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ABSTRACT

in [3] Miyakawa proved the existence of 418 classes of three-va-
lued logical functions. In this paper it is proved that the number of
classes of functions in P3 is 406 (and not 418). This paper contains da-
ta on the number of bases and pivotal incomplete sets of any rank and
an algorithm for enumeration which is different from that in [U] (The
data given in [4] is incorrect because the number of classes is incor-

rect).

INTRODUCTION

Let E3 ={0,1,2} and P_.(sn) be the set of all functions

froam the cartesian product (E3)n into E, {n >0), and Py be
the union U P:gn)
n=1
A composition of functions of the system {fl’fz""
...,fs,...}c:P3 isg:

a) any function which can be obtained by the change of
variables

b) any function which can be obtained by the change of
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variables,equalizing of argquments and addition of a dummy ar-

gunent from the function l:“(F‘l (yll""'ylml)"“'Fp(ypl"“

****¥om_)), where F(Y.,...,y.) is a camposition of functions
F“'p 1 P

of the system and Fi(yjrl reee ¥y ) is a composition of func-
i

tions of the system or Y; (i=1,...,p).

A set of funf:tion in Py is complete if every function
in P3 can be represented as a composition of the elements of
the set. A set of functions in P3 is nonredundant if its ele-
ments can be represented as a composition of the other elements
of the set. A base is a nonredundant set. A precomplete set is
a maximal Incomplete set.

We shall recall some notations of the functions preserving
a h-ary relation p (1 <h<3). We denote it by a matrix, i.e.

t h = n,
p =Ej. Then for n-ary vectors a; reesrdy (ai—(ail,...,ain)€E3)-,

a

1 1i

e @

€p <=> for all i,

]

3h ' hi
The set of functions preserving p (denoted by Polp) is
defined by

Pslp= {f]|{ : lep =

THEQREM 1, (1) rThe following eighteen subsets of

Py are precomplete, and there ig no Other precomplete set.
a

1) T=Pol({(b )|card{a,b,c}:2}) (Here the notation card A
c

for a set A denotes the cardinality of A)

a
2) L=Pol({{ b )|c=2(a+b) (mod 3}})
c
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g oo
3 s=pol( 912

R T IR S TR E Y
6 M =pol( 012115, 7 U, =Pol( g1 539!
100 By=pol( 0129192y 11 B =ror(gr23Y3 D)
12) By=rol( g1 22927y 13) 1 =pol(0)

14) T, =Pol(1) 15) T,=Pol(2)

16) Ty =Pol(0 1) 17) T, ,=Pol(l 2)

18) T,,=Pol(0 2)

It is known that the functions in P, can be classified
by using the precamplete sets so that we can discuss complete-
ness in temrms of these classes instead of the functions the-
mselves. More precisely, if a set is complete, then replacing
the functions in the set by any functions in the corresponding
classes yields another camplete set,

In this paper we shall prove that the number of clas-
ses of functions in P, is 406 (and not 418 BDh.

The number of classes of functions in a set is called
the rank of the set. '

Each class is represented by its characteristic vector
(hereafter simply vector), an 18 bit string, where the bit
or 1 at the i-th position denotes that the ¢lass 1is, resp.,
is not, included in the i~th precomplete set. The complete-
ness of a set of given classes can be tested by examining
their vectors, namely the criterion for completeness is the
following:

1) bitwise OR for the vector corresponding of the clas~
ses results 11,..1 (completeness).
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Redundancy of a set of given classes is related to the
following condition:

2) for each class of the set, bitwise OR for all the vec-
tors of the classes except the class is not equal to one
for all the vectors of the classes (pivotalness).

In other words, the last condition is equivalent to
sayind that for every class there is at least one precamplete
set in which the class 1s not included and all other classes
are included. We call a set pivotal if it satisfies condition
2), It is easy to see that a pivotal set is nonredundant. Hen-
ce a canplete set is a base if and only if it is a pivotal set.
We can say that a base corresponds to a minimal cover of 11...
.».1, and a pivotal set corresponds to a minimal cover of some
binary vector (in which saome o“s may occur).

This paper contalins data on the number of bases and
pivotal incamplete sets of any rank and an algotithm for enu-
meration which is different from that in [4]. (The data given
in [ﬂ is incorrect because the number of classes 1s incorrect).

2, CLASSIFICATION OF P3

In |3] a proof is given that there exist 418 types of
functions of three-valued logic.
Let D7(0,1) ={f|range f={0,1}}\{0,1} and let us de-
fine D"(1,2), D"(0,2) analogously.

Also let A(i,3,k) = {£|£(0,...,0) =1, £(1,...,1) =3,
£(2,...,2) =k and £€D"(0,1)}.

Using the notation, D"(0,1) can be represented as
1
D°(0,1) = ] A(i1,j,k), where the sumation is the direct
1,3,k=0

sum of sets.

On the occasion of the classification of the precom-
plete set T=D"(0,1) UD"(1,2) UD"(0,2) UP ") the set D"(0,1)
was divided into the sets A(i,j,k) and then the classes of
functions for every set A(1i,j,k) were determined. In [3] it
is not remarked that the functions which are in different
sets A{i,j,k) can be in the same class P3 (for example functions
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denoted by £.5.4 and £.5.6 in [3]). This is the reason why 12
classes are enumerated two times.

These are the following palrs of classes: (1in the
appendix of [3] denoted by &)
(188,189),(190,191),(192,193) ,(240,241),(242,243),(244,245),
(246,247),(250,251),(252,253),(300,301),(304,305),(310,311).

So, the number of these classes in P3 is 406. The
complete list of classes is given in [3] (without the super-
fluous classes) and in [7].

3. ENUMERATION OF THE BASES OF THREE-VALUED LOGICAL FUNCTIONS

The enumeration of bases is given in [4]. But in this
paper the incorrect number of classes ‘is used and so some of
the resultsin [4] are not corect.

Let A(1),...,A(418) be the vectors of the correspon-
ding classes. The algoTithm, used in [4], for the given: rank
r, checked for every set of vectors is this set of vectors
the base (or pivotal incamplete set). The vectors, with the
length greaterthan 19-r (by determination of bases) and gre-
ater than 18-r (for pivotal sets), are not included by the
determination of bases and pivotal incomplete sets of the
rank r.

Here we shall use another algorithm, which is, in our
opinion, more effective, By our algorithm we can find, at the
same time,all the pivotal sets of all possible ranks, and it
is not necessary to investigate the maximal rank of bases and
pivotal sets. k

Let bi be the number of bases and Py the number of
pivotal sets of the rank i, and A(1l),...,A(m) the vectors of the
corresponding classes, Let us denote by n the number of almost
3 is n=18, m=406.

Step 1. j,;=0, b, =p,; =0 (l<i<n),

canplete sets. In the case P

Step 2. s=1, j1=jl+l, P, ='p1+l.
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Step 3, If js==m.go to step 7. In the opposite case
take k=0 and go to the next step.

Step 4. k=k+1, j +1=js+k. If A(jl),...,A(js),

s
A(js+1) is not pivotal set, go to step 5.
In the opposite case set s=s+l. If A(jl),...

...,A(js) is the base the set bs==bq+l and

go to step 6, and if A(jl),...,?A(xgis:not
the base, take ps==ps+l and go to step 3.

Step 5. Ifjs+k<<m, go to step 4. In the opposite
case go to the next step.

Step 6. 1f s=1, go to step 2. If s>1, set s=s-1,

take k=j and go to step 4.

s+l Jg
Step 7. If s=1, print bi’ Py and finish the algorithm.
If s¥#¥l1 take s=s-2, If s=0, go to step 2,

If s#0 k=3 and go to step 4.

s+1-Js
In the check of pivotality we use two auxiliary se-

quences ¢ and.r. ¢, (1 <i<n) is the number of units in the

i
i-th cclumn in the vectors A(jl),...,A(js). The sequence

i—th coordina-
te of the vector A(ji) is equal to 1 nad the rj-th coordinate

of the vector A(j,.), 1l <t<s, t#1 is equal to 0,

ry (1 <i<s) has the following property: the r

Here we summarize the enumeration results.
The computer DELTA 340 of the Institute of Mathematics, Uni-
versity of Novyi Sad is used.
rank  bases pivotal in- bases which pivotal incomplete
camplete sets contain the sets which contain

constant func~  the constant func~
tions {0,1,2} tions {0,1,2}

1 1 404 0 3
2 8265 60335 0 3
3 794256 1418970 0 1
4 4612601 2677899 2 54
5 810474 176187 633 495
6 14124 1368 756 237
7 0 9 0 9
I 6239724 4335172 1391 802
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Corollary 1. The maximal rank of bases of P, is 6.

3
Corollary 2. The maximal rank of pivotal sets is 7.
Corollary 3. The number of bases of Py is exactly 6239721.

Corollary 4. The number of pivotal incomplete sets is
exactly 4335172,

Corollary 5. The number of bases which contain the constant
functions {0,1,2} is exactly 1391,

Corollary 6. The number of pivotal incomplete sets which
contain the constant functions {0,1,2} is exa-
ctly 802,
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REZIME

KLASIFIKACIJA P3 I PREBROJAVANJE BAZA P3

U radu [3] Miyakawa je dokazao da postoji 418 tipova
funkcija trozna&ne logike. U ovam radu je pokazano da posto-
ji greska u [3] i da je broj tipova 406. Zbog toga su i poda-~
ci o broju tipova baza i tipova pivotalnih nekompletnih sku-
pova trozna®ne logike dobijeni u [4] pogredni. TaZni podaci
su dati u ovam radu korisdenjem verovatno efikasnijeg algo-
ritma.



