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ABSTRACT

In [3] a method which gives the solution to problem
(1), (2) in the form of a spline function has been described.
In [Q] the fltting factor of the form o, = (hlpllz)cth(hlpilz)'
has been Introduced by which the conditions. from [i] are »
relaxed., In that way a numerically more stable scheme has been
obtalned, Here Is presented a better error estimation for the
case q # 0 without the barrier function. Also, the conver- ’
gence order for Dirichlet’s boundary conditions Is Increased. -

Let us -.consider the boundary value problem

(1) Ly =y"” + p(x)y’ + g(x)y = f(x) x€ (a,b) a,beR

r _ = :
2y (MY T oY R T, . x=a la | + 18,1 # 0 ‘
Ly =y +By =y, , x=b, [qf +|[8|#0, o

where the functions p,q and £ are sufficiently smooth.
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On [a,b] let the grid be given

h
A= Xy < Kjees <Xy =bs E::; <M, Ry =X,
M denotes different constants independent on h, h = mix hi'
We want to obtain the approximative solution to problem (1),
(2) in the form of the cubic spline v(x) with the following
properties:
a) v(x) € Czla,bl '
b) v(x) on each interval [xi,x“-_ll has the form

(3) vy(x) = vj(.O) + V}_I) (x-x;) + %v{z) (x—x:l)2 + %v{:” (x—x:'.)3

(1 =0,1,...,n)

where v(K) are constants determined from the equations

V(2 o1 ) _

1) i vy + P vy + qi i = (1 =0,1,...,n)

(3)

i

x Vv
(5) o (v ;2) +h v:(n:”) + Py (Y, nm h, v(2) + hz—-'i‘— ) +
(0 4 (1) hy (2) hy>) (3)
1 n n 3 _
+ q_n+ + v h + TV + - Vn ) =¢£

hypy hypy
9= =5 cth-—i— for pi#o,ci=1 for p1=0

hy = X540 = X3¢ By = Bye PIX) =Py, alxg) = q, £(x)) = £
(0) _ _(0) (1) . Pi- h}
} L M@ |, Py (3
(6) vy Vi + hi-lvi-l + 5—Vi-1 + via1
(1) _ (1) L(2) hz (3)
_ _ P11 (3
(7 vg™' = vy v By vty v
(8) v(z) = (2) +h v(3) (1 =1,2,...,n)

i Vi-1 i-1"1i-1
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Equalities (6), (7) and (8) result from property a). Thus,
we have a system of 4n+2 equations with 4n+4 unknowns
(K) (L=0,1,...,m37j K=0,1,2,3). The other two equationa are

obtained from the boundary conditions.

(1) v(2) (3)

By the elimination of vy vy and vy from
the above equations we form the system (see [3])
. o(0) () _ . (0) B} i}

(9) -k, vi%) + ¢ v! mvia =R (4 =1,2,..01
where

I A o T S LTS ST A ST e LY

[ 4 ’
1 v 29, 1 Yyn Yy 20,
1%41 _bysy  agsy, _ by _\Py
™=y v Ry =T FT Tty 3y =l g
1+1 i 141 i
N T L0 T e S LT
[ 4 r
i 201_1 i 2 %41 G
_ hy19y 4hy 194,849 - hj_ P9y,
ag =1+ 60 v By =1- i2a, 0,0
134 19111
hi_yPi_;  By_1byPy
Yy =hy_ (1 -5 T )
i~1 12
By, £ _Pyry £
8, = —¢ L2 + —=)

94-1 %1% 9
From (2) the following two equations are cbtained:

(10) (B8, - v,a )Yll éo) - o8, 11 {0) = Y T s1BaY11

(11) -k vi0) 4y vi0) _ g , where

n n—-1 n 'n n
b B
kn = nn + hn- lqn— 1
Tn 20n-l
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= b1 % n-an qn + A(qnc _ 6°b o34 £}
n Y, 20 +1 on °n
b s a £ B £ 6AY
nn _ _n .\ _5 - b
R = Y, Tt F (fr41 A + Ac F—)
Pr+1Pn qn+1 -
A=on+1+ % ' B abhn+38b
- 3oy b+ 68y 5 = 6y h + 6B
+ ’
%n n
nt
E=0,) %Pty * 4T
= P P
F=P1 ¥ B4 + ac 2 - ap - GBE

By solving the system (9), (10) and (11) we obtain
(L = 1,2,...,n) and then determine vy

n n
(0)
A£)

(1) from the relations:

(0) _ 0) _ -1 . (1) = X
(ayvy Byvi) 8,0y, vio1 (1 1,2,...,n)
(12) ,
(1) _ (1) - (0) - (0) -1
nvn bn n-1 + Tn (qn-l n n-l + qnvh 0n )/2
Afte (2) (3) '
r that, vy we get from (4), vy (L =1,2,...,n"1)
from (8) and v!3) from (5).
THEOREM 1.  The matriz of the system determined by
(9), (10) and (11) is an inverse monotone if aaBa <0,
abBb >0 and if one of the following conditions ie fulfilled:
(1) g=0,a #0o0r o #0,h _, < hilggtp hipil for p, <0
(11) q < 0, Ei >0, Hy >0 (1 =1,...,n), where
R ,
g = 6oy +3hy 1Py * B9y
= - ' 2
My = 604y = 3Ry 4Py t B9
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and at least one of Qu_,» Qr Iy, (L =2,...,n=1) and
9., or 4y (L = 1,n) <is different from szaro.

P roo £,

(1) For gq = 0, it holds that

ki>0, £1>0, mi>°' —ki+£1-mi=0
(1 =1,2,...,n-1)
. 3oy, -
-k o+ e > ——2hnFB >0 for o #0
Lo-mo=-aa>0 for aa#O(a < 0)
. s 1
(i1) Since Yy >0, kiYi = 3'6_;_—13- 0
! h 0 k
a, = - >0 we have m, > and > 0,
1" 3o,{2o; + hy_p) ~ 1= i=
Further
by ==k + 2, -m =T, +D, >M >0 (4 = 1,2,...,n-1)

€y = -hy [ (20,+h,_p,) (oiqi_1+oi_1qi)+qioi(201_1-hi_1p1_1)]/Gi

G = 01[ 129,0 + 4°i-lh1-1.pi - 4

_ 2
1% 93hy-1Ps—y = Dy Py _yPy)
20, +h, .p
= _ _ %9 +h_ipy _
Dy =-—3 A 0341039y (405, + hypy o)) +

P9340 20y, ¥ h1P1+1’]

By(B, = a.)
A =2 1 17 _
° ] - 0y 2 Mh > 0
b ' h _. q q a
= .n - - _n-1."n n-1 n
L Yn(Bn o)) - = (-§_+ °n-1) +F V> M >0, where
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Thus from [4] we have that in both cases, the matrix
is an inverse monotone.

In order to obtain the error estimation, we shall
consider the differences z:{x) = yi(K) - vjfx) (K)
is the value of the K-th derivative of the function in
point x,. Similar to [3], it can be shown that zj(_o) satis~
fies the equations

(0) (0)

- (0) _ - =
(14)  ~kyzy_ )+ 242 miZiey =¥y (L =0:1,celm)

where Yy

where ko=0, mn=0 ’

(2 (2)
21%4+1 _ Pyt " ot

Y, = (1 =1,...,n"1)
SR 7 Yy i

— - 4(2)
v, = - ¢{2g

(2)
b ¢ a Gﬂle n

_ _ _n'n (1) _ 'n - - - Do _
by = Y te F_[“n+1 v h B an(E > AC)]
ng = (2)(0 - 1)

(2) _ (0) 2 T L
W tRhaEE T YT, T 6 T ga0

(2)
o) o (1) Bia¥ hi-l(ni-l L
i i 2 2 01_1 9
(2) (1) (0)
Y= 0 1¥n+l T Pnsr¥nil T Tnir¥nel

o (2) _ . (1)
Y= T %¥ni1 T Bp¥ni

(IV) Iv 3
o0 - (634004, (1y _ Y (8,0n
i 24 ' byl = ————
(Iv
(2) Y (6930054 )
b T 2 v Rgo) S8y < x (m=1,2,3).
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By taking into account the assumption on smoothness of

function y(x) and the estimations

2 2 a
lo;, = 1l < mip] (L), IFl <m,

we obtain |y,| < M3 1 o=o0,1,...,0)

THEOREM 2.

have a unique solution y(x) € C4[a,bL Let condition (i)

Theorem 1 be fulfilled. Then

(K) 2

Let the boundary .value problem (1),

(2)
of

) y - v cm? k= 0,1,2)
1
e _ (3)
lyi Vi | _<_ Mh ’ f_or Ba # 0
and
(0) _ _(0) 2
‘Yi vy | < Mh
Iyi(K) - vi(K)l < Mh for K = 1,2
3 .
Iyi ) - via)l = 0(1) for B, =0, (i = 0,1,...,n+l)
Pr oo f. The equations (14) can be written in the
matrix form Az(o) = Y.

On the basis of Theorem 1 it holds that

120 < wa™h rwn < w2t p3
Since h-lAi >M>0 (i =0,1,...,n) and hlIA-lllm <M we
have |zi0)| < M? 1 = 0,1,...,n)
Similar to Eﬂ, it can be shown that
(0) (L) _
(17) az o+ Bazo =90
(0) (0)
h q. .2 q.z, *
(1) _ (1) _ 7i~1 2i-1%i-1 i“4 (1)
(8 agz =y c T T e, )

(i =1,...,n):
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(19) aizi(.O) = Biz.{gi + Yizj(,l) + ¢(2) ’ (i = 1:---:“)
20) 2 = tn, - pyaM - @200, @ =0,
(3) _ (2) z(2) (2) _
(21) zi-l = (zi it 1 1 "i )/hi_l (i = l,...,n)
n2 )
(2) (3) (1) (2) n (3
(22) °n+1( + hnzn ) + P, 1(z + hnzn + oz ) +
(2) 3
h 4 h
A SRS ) 4 hnzél) + '252—— + Eazéé)) = Mher ~ ¥

For B ¢ 0 from (17), we obtain Izc(,l)[ < M2 and then

from (18), we have "|z{1)| < Mh2 (1 =1,...,n). Since

lnil =< M2 from (20), we have [zj(_z)l < Mh? (i =0,...,n).
The estimation for 2{3) (i=0,...,n~1) 1is obtained from
(21), for 233) from (22), and for zr(lfi from the following
relations:
2 3
[ ,(0) _ _(0) M L P @ L P, 0
n+1 =z + hnzn + 2—zn + G_Zn + “n+l
h2
(1) _ (1) (2) n_{(3) (1)
Zn+1 = Zn 0 t Rzt ot aeE Tt o Ug
(23) «
(2) _ _(2) (3) (2)
n+l = Zpn + hnzn + 1,’n+1
(3) _ _(3) Iv
. *n+1 ~ %n +hy (&) , x <E<x..
a

For 8_ = 0, from (19) we obtain. Izj(_l)l Mh (i =0,...,n-1)
because y; = 0(h). From (18) we obtain |z D | <M and
then the other estimations from (20), (21) and (22).

—~

THEOREM 3. Let p(x) =0, Ba = Bb
B2 0 ‘E:I. 20, (1 =20,...,ntl1). Then

=0, h, = h,

120 <3, 28] <m? (k= 1,2), [zl < M .
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Proo f. Now, the system analogous to the system
(14) has the form

Kz(m =¥

and & > h" 1B, B is tridiagonal matrix with the elements
byy (1,3 = Li2,eeem) by =2, by )y = =1 (1 =2,...,0)

b:“_1 i = -1 (1 =1,...,n-1). The solution of system Bu = o,
w = ;ixldiilh has the form u, = 1{n+1-1)w/2.
since [2{®’] <u, we have z{® -om®, 2% -om?).

From the first equation of the system, leio)n- mlz.‘(,o) = 1:1,
we have z(o) = 0(h3) and then from other equations we
cbtain z{og =03 (1 =2,...,n-1). Estimation of the deriva-
tives we cbtain from (18) - (23). This scheme is identical

to scheme [8] P.286.

REMARK 1. When the above procedure is applied on to
equation

ey” + p(x)y’ + qg(x) = f(x) , p(x) >0 , € << 1

with the boundary conditions (2) a system uniformly stable with
regpect to € is obtained.

REMARK 2. For the proof of Theorem 2 unlike to [3]
and [6] it is not necesary a barrier function. This simplifies
its application.

REMARK 3, In [3] Qas obtained the same order of
convergency for the general and Dirichlet’s conditions. In the
part of the proof relating to Dirichlet’s conditions the
inequality L;ll < f.;ll was used (for L, f‘h see [3]), which
for our scheme is not satisfied (Example: n =3, p=1,q=20,
Ba = Bb =0, hi = 0,25). The lost of accuracy is made up for
in the special case when p(x) = 0. .
The proof of theorem 4 [7] has not been given. It was based on
the theorem [3], which is not clear comlitly.
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REMARK 4. When cth x  is approximated by 1/x our

- scheme is reduced to the I1’in’s scheme. In thatdcase_our

conditions on the functions p_'and 'q are reduced to those
in (8], which are simpler then Il’in’s. In [8] q =0 1is not
allowed and convergence of deyivatives has not been obtained.

REFERENCES

(1
2]
Gl
(]

(s]

[

1£i]

8

Doolan E,.P,, Miller J.J.H., Schilders W.H.A., Uniform
Numerical Methods for Problems with Initial and
Boundary Layers, BOOLE Press, Dublin, 1880.
11’in A.M., Raznostnaja shema dlja differencial’nogo
uravnenija s'malym parametyom pri star3ej proia-
vodnoj, Matem. zametki, 18968, 8 vyp.2., 237-248.
t1'in V.P,, O splajnovyh redenijah obyknovenyh differen-
etal’nyh uravnenij, Zurnal vydis.mat. i mat,
fisiki, 1978, No.3, 621-627.
Stojakovié Z., Herceg D., Numeridke metode linearne
algebre, Beograd 1382.
Surla K., On the convergence of some finite difference
schemes for a singular perturbation problem,
" Rev. of Research. Fae, -of. Sei.Univ, of-Nevi Sad,
Volume 12, 1982, 191-203. -
Surla K., Kulpinskl M., 0 spZaJn reéenazma obténzh dlfe-
- rencijalnih Jednaézna, v xnanstvenz skup, Pror,
1 proj. pomodu raéunala, Stubidke Toplzce 1983,
Zborntk radova, 137- 141
Surla K.; On the spline’ solutton of boundary value prob-
lems. of the second order, Numer.Math._and Approxz.
'_tkeory, NiZ, 1984, (ed. G. Milovanovid) 131-138
Zavjalov Ju.S., Kvasov B.l,, Miro¥niZenko Z.lL., Metodi
splaan funkczz, Moskva 1980. -

Received by the editors December 16, 1983



61
Accuracy increase for some spline ...

REZIME

POVECANJE TACNOSTI ZA NEKA SPLAJN RESENJA
DVOTASKASTIH KONTURNIH PROBLEMA

U Eﬂ je dat postupak za nala¥enje pribli¥nog reSenja
konturnog problema (1), (2) u obliku kubnog splajna. U [6]
je uvodjenjem "fiting faktora" dobijeno uopitenje rezultata
Iljina pod oslabljenim pretpostavkama na_funkéije p i q.
Pri tome'je dobijen niZi red konvergencije za birichletove
uslove. Ovde je dobijen veéi red taénosti u specijalnom sluta-
ju. Oslabljeni su uslovi nekih teorema iz [2] i Eﬂ Eime je
pojednostavljena njihova primena.



