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ABS TRACT

in the present paper, a generalized case of some pro-
perties of conformal curvature-like tensors in Weyl=-0tsukl
spaces of the second kind is given; especially in regard to
the conformal properties of the adJoint Riemannian space, when

the charactheristic tensor P is recurrent,

INTRODUCTION

In my previous paper [6], I investigated some features
of so-called Weyl-Otsuki spaces of the second kind, regarding
their tensor P.

I have to recall some of the properties of these spa-
ces. As is well known, T. Otsukl developed the concept of a
general connection. I' as a cross-section over the fibre bun-
dle T(M) & DZ(M), over a differentiable manifold M. So, a
general connection can be expressed in the form

_ Jq2 j k
(0.1) T = du, @ (pja oo+ I'ikdlli 2 du")

where (Pg) are tensor components of the type (1,1) and
(ng) is a generalization of an object of connection, It can
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be simply an object of connection if and only if Pi = 62 for
all components of the tensor P; then such a general connection
is a classical affine conqection. ) .

If the tensor (Pi) is regular (that means ‘Pi| # 0),
the basic covariant differentiatiqn is split up in to two clas-
sical affine connections; one of them operates on contravari-
ant indices and the other one operates on contravariant indices
of the differentiated tensor. These two connections are mutu-
ally dependent by the fact that the inverse of tensor P (it
exists because of the regularity of tensor P) is covariantly
constant. Otsuki expressed the coefficients of these connecti-
ons in the form

BP% "1 .8 s 1
- =
(0.2) —:% + PSkPj T5kPs = 0

The covariant part of a reqular general connection is denoted
by "I and the contravariant one by 'I.

A. Moor provided the Otsuki space (actually, the space
with a regular general connection) with a recurrent metrics
(gij,k = ykgij); if the pure covariant tensor P (after low-
ering the upper index) was symmetric askwell as "I', these
spaces were named Weyl-Otsukl spaces. They are very well inves-
tigated from all their aspect in papers [1], [2], [3].

M. Prvanovié defined a Weyl-Otsuki space of the second
kind as a metric Otsuki space, with a metric tensor recurrent
to a symmetric covariant tensor (i.e. not obligately to
itself), with a symmetric covariant tensor P and with a sym
metric contravariant part of the connection ([@], [3]).

Following the same :1deas in a similar way, I investi-
gated the features of a whole class of Weyl-Otsuki spaces of
the second kind, even if I named them differently. In spite
of some mistakes in the most general case, I got a sequence
of results about such spaces with P = S(x)§, where S was
at least a 3 real function (this case was the nearest one
to Riemannian spaces), especially for_their curvature and
curvature-like tensors. S
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Now, I want to expand some of these results to a more

general case.

1. I am considering the case with a characterization
o o i
Vkpij = "kgij (or Vkpj = nkéj); the previous case is actually
a special case of this one, with m asa gradient vector
field. Now, L

In this case, according to the results of M. Prvanovié

is an arbitrary vector field.

in [}], we have such a form of expression for coefficients of
both splits of the regqular metric general connection that

o o-qly 76l

"k = ik 3% 7 " 95

(1.1)
m 4 1 1 e
'ij = (jk} + “ij + wksj " Pkpje

"? denotes a classical affine connection with the vector of
reccurency (y) equal to zero. '% is its complement to a re-
gular general connection; it is not metric itself. The compo-
nents of vector (w) get overbars if they are obtained from
the components of the original vector (w) by applying the
regular operator Q (the inverse of tensor P).

Now, we can consider some propositions of a pure cova-

riant curvature tensor of the covariant metric connection.

PROPOSITION 1., The curvature tensor of the covariant
metric connection is skew-symmetric in the first two indices

if and only if the adjoint Riemannian space is flat.

PROPOSITION 2, The curvature tensor of the covariant
metric connection is invariant on the change of places of the
first and the second pairs of indices if and only if the vec-
tor (mw) Z8 a gradient vector.

These two propositions can be easily prowved by calcula-
ting the components of the curvature tensor in terms of expres-
sion (1.1). We can easily get
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'lm — ; - -
(1.2) "Ry gy = Kypes * 9350% 0 7 95k % * Ink®51 7 9%

0 ~ ~ o~ 1~ ~8
where ekr denotes Vk"r T e T 57T Gy It can be seen
[
immediately that ekr can be symmetric only if Vk“r is
symmetric i.e. only if Fr is a gradient vector of a function
3

of at least C”; in the more common case, the curvature tensor
of this connection has not the same features as the Riemann-
~Christoffel tensor of a Riemannian space. But we can obtain
some other features of this tensor by using formula (1.2).
Denoting

m m 15,

(1.3) "R, ="

llm _llm rk
rk Rirkjg ’ R ="R

k9

and transvecting (1.2) by the contravariant components of the
metric tensor, we get, as in [4] and [6]:

m
" - m
0 _ Rrk Krk "R = K

rk = n - 2 T Im D@ - 27 ik

In this way, we get from (1.2)

"!}1‘1 + -——-—1 "g + "g "g "m
irky ¥ T =0 Bk iy 1% %k T "Rix9ps) *

+

"R
=1 = 27913%% = k%4 =
(1.4}

1
Kirki P 7= 5%k 5 ¥ ®y1%r = Kpg9ix ~ Kixey) *

+

K
= Do =2 915%k ~ 91k9rj)
So, we get an important feature:

THEOREM 1.1. If the tensor P of a Weyl-Otsuki space
of the second kind Z1s recurrent to the unit temsor in the

adjoint Riemannian space, the components of the tensor
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® I R + "R R
Rirki ¥ 7= " Rek9i4

m
n - m -
Ri39rk ~ "Rpq%ik = "Bixdyy) *

(1.5) m
llR

T E =27 %139k T Jikry)

depend only on metrice. Furthermore, they are equal to the
components of the conformal curvatore tensor in the adjoint

Riemannian 8pace.

Also, we get immediately

COROLLARY ., If the adjoint Riemannian epace of the
Weyl-0tsuki space of the second kind, with tensor P recur-
rent to the unit tensor, ts conformally flat, the covariant
components of the curvature tensor "% can be expressed in
the form

m 1 m

ri = Rrkgij

|'m I'm "m
Rirkj = 7= n{ Brj9ix * "Rix@ - "Ryy9pn) ¢t

+

R ( _ )
m=- D@m= 2) 91k - 9149k

2. Now, I shall consider a case of a non-metric con-~
nection, with mij = Pij and where qij’ k = Ykmij' accor-
ding to the given regular general connection. In such a case,

we shall put

.. R |

jk T3k jk
and use the formula
n i nmi w i R i S i -
Rrkj - Rrkj + Ty rj ijrk Hersk
(2.1)
’ _ gS gl LT |

rksy ¥ "T5kMrs

m
We shall consider the fact that connection "I’ is
. > m -
semisymmetric, that "V denotes the classical covariant
s I3 (] v m
differentiation in regard to "T.
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Taking into account all of these facts, we can actually
write (2.1) in the form

P § - a0y Boi o, i s i

(2.2) Rrkj Rrkj + VkHrj Vjurk + Hersk
s 1 ~ .1 ~ -1
HrkHsj + njHrk "kurj

where the overbars mean that the components of this vector
are obtained from the original ones, after applying transfor-
mation Q. ’
Using the fact that the right~hand side of (2.2) con-
tains the right-hand side of formula (2.2a) from paper [4]
(this one contains two last members more), after imterchanging
indices i +«+ r and Jj «+ k, addition and all the calculations
in almost same manner, we get a similar formula:

"Rirki ¥ "Reigk T '!‘girkj“‘ n%rijk
""gik(nvj;r + ;';r;j - %-qu;p;P - ;J;r)
(2.3) B gij('%lk;r + Pk T e T Tty
+ 9rj"l‘l7lk;1 A %gik;p;p - M)
- grk("l\gﬁ1 + %71;3- - %qij'?p?p - 1Y)

We shall denote -%'j'{i + %;i;j - ll'gij;p;p - ;j:;i by ‘l’ji. It
can be immediately noted that formula (2.3) is built on the
same scheme as formula (1.2). This is the reason to use the same
approach to this formula.

After all the calculations, we get the final
formula:

"R .+ " . 1 » - " , " -
irkd * "Reagk Y T RO95 ™Rk T 94k Rey * I "Ry T 9y Riyd) *

+ R ( - ) =
B =-Dm = 279139k =~ 91k9r5
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m m 1

» - m
= "Ry gt R.. +

m m
" - " “ - n
Roygk ¥ T=70915"Rex ™ J1x"Reg * Tpe"Ryg 7 Ipy " Ryxd*

+

"R
= E =27 9139k T J1k9ry)

he "R 4 “g denote ("R + "R )qu and
where ij @ 15 9@ rijk irkj’S

- -m rk .-" ”

( Rrijk + Rirkj)q respectively, and R, "R denote

'Rijgij, ‘Rijgij respectively. Now, we can formulate

THEOREM 2.1, If tengor P 18 recurrent to the unit
tensor, according to the connection in the adjoint Riemannian
space, and mij = Pij' in the Weyl-0tsuki space of the second
kind, the tensor on the left-hand side of (2.1) does not

depend on the recurrency vector.

PROPOSITION 3. Theorem (1.1) from paper [6] & valid
for the Weyl-Otsuki space of the second kind and order 1 (see
paper [ﬁ] for a slightly different terminology), even if vec-
tor W 18 not gradient vector field.

In the general case, we cannot compare the results of
the Theorem (1.1) and (2.1) because they carry out different
meaning. But, if the curvature tensor has the same features
as adjoint Riemann-Christoffel tensor in wview of symmetricity
and skew-symmetricity for interchanging the places of indices,
its Riccl tensor (1.1) will be symmetric, ;nd "gij in The~
orem (2.1) will denote simply a doubied _"Rij from Theorem
(1.1). This happens if and only if n (not =) 1is a gradient
vector. .

In this way, combining Theorems (1.1) and (2.1), we
get

COROLLARY 2, If T s a gradient vector field, the
tensor from Theorem (2.1) 18 equal to the doubled conformal

curvature tensor of the adjoint Riemannian space.
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COROLLARY 3. If 7 4s a gradient vector field and
if the adjoint Riemannian space ts conformally flat, the ten-

sor from Theorem (2.1) is identical to zero.

After some calculation for this condition, we can
easily get

COROLLARY 4. If the condition

(2.5) -

is satisfied, the temnsor from Theorem (2.1) is equal to a doub-
led conformal curvature tensor of the adjoint Riemannian space.
If the adjoint Riemannian space happens to be conformally flat,

the mentioned tensor, under condition (2.5) 18 equal to zero.
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REZIME

JEDNA NOVA VRSTA OTSUKIJEVIH PROSTORA
SA REGULARNOM METRICKOM KONEKSIJOM

Rad je uopStenje prethodno razmatranog sludaja Vejl-
-Otsukijevog prostora druge vrste; neke osobine tenzora kri-
vine se mogu dobiti i uz manje pretpostavki, Iznesene su dve
teoreme koje, u neku ruku, predstavljaju generalizaciju.teo-
rema iz rada [7], pri Zemu vektor rekurencije za tenzor P u
pridru?enom Rimanovom prostoru ne mora biti gradijent nenula

i najmanje C3 fﬁnkcije, vedé ma kakav vektor.



