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ABSTRACT

In this paper we generalize the Theorem [3] and
Theorem 1 from [4].

The following common fixed point theorem is proved
in Eﬂ.

THEOREM. A. Let (X,d) be a complete metric space,
S and T one to one continuous mappings from X into X,
A a continuous mapping from X into SX{) TX and A com-
mute with S and T.
Suppose that the following conditions are eatisfied:
1. For every x € X there exists n(x) €N 8o that
for every y € X:

a(a® (¥ aP Xy < ¢ min{a(sx,Ty),d(Tx,sy) }
where qelo,l).
2. For every x € X, one of the sets

{AmTP(x)l pem™M, me {0,1,...,n(x)-1}} and
a"sP(x)| pemN, me {0,1,...,n(x)-1}}

18 bounded.
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Then there exists one and only one element 2z € X such that:
z2 = Az = S5z = Tz,

In the proof of Theorem 1, which is a generalization
of Theorem A, we shall use the following Lemma proved in [5].

LEMMA. Let Q_ = {glg e ', g < qra(g)}, for every
q € m+, where a : [0,») + [0,») <Z8 a given non-decreasing

funetion such that 1l1lim én(g) =0 for g>0 and
n-+w

lim(g-a(g)) = «® . Then:

1) o, # 9 and a(Q) < Q. where &(g) = q + alg),
g >0.

2)_Qq i8 bounded for each q > 0 and the mazimal

solution m(q) = sup t of the inequality
teoq

g < g+a(g) <8 a fized point‘of a.
3) The maximal solution m(0) of the inequality

g < alg) s equal to O.

THEOREM 1., Let (X,d4),S,T and A be as in Theorem
A, where instead of l.and 2., the following conditions are
satisfied:

1) For every x € X there exists n(x) €N so that
for every y € X:

a@™ Xy, a"X)y) < miniq(a(sx,Ty))d(sx,Ty),d(Tx,5y) }

where q : [0,®) + [0,1) is a nondecreasing
function 8uch that lim t(l-q(t)) = =, .
tr

2) For some X € X one of the sets
{A’“'r"(xo)lp emN, m e {0,1,...,n(x,) - 1}} and
{Amsp(xo)lp em, m e'{O,l,.,.,n(xo) - 1)}
18 bounded. .

Then there exists onevahd only one element y € X such that:

'y =S8y =Ty = Ay
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Proof. ‘Let us suppose that the set:

M= {A‘“'rpgolp em, m e‘{o,l,...,n(xo)-l}}

is bounded. We shall prowve that the set:

{d(AnTkxo,SxOHn,k eN_} N =mU {0}

is bounded. Let n = p*n(x ) + r, where 0 < r < n(x,). Let us

prove that:

p-n(x°)+r
(1) a@ Ty /5%,) < b,, for every p €N and k €W,

b =
where ° sug(x ) d(t,Sxo) and bp
teMy {a °x°}

p €N,

=b°+q(

b

p—l)bp-l'

The proof of (1) will be given by induction in respect

to p €m.
For p =1 we have that:

n(x°)+r

a(a ™x_,Sx,) < d(a

|A

n
q(d(Sxo,Aer+lx°))d(Sxo,Aer+1x0) +a@

{A

q(bo)bo +b_ =b

o 1’ for every k el'No.

n(x.)+r - on(x)
o Tkxo,A_ ° xo) + d(a

(x_)

n{x_ )

o
. xorsxo)

[=]

xo,Sxo)

Suppose that (1) is satisfied for some p €N and

every k el'No and prove that

(p+1)n(x°)+r

da(a Tkxo,Sxo)ﬁ b

We have that:
(p+1)n(x°)+r

(p+1_)n(x°)+r

am Tkxo,Sxo) < a@

n(x,) pn(x )+r
+ d(a X,15%,) < q(d(sx,,A

Apn (xo) +r

p+l’

for every k € No.

“n(x.)
Tkxo,A ° X
+1
'1‘k xo))d(Sxo,

+1 n(xo)
™~ xo) + da(a xo,Sxo) < _bo +.‘q(bp)bp = b

)

+

p+l °©
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Let a(t) = t-q(t), £ > 0. Then a"(t) < t(g(t))"”
for every t > 0 and since q(t) <1, for every t > 0 it
follows that 1lim a®(t) = 0. It is obvious that lim| t-a(t)]==

n->w t =
and so we may apply the Lemma. Let &(t) = b, + a(t) (t > 0).

From b_ < &(b ) we obtain that b €0, and since
o
Q(Qb )© Q) it follows that {bp|p em}C o, which implies

o
that the sequence {b_} is bounded. Thus, the set:

P p€ N
ta@"™*x_,sx)In,k em_}
is bounded and let D = sup d(A Tkx ,Sx ). Since
) n,kEI‘N
Ax g sxn Tx it follows that there exists a sequence {x }
n{xyp-1) n{xyp-2)

such that Sx2k = A x2k-1’Tx2k-1 = A Xyk-27

nel'N

k €M.

'.'l.‘x2k_1 ’ m = 2k-1
ym = (k €N).

szk ’ m = 2k

We shall prove that {ym}me n 18 a Cauchy sequence. For every
k €N we have:

n(x ) n(x
- _ 2k-2 Xk-1"
Yoy ¥pi) = A(Txy, 5%, ) = d(A Xyk-2rA - Xok-1)

n(x ) n{x )
2k=2 2k-2'A 2k=-1 T 1,1,x

= da 2k-1)

n(x

) n(x,,_.) _, ni(x,. _.)
aca 2k=2 2k1T1A 2k~-2

Xox-2'R xzk-z) <
n(x ) n(x )
2k-1 2k-1
2k-2 7R Xyx-2114(5%;, _,,A

A

g(d(sx x2k_.2) =

n{x ) nix ) n(x )
2k-3 2k-1 2k-3
q(a(a Xok-3A Xyk-2))-a(a X2k~3"

An (x2k_]{)x |
' 2k=-2
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Further:
n(x,) n(x.) n(x.)
k. .-1 1 k
am Vx A% =am Vx ,A¥s7la x;) < a(tx 2% ) =
nix) n(x_) n(x,)
o k (o] -1 0
= d(A xo,A xl) = d(a X AkT A xo) <

IA

a(a(sx A ))d(sx,,A"x ).

Suppose that for some k > 2 and every m @IN:

(2) d(An(x2k—3)x2k_3,Amx2k_2) < (q(d(Sxo,Amxo)))k-ld(Sxo,Amxo).
Then: |

d(A?(xzk_l)ka_l,Amek) = d(An(x2k'1)x2k_l,Ams’IszQ==

= d(An(XZk'l)xzk_l,Ams'lAn(x2k'1)x2k_l) <

:. d(szk_l,Amxzk_l) = d(An (x2k-2)x2k_-2 ’Amxzk-l) .=

- d(A?(x2k-2)x2k_2,AmT_1An(x2k-2)x2k_2) <

m m _
2 a8y 5 rA Ky 2) 1A (8K oA Ry ) =

n(x,, _a) n(x,, _.)
q(d(a 2k=3' 2k-3

m m
X)k-3rR X _p))d(A Xpx-3rA Xy ) £

< ala(sx,A"x ) (@(d(sx, A %)) lacsx A" ) =

(@(a(sx A )))*a(sx A )
and,so (2) is satisfied for every k €N and every m €N,
So we have that:

n(x,, _.) n(x,, _,)
(@a(sx,a XV x)nKasx,a  FVx ) <

IA

d¥ax-1+¥2 )

< (p)D.

1A

Further:
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Al¥gpr¥aper) = A(S%yer TRgpan) = d(A“‘xzk-1)x2k_1,A“‘*2k)x2k) <
< qk(D)D

and so: el
Ay oY) < @ontTi o, mem.

This implies that {Ym}mem is a Cauchy sequence and let

‘]‘.r:l;g Y, = Y. Since {szk}kem and {T"qu}kem are
subsequence of the sequence {Yn}nem it follows that:

lim 5x, = lim ‘I‘x._,k_1 = a

kv k+o
Wé have that: .

P (Xyk-1) k
d(szk,szk) = 4(A xzk_l,szk) < (q(d(Sxo,Axo)) .

k
-d(Sxo,Axo) < (g(d))' D

for every k €N and so 1lim sz'k = lim szk = y. Furthermore,
k> k+x
2 L nxg ) "2 2 ..k
a(sx,, A %y, ) = d(A Xop—1 A Xy ) < (gla(sx ,A"x,))

-a(sx,A%x)) < (@(D))*D, for évery k € N, which implies that:

2 - =
lim A :f.2k = lim szk =y .

ko k>

From the continuity of A and S and the commutativity
we obtain that:

A =1~\(11):¢\Sx2 ) = S(lim Ax,, ) = Sy.

o : k -+ k k> 2k Y

2
X2k

The relation y = Ay follows from y = lim A
= A(lim Aka) = Ay. k>

koo

Similarly, it follows that Ay = Ty and so we have
that y 1s a common fixed point for the mappings A,S and T.
Let us prove the unigueness of the common fixed point y.
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Suppose that z € X and =z = Az = Tz = Sz. Then
we have that:

alz,y) = a@™® 2,22y < qra(sz,my))a(sz,Ty)
= q(d(z,y))d(z,y)

which implies that z =y and so y 1is the unigque common
fixed point for mappings A,S and T.

The following the_brem is a generalization of Theorem 1
from [4].

THEOREM 2, Let (X,d) be a complete metric space, S
and T econtinuous mappings of X <into X, A, : X + SX [ Tx
{(J € N) 8o that Aj commutes with S and T, q : [0,=)+[0,1)
a nondecreasing continuous function and for every x,¥y € X:

d(A;x,Asy) < q(d(sx,Ty))d(sx,Ty), 1 # 3 (i,) emN) .

Then there i8 a unique common fized point for “‘j}jem P
S and T.

Pr oo f. The proof is similar to the proof of
Theorem 1 from [4] As in [4] . there exists a sequence
{xn}ne n Such that

TXon+1 = Poansr¥ons ® € Wgr SX5, = AyXpp-yr N EN

where X, is an arbitrary element. from X. Let us prove that
there exists w € X so that 1lim Tx2n+1 = 1lim Sx2n = w. For

n-+w N+
every n €IN we have: ’

ATxyn_175%yp) = d(By 1 Xon-2PonXon-1) < QX 5, Tx, 1))

(8% n-2TXon-1)"9 (A Ay 2 %on-3+R2n-1%2n-2) 1By 5%p 3 -

'A2n-1’_(2n-2) f—

1A

ARy 2%on-3+Aon-1Xop-2) 1T (A(TRy_3,8%),_5))d(Txyp_3,8Xy, )=

ARy 2%gn-3+Ponim1Xan-2) 2@ Ay, 3% n 4 rPori_2%on-3)? X
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2n-1
*d(Ayn-3%n-4P2n-2%n-3) £ T qlald, _ x o eApxy )

xd (A x ,A X)) = q(d(szn_z,szn_l))q(d(szn_3,Sx2n_2))...

ces q(d(Txl,sz))d(Txl,sz).
This implies that:

a(Txy,_,,8%,) £ a(Tx, ,Sx,)
and similarly:

d(szn,Tx ) < d(Txl,sz).

2n+1

Since q is nondecreasing we obtain that:

2n-1
(o q(d(Txl,sz)))d(Txl,sz)

d(Tx _4,8x
2n-1 =2

A

2n)

(a(a(Tx,,Sx, )»2" 2

d(Txl,sz)

2n-1
d(szn,Tx2n+1) < (q(d(Txl,szn) d(Txl,sz).

Then we have:

d(Tx2n_1,Tx2n+1) < d(TxZn_l,SxZn) + d(szn,Tx2n+1) <
2n=-1 2n-2
< La(d(Tx,,8x,M + (q(d(Tx,,8x,))) 14(Tx, ,Sx,)
and so there exists 1lim Tx2 =w .
n-r-o n-.l
From 1lim d(Tx2 _ ,Sx ) = 0 we obtain that 1lim Sx2 = W.
n-+o n n->e n
As in [4] we have that:
T™w = 1lim A and Sw = lim A A, x. and so:
230 A2nPan-1%2n-2 new 2n+1P2n%2n-1

(3} a(Tw,sw) = Lim d(Ayphy, 1 Xon-2+A2n+18n%2n-1) -

n-a>e

Let us prove that the limit in (3) is equal to zero.
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We have that:

A2 Pan-1%2n-2"Pan+122n*¥on-1) S T@(SAy 1 Xon-2TAyn¥op-1 )
A(SAy - 1Xon-2 ' TAyn¥an-1) 1= (A Ay 1By - 2%an-37BoRon-1%2n-2))
a(Ayn-122n-2%2n-3"P2nP2n-1%2n-2) £ 9@y 1Ay 2%on-30
PonPan-1%2n-2) R TRy %o 3SRy %o, p))8(TAY ) Kyn 30
’SA2nj1x2n-2)) = q(d“‘2n-11\2n-2x2n--3’l\2nA2n-1x2n-2))

(A Ry n-3%on-4Pon-1R2n-2%20-3) 1A (A SR 3%on-gr

2n-1 v
’A2n-1A2n-2x2n-3) Soee i(mSB q(d(AmAmrlxm-Z'Am+1Amxm-1)))

d(AA;x ,A5A X, ).
From this we obtain:
2n~1
A A n-1%2n-2A2n+1P2n%on-1) S S A e L SR
= ,

x d(AzAlxo,A3A2x1) = (q(d(AzAlxo,A3A2x1)))2n_3d(A2A1xo,A3A2x1)

which implies that:

lim dm2nA2n-1x2n—2’l\2n+1 A2nx2n-1) =0

n-+o

Thus, we have that Tw = Sw. Let us prove that A w = Sw.
Suppose that n # 2m. Then we have that:

d(AZmezm_l,Anw) £ q(d(STXZm-l'Tw))d(STXmel'Tw) <

IA

d(STx2m_1,Tw)
and since AZme2nr1 = TAZmXZmr} = Tszm we obtain that:
d(TSXZm’AhW) < d(STme_l,Tw) (2m #n) .

This implies that:
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d(Tw,A_ w) = lim d(TSx, ,A w) = lim d(A 'I‘x A w) <
"n " 2m’ oo 2m-1'

‘

< d(sw, ™) (n € N)

and since Sw = Tw We obtain that Tw = A g We shall prove
that A w is the unique fixed point of the mappings {A }ne '
S and. T.

.Let 2m # n. Then from:

d(Anw'AnAn.w) = d(Anw'AZH\Tme—1) + d(A Tx2m—1'A Anw) =

A

d(Anw,TAzmxzm_l) + q(d(STxy, | ,TA wW))d(SPx, ,,TA W) =

a(a w,TSx, ) + q(a(STx, _,,TA w))d(STx, ,,TA W)
and A Tw = TAw=AAWS=SA W we obtain that:
n n nn n
d(Anw’AnADW)i d(Anw,TSXZm) + q(d‘(STXZm-l’AnAnw))d(STXZm—l’AnAnw)’

for every n €N and m €N such that 2m # n which implies
that: A '

d(Anw,AnAnw) < 1lim d(Anw,TSx ) + 1im g(4(STx

e . oo 2m_1,AnAnW)c

d(STme_l,AnAnw) = d(Anw,Tw) + q(d(Sw_,AnAnw))d(Sw,AnAnw) =

= q(d (Anw ,-AnAnw) )d (Anw., AnAnw) .

Since q(d'(Anwf,AnAnw)) <1 it follows that
d(Aw,A AW =0 a.hd‘so A w :is a common fixed point for -
{An}ne IN'S and T. Let us prove that A w is the unique

fixed point for {An}ne 'S and T. Suppose that u = Tu =
A u=Su, for every n €W .and v =Ty = A v = Sv, for every

n € N. Then we have that:
d(u,v) = d(Anu,Amv) < q(d(su,Tv))da(su,Tv) o In # m)

and so  d(u,v) < gq(d(u,v))d{u,v). From this we obtain thét

u= ve
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REZIME

TEOREME O ZAJEDNIGKOJ NEPOKRETNOJ TANKI
U METRICKIM PROSTORIMA

U ovom radu su uop¥tene teorema iz rada [3] L teorema 1
iz rada [4]. ' V ' '



