any permutation ¢ of Nann, the fol-~

lowing identity holds

in n _ : 4)(1 n) n

fz({fk(x )} Y= £, ({f ¢(1 1) ) } .

If ag, i=1,...,n are arbitrary elements from Q, then,since
Rfk=Q, there exist elements bij eQ, i,3=1,...,n such that -

in, _ _
fk(bil)-ai’ i=1,...,n .
If ¢ is an arbitrary permutation of the set Nn and ¢y a permuta-

tion of N xN_ such that v(p.q) = (¢ (p) ,q) for all p,q eN ., then

¢(i) n n _ _ ¢ (n)
S M RIENE TalE TACH T

Hence, _fz is a commutative n-groupoid for all 2 eNm .

f(a)=f ({f (b
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COROLLARY 1.1, Every bisymmetric [n,m] ~groupoid
Q(f},f=(f1,...,f'n) s ‘8uch that there is a component operati-
on ffk_fo;f'wrhich REL =0, 78 a commutative [n,m]-groupoid.

COROLLARY 1.2.. In |6| it e proved that every-bisym-
metric multiquasigroup is commutative (which implies that there
avre no preper bisymmetric multiguusigroups because in |7| it is
praved that there gre no proper commutative multiquasigrpups).
This is a eansequence of Theorem 1 ginee all components of an
[n,m]-quasigroup Q(f), f = (£,r-+-+£) , are n-quasigroups,
hence Rfk=Q for all kGNm .

THEQREK 2. Let Q(f)} be an [n,m]-groupoid, £ =(f,...
-..,fm) . If all componant operations fi-’ i=1l,...,m are com-
mutatiye and every two ecompoment operations are mutually me-
dial, then Q(f) ie a bisymmetric [n,m]~groupoid.

Proof. If fk and f!L are two commutative n-group-
oids which are mmtually medial, then it can be proved (by a si-
milar argument as it is done in [S5], where the special case
£, =f, was considered} that .

in, .n | _ ¢ (i,n) n
G (Ep O5y) T im0 = BUE g, 1y) Paay )

holds for all xij
N, xN_. Hence, Q(f) is a bisymmetric [n,m]-groupoid.

eQ, i,j=1,...,n and any permutation ¢ of

THEOREM 3. Let Q(f) be a bisymmetric [n,m]-groupoid,
f= (fl""’fm)' If £, 18 an n—- quasigroup, then there exist an

Abelian group Q(+) and an element a € Q such that
n

n —_—
fk(xl) = o iilxi +a ,
where o 18 an automorphism of the group +.
Proof£f. Since Q(f) is bisymmetric it follows that
f‘k 1s a bisymmetric n-quasigroup. This means that fk is a me-
dial n-quasigroup, hence there exist an Abelian group Q(+) and

an element a € Q such that
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n
£ = ) a,x, +a
Y L

where di' i=1,...,n are automorphismsof. the group + (}1]).
From '_Iheorem 1 it follows that fk is commtative. If in

fk(xlll) = fk(x¢ (n)) we put x =x and 0 otherwise (where

$ (1) 1% (2)
0 ia the neutral element of the group +), we get

a x+a20 S N +an0 +a=a10 +a,x +u30 +.ae +_an0 +a ,

1

thus A X =0,X for all x e€Q. By a similar arqument it can be

shown that A Seen n° .

THEOREM 4. et Q(f) be an [n,m]-groupoid, f=(f ,...
~easf ). Q(E) Zs a bisymetric [n,m]-groupoid the components
of which ave n-quasigroups iff there exiet an Abelian group
Q(+), elements a;€Q i=l,...,m and automorphiems a., i=1,...
«avym Of the group + such that

n
n = =
£,(x)) = a; j-zllxj +a;, =1,..0m.

Proof. Let Q(f) be a bisymmetric [n,m] -groupoid
and let all component operations fi’ i=1,...,m be n-gquasigro-
ups. Then by Theorem 3 it follows that there exist Abelian gro-
ups Q{ -1: ), i=1,...,m, and elements 2, eQ, i=1l,...,m such
taht

fi(xrll) = oy (x; 3‘..\.* x,) ¥ a., i.=1,...,m ’
i
where oy is an automorphism of the group +, 1i=1,...,m.

Let k,j be arbitrary elements from N . The identity

in, ;n _ - ¢(;_,n)

where ¢ is a permutation of Nn an, then, can be written in tt

form
1 k k j 3 j k
ak((u (x11 X, )+a Y+... +(aj(xn1+...+xnn)+aj))+ a, =
: ] J j k k j
= uk((uj(x¢(1’1)+...+x¢(1’ )+a Yoot (s (xd:(n 1)
j j k
ees +

X (n,n) )+aj)+ ay -
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. i
Let ey be the neutral element of the group + , i=1,...,m. If

in the p;-eceding ec_;'ua'lity we put X4 =x¢(1’1) =X, X4 =X¢(2’1)=y.

—_ pa -1_ ) - . =-1 i = -
xin—xda(i,n) —O‘j (-a), i=1,...,n; X4 aj e, i 2,...,0;

= =1 i=3, . = -1 L= =
x¢(i'1) —aj e i 3,cce,0n; xq;(n,n-l) aj e and Xy x¢(1'2)

= e 3 otherwise, then we get

3 k K k k k ¥k k k 3
(ajx+ujy)+ek+. . .+ek = (ajx)+(ajy)+ek+. ...+ek+(ek+ek) ’

thus

3 k k
ajx + ajy = (ajx) + (ajy) + (ey + ek)‘ .

So, for all x,\y eQ
3j k k
x+y=x+y + f,

J
where £ =ey +ek, which yields the identity

k k

(x®) = q.(x, + Ex)+;
1 J 1 LR n j

, )
where aj =nf +aj .

The converse part of the thedrem can be proved by a
straightforward computation.

The preceding theorem is a generalization of Propositi-
on 3.1. from |6|. In fact, in |6| a WISB [n,m]-groupoids are
defined (as a generalization of Cn+1-systems introduced in 141).
"An [n,m]-groupoid is WTSB iff it is bisymmetric and all its co-
mponent operations are totally symmetric n-quasigroups. If Q(f)
is a WTSB [n,m] -groupoid, then from Theorem 4 it follows that

n
n, _ i =
fi(xl) =a, j£1 x4 +ta;, i=1,...,m.

if fi(xrl‘) =y, then putting in the last equality X, =...=x_ =0,

because of the total symmetry of fi’ we get

a.X

“+a.Yy +a, = .y +a, =
i¥1 aly a; 0, and uly a; S

which implies 0¥, =" X for all x, eQ.
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REZIME

O BISIMETRIENIM [n,m]|-GRUPOIDIMA

U ovom radu razmatrani su bisimetri®ni [n,m] -grupoidi.
Pokazano je da je svaki bisimetri¥an [n,m]-grupoid Q(f) koji
ima bar jednu komponentmioperaciju &iji je kodomen @, komuta-
tivan. Posledica ovog tvrdjenja je da ne postoji prava bisi-
metri&na, [n,m]-kvazigrupa (%to je dokazano u |6|). Takodje je
dokazano da iz komutativnosti i uzajamne medijalnosti komponen-
tnih operacija sledi bisimetri¥nost [n,m]-grupoida. Data je je-
na karakterizacija komponenata bisimetri®noa [n,m]-grupoida ko-
je su n~kvazigrupe. Navedeni su potrebni i dovoljni uslovi da
[n,m] -grupoid bude bisimetrifan sa komponentama koje su n-kva-
zigrupe.



