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ABSTRACT

M.A, Krasnoselskll'Dﬂ proved that if K 1is a nonempty
closed bounded subset of a Banach space and A, B are operators
on K such that A s completely continuous, B is a cont-
raction and Au + Bv 6 K for all wu, v 6 K, then the equation
x = Ax + Bx has a solutlion in K. Many papers related to this
result have been published. In particular, Melvin [5] has gl-
ven conditions under which there exists a solution of the equ-
ation x = G(x,Qx). We present a generallzétlon of Melvin’s
theorem for the relation Tx & F(x,Q(Tx)) with F taking
values in the family of nonempty closed convex bounded subsets
of a Banach space. An application of our result to the theory
of differential relations s also glven.

1. INTRODUCTION

W.R. Melvin Eﬂ has proved the following theorem:
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Let E be a Banach space, K a nonempty closed convez
bounded subset of E. Suppoee that we have a continuous opera-
tor Q which mape K <into a compact subset of E, and an
operator G from K x QIK] <into K such that G(-,y) 1is
continuous for each fized y e'GIYT and G(x,+) <8 a cont-
raction uniformly with respect to x € K. Then the equation

x = G(x,Qx) has a solution in K,

This result extends the well-known fixed point theorem
of Krasnoselskii [4] which combines both the Banach contraction
principle and the Schauder fixed point theorem. The purpose of
this note is to give some generalization of Melvin’s result as
a coilncidence theorem for multivalued\ mappings. More precisely,
we shall consider the realtion

Tx @ F(x,Q(Tx))

with F ;taking values in the family of nonempty closed convex
bounded subsets of a Banach space. An application to the theory
of differential relations is also given.

2. PRELIMINARIES

Let us denote: by CB(M) - the family of all nonempty
closed bounded subsets of a metric space M; by'CCB(M) - the
family of all nonempty closed convex bounded subsets of a li-
near normed space . M; by C(Mi,uz) - the metric space of all
continuous bounded functions from a metric space M, toa
metric space Hz, endowed with the usual supremum metric o.

The sets CB(M) and CCB(M) will be regarded as
metric spaces with the Hausdorff metric D:Ls_tM, i.e.

DistM(A,B) = max| sup d(x,B),sup d(x,A)] ;
x€A x€B .
here the-distance between any point x € M and the nonempty
subset 2 of M is denoted by d(x,z) (= inf{p(x,z): z € 2}).
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The Lemma below is an immediate adaptation of the
corresponding result of Michael ([6], Lemma 7.1) and is basic
in the proof of our main result.

LEMMA. Let M be a metric space and E a Banach
space. Assume that u > 1, h € C(M,E) and H : M + CCB(E)
i8 continuous. Then there exists h° € C(M,E) asatisfying

h (x) € H(x), #h(x) -~ h_(x)0 < u-d(h(x),H(x))

for each x in M.

. We shall also use the following fixed point theorem
due to Nadler [7]:

Let M ‘be a complete metric space with the metric p.
Let H : M+ CB(M) be such that DistM(Hxl,sz) < XOp(xl,x
for X 0%, € M and with a conatant X < 1. Then the multi-
valued mapping H has a fized point in M.

2)

3. MAIN RESULT

The result reads as follows.

THEOREM. Let M be a compact metric space, E a
Banach space with the norm I+, X a nonempty subset of E,
and K a nonempty closed convex bounded subset of E. Let
Q : K+ M be a continuous mapping, T : X * E a homeomor-
phism such that TXIC K and {T° £ : £ € C(ME))} 18 a
closed subset of C(M,E). Suppose that F 18 a mapping from
X x M to CCB(E) sattsfying the following conditions:

(1) F(X x M C TX)
(1) F{(x,-) <Za continuous om M for each fi:éd x € X;
(111) Distp (F(x,,y),F(x,,¥)) < kiTx, = TX,0 for all |

10Xy, in X, y € M and with a positive constant
k < 1. '

Under these assumptiona there .exiats a point X, in
X 8uch that Tx, € F(xo,Q(Txo)).
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Proof. Put A= C(MX). Define mappings I and
Q as follows: for f € A,

I(f) =To £
and

Q(f) = {g€ C(M,E) : g(x) € F(f(x),x) for x € M}.

Then I : A + C(M,E), I[A] 1is closed, and since T 1is a
homeomorphism, it follows that Q[A] C I[A]. It can be easily
seen that Q(f) is nonempty by Michael [6] (see [3], Theorem
B.14) and Q(f) 1is a closed bounded subset of C(M,E); there-
fore Q : A > CB(C(M,E)).

Denote by ¢ a choice function for the family
{1Yqg) : ge I[A]}; here I l(g) stands for the inverse image
of g under I. Let us put

G(g) = 2 Mg

for g € I[A). Evidently, G : I[A] +~ CB(I[A]).

Choose a number ko with Xk < ko < 1. Suppose that
9,+9, e I[_11\] . Let ge G(gl). Since the mapping
x» F(O(I (92)) (x),x) is continuous, by the Lemma, there
exists hg e G(gz) ~such that

Ihg(x) - gl < X Yk rdtg(x), P (g,)) (0,0 <

IA

k™ Tk, +Disty (F(O(I™ Hg))) (x),2) , BT (gy)) (%), %)) <

1A

kMT(8(17 1 (g))) (1)) - T (g,)) (N =

kI (T((I 1 (g)))) () = (T(O(X Mgy (0 =

kqli g, (x) = g, (x)ll

for x € M; hence a(hg,g) < ko'U(gl,gz). Arguing again as
above, it follows that if g € G(gz) then there exists
hg e G(gl) and U(hg,g) A ko-q(gl'gz). Thus

Dist (6(g,),G(gy)) < k,°0(g,,9,) .

I[A]
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Now, if we apply Nadler'’s contraction principle given
1n Sec.2 we conclude that there is 9 in G(go). Let

_ -1
fo = ¢(1 (go)). Then

- = -1 =
I(£) =g, € G(go) = Qe(x “(g))) = a(£),

and consequently

T(fo(x)) € F(fo(x),x)

for each x in M.

Since f_  1is continuous, {T(fo(u)) :u€g[K} is
compact. Therefore, by Schauder’s theorem, y + T(fo(Qy)) has
a fixed point, say Yor in K. Hence X, = fo(Qyo) € X and

Tx, € F(fo(Qyo) ,Qyo) = F(fo(Qyo),Q(T(fo(Qyo)))) =
= F(xo,Q(Txo)) ’

which completes the proof.

4, MULTIVALUED SYSTEMS

Let M be a metric space, E a Banach space, and K
a nonempty closed convex subset of E. Consider the multiva-~
lued system

x € F(x,y)
(+)
Y € G(x,y)

where F,G are two mappings from K x M into, respectively,
2K and 2!‘l (2x denotes the collection of all nonempty subsets
of X). Throughout this part, F is a closed mapping (i.e.,

X, X Y, *Y, 2 € F(xn,yn) for n : 1 and z, * 2 implies
that z € F(x,y)) with convex values and F[RK x M] is condi-
tionally compact in E.

Let us prove first: If (1) M fe bounded closed eub-
eet of any Banach space B, (2) G{(x,y) € CCB(M) for (x,y) €
€ K x M (3) x» G(x,y) <8 continuous on K for each y € M,
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and (4) D:l.stM(G(x,y'l),G(x,yz)) =< k“yl - y2M for x €K
and 20 P € M and with a poettitve constant k < 1, then (+)
hae a solution in K x M,

Indeed, let 9, €C(K,M) and ko € (0,1). By the Lemma,
there exists 9, € C(K,M) (n=1,2,...) such that

gn(x) e G(x,gn_l(x)) and
Ngy(x) = g _, (00 < k Kk d(g,_, (%),6(x,g _, (x)))
for x in K. Hence we can write

Ngy () = g (X < k™ 'k, +Dist, (G(x,g,_,(x)),G(x,g,_;(x))) <

kn— 1

o Ilgo(x) - gl(x)ll <

Jklg_o(x) =g () <., <
n-1
2k, Trolgyeg))

and therefore the sequence (gn) is uniformly convergent
on K. '

Let f(x) = lim gn(x) uniformly on K. For x € K,
n»e
we have

d(£(x),6(x,£(x))) < HE(x) = g (01 + d(g, (x),6(x,£(x))) <

1A

§£(x) - gn(x)li + DistM(G(x,gn_l(x)),G(x,f(x))) <

A

he(x) = g (x)N + kilg, _,(x) = £(x)0

and since G(x,f(x)) 1is closed, it follows that £(x) €
€ G(x,£f(x)). '

Define: §(x) = F(x,f(x)) for x € K. It is easy
to see that @ : K + 25 1is a closed mapping with convex
values in a compact subset of K. Therefore, by the fixed
point theorem of Bohnenblust and Karlin [2], @ has a fixed
point in E*). Let x_ e a(x)) and Yo = £(x.). Then

There i8 a more gensral fized point theorem using candénaing
mappings. This suggests more general assumption on F and
G giving the existence for (+). '
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X, € F(x,,¥,), Y, € G(xo,yo)
and our proof is completed.

This proof suggests the following statement: Let M
be complete metric space and ¢ : C(K,M) + [0,*), Suppose that
Yy ~ G{x,¥y) 18 a closed mapping on M for each x €K, If
for every g € C(K,M) there exiats hg € C(K,M) auc.h that
hg(x) € G(x,g(x)) on K and 0(9:hg) < ¢olg) - ¢(hq). then
(+) has a solution.

From the above as a corollary we obtain our first
result about (+) when B is a uniformly convex Banach space.

As a matter of fact, let us assume that the conditions
(1) - (4) are satisfied, and in addition, B is a uniformly
convex space, let g € C(K,M). By the immediate adaptation of
" Lemma 5.2 of Banks and Jacobs [1l}, there exists a uniquely
determined sequence (gn) of C(K,M)I such that

’

gn(x) e G(x,qn_l(‘x)) and
g, (x) = g _, (0l = dl(g,_,(x),6(x,9,_,(x)))
for x € K, where 9o = 9- Hence .

' -1
1 otg ,g._,) <o0(g,,9) I kX" <w,
n>1 n'’>n-1 1’70 n>1 -
Putting

¢(g) = ngl c’(gn'gn-l) - ) )

we shall have o(g,ql) = ¢$(g) - ¢(91) and we have finished.
Finally, let us remark that sim:l.l_ar' results can be
obtained also as coincidence theorems. o

5. APPLICATION

Let J =[0,1] and let D be the set of all x € R"
(the n-dimensional Euclidean space with the zero element  6)
such that |x| < C. We shall consider a differential relation



32
Bogdan Rzepeckl

u’ (t) € U(t,u(t),ult)), u(0) = 0

where U is a given continuous mapping of J x D x D into
CCB (K") .
Assume in addition that

Dist n(U(t.xny) {o}) <cC
R

Dist , (Ult,x; /), Uit xy,¥)) < Lix, - x|

for t € J and x,xl,x,y in D.

let r > max(l,2L). We put:

{wec(,R) : |wit)

»
]
Ia

C for t e J} ,

=
n

{w e C(J,R") : |w(t)| < Crexp(-rt) for t e J}.
Define mappings T and Q by

(Tw) (t)

exp(-rt)w(t),

t
[ exp(rs)w(s)ds
0

(Qw) (t)

for w € C(J,tRn). Moreover, for u € X and v € Q[KF (the
closure of Q[K] 1in C(J,(Rn)), we denote by F(u,v) the set
of all functions t » exp(-rt)f(t) such that f € C(J,IRn)

t
and f(t) € U(t, [ u(s)ds,v(t)) on J.
0

The set E = C(J,tRn) will be considered as a Banach
space with the supremum normll -ll. It is easy to see that K is a
closed convex bounded subset of E, T[XIC K, M= Q[K] 1is
compact, and F[X x M] C T{ X] . The closed convex bounded set
F(u,v) 1is nonempty by Michael [6], and therefore F is a
mapping from X x M to CCB(E). ’

Suppose that u,, o, € X and v € M, Let f1 e F(ul,v).

Let fl(t) =exp(-rt)zl(t) with z, €E and

t
z,(t) € U(t, ] u,(s)ds,v(t)) for t € J. By the Lemma, there
)
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’ t
is z, € E such that z,(t) € U(t, I u,(s)ds,v(t)) and
0
t

lz)(6) - 2, (8)] < 2:dlz, (0), Uk, [ ouy(s)as,vit))) <

t t
< 2-Dist _(U(t, [ u (s)ds,v(t)),U(t, [ u,(s)ds,v(t))) <
- ] o ! 0 -

t
< 2L { |u,;(s) - u, (s)|ds =
0 1 2

2L [ exp(rs)|(Tu;) (s) - (Tuz)(s)lds

Ot— 1t
IA

t
2L Ty, - Tu,ll / exp(rs)ds < 2L°r Leexp(re) WTu, - Tl
0

(N

on J. Put fz(t)

f2 € F(uz,v) and

.exp(—rt)zz(t) for t € J. Then

-1
a(fl,fz) = sup exp(-rt)lzl(t) - zz(t)l < 2Le-r. HlTu1 - Tuzm .
teEJ
This implies
Dist_(F(u ,v),F(u,,v)) < 22 WTa, - Tull
E 1770 2’ - r 1 2

for all U, u € X and v € M. Modifying the above reasoning,

we obtain that2 v » F(u,v) 1is a continuous mapping from M to
CCB(E) for every u € X.

Now, according to the Theorem applied to E = C(J,mp)
and our X, K, T, Q, F and M = Q[K], there exists u, € X
such that Tuo € F(uo,Q(Tuo)); therefore

t t
u (t) € U(t, ({ u_(s)ds, (j) u_(s)ds

for t € J, and we are done.
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REZIME

TEOREMA KOINCIDENCIJE ZA VISEZNACNA
PRESLIKAVANJA U BANAHOVOM PROSTORU

U ovom radu dokazano je jedno uopitenje teoreme
Melvina [5] za relaciju Tx € F(x,Q(Tx)) gde F uzima vred-
nosti u familiji nepraznih zatvorenih ograni&enih podskupova
Banahovog prostora. Data je primena dobijenih rezultata na
di ferencijalne relacije.



