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ABSTRACT

tt is known that a fuzzy set A on S (S # #), as a
mapping from S onto a complete lattice L, determines a
family {Ap; p €L} of subsets of S indexed by the ele-
€
In [2] it 1Is proved that the lattice of all L-valued
fuzzy sets on S s [somorphic with the lattice of specially

ments of L {(i.e, & = UL p* Ap' see for example [1]).

constructed mappings from L to P(S). Uslng a similar method,
we prove that the partially ordered set il- <pr;p €L}, C >
Is a complete lattice - a quotient relatlve to one closure
operation In <P(S), € >, The converse is ralso proved, I.e.
that a speclial complete lattice IL in P(S), indexed by the
elements of L, determines one fuzzy set A on S. Moreover,
we prove that every fuzzy set A : S + L determines a complete
lattice Li’ as a quotient of a closure In L, and that Lg

A

is isomorphic with a dual lattice of A This proves that

Le
every fuzzy set A : § + L Is, up to the lattice Isomorphlism,
equal to one fuzzy set A : S — P(S).

We apply these results to the construction of a fuzzy
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congruence relation B on an algebra A ([3]), using the

lattice of all congruence relations on A,
Let L= <u,A,V,0,1> be a complete lattice, and
: S+ L a fuzzy set on S. Then

PW?

0.1. (|1]) .EA = U p-A_. Here we use the following:
e P
14
a) For every p € L, Ap'g S, and x € A, 1ff A(x) > p
(x € 8) ;

b) We identify Ap with its characteristic function

Ap.-:s-rL: if x € s, then

1, if x € Ap ;
A (x) =
p( )
o, otherwise ;

c) If P € LI x € SI then
P A X P A A X .

d) Using c¢), we get the mapping

Ap : S —1L, T\p = p-Ap, i.e. for x € s,

P, if xeAp,

>
ol
®
]

o, otherwise ;

e) The union of the family of fuzzy sets ‘defined in d),

i.e. U A is the usual fuzzy union ([1]), that is, it
p€E€L
is a mapping from S to L, such that for x € s

(U 2)(x) = V & (x) .
pGLp pGLp

Thereby, if x € s

A(x) = V p-A_(x)
pEL P
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1. Let A : S +L be an arbitrary fuzzy set on S. Let,
also, KL = <{Ap;p€L},§;> be a partially ordered set of sub-
sets of S, determined by &, as in 0.1. Then

1.1, The partially ordered set KL has the following proper-

ties:

(1) N A =na v (where L. 1is an arbitrary subset of L);
p N

P 1
PeL1 pEL

1

(2) XL is a complete lattice in which the infimum is the

intersection.

Proof.
(1) Let x€S. Then, x€ ) A iff for every p €L
peLl p

A(x) >p 4iff A(x) > V p iff x €A
peLl

1

vV p’ since L is
complete. peLl

(2) Using (1), we get

(1') If for p,q€ L, q €L, p<gq, them A _C Ap, since

q
< impli b 1 A A =21 =A . Now, £ 1’) it
P <q implies by (1) A, n a ova a , from (1')
follows that for every p € L,

0 <p implies Apg a, i.e.

A =S is the greatest element in KL
get that KL

The following statement is a direct consequence of

. Hence, using (1), we
is a complete lattice,

the preceding one.

1.2. Define the* mapping A -+ 2 on P(S), such that

A= N A_. This mapping is.a closure operation on P(S), and
aCa_P

. the lattice XL is a quotient relative to that closure in a

Boolean lattice <p(S), & »>.

Pr oo £f. A straightfdrward application of 1.1 and
the wellknown properties of closure operations on lattices
(see [5]).
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The converse of 1.1 is the following proposition.

1.3. let AP : L + P(S) (for p € L, APC: S) be a mapping

satisfying the following conditions:

(1) KL = <{Ap;p€L},C_:.> is the complete lattice ;
(2) N a_ =na (for any subset L, of L);
P vV 1

peL P
1 peL1
(3) A =5 . (see also [2]).

Let A= |y p+A_, where p-+A_ is defined as in c¢), 0.1.,
per P P
and the union is defined as in e), 0.1.

Then A is a fuzzy set on S, and for g € L

X € Aq iff A(x) >q.

Proof. A is clearly a fuzzy set on S, that is
a mapping S + L, since p-Ap is for every p € L a fuzzy
set by construction, and the union of fuzzy sets is again a
fuzzy set.

Now, let x€ S, g€ L, and x € Aq. Then
A(x) = V p-AP(x) =V Kp(x) > q, since Kq(x) = q. Conver-

peL _ peL
sely, let A(x) > q, and for x € 5, let S = {p;xeAp}. S,

is not empty, since by (3) 0 € S, Thus, x € 1 A_ . But

pesx
x€ N A iff xean’ iff xena .
pes_ P V. p Vs,
X pes
X
We also have
ga< V pA(x)=YVY B (x)=Vs i.e. q<V S_.
peL p peL P x! - x

Using (2), we get A < A , and since x € A , it
Vs_-—"q Vs
X X

follows that x € A_.
Proposition 1.3 has following two simple corollaries.
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1.4, If Ap=¢,and P < q, then Aq=9'.

«D. A A A .

1.5 If qC o’ then Aq = aV p

2. Let A= | p'A_ be an arbitrary fuzzy set on S.
- peL p

Define a relation ~ on L:

~q iff A_=a_ .
P~g Iff A, =Ag

2.1, ~ 1is an equivalence relation on L.

Proof. Straightforward.

2.2, Let p,q € L. Then,

Pp<gq implies av Pp~p .
Prooft. By 1.5.

Define now a mapping p+ VY g on L, and let

_ qelpl_
qa=rp, -

n € lple .

Proof. If qe |p|l_, then

A =a = [ A =& = A i.e. p~p_.
P T4 e q V qa “pp m
selel. qelpll ™

Note that 2.3 is equivalent with Ipm|~ = |p|_ .
2.4, The mapping p ~+ Pn is a closure operation on L.

Proo f. 1° Since p e |p| , it follows that

p< V a=p, t.e. p<p .

~ qelpl~ . -
o
2° 1f < th A =A A A
P = 4q, en qm q-<. ps, pm'
i.e. . ~
e. A, C A, . Hence q Vp, ~q, and q V p € |q | . Thus

9, VPp 2 Qyr d.e. P <q.
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3°  From Ip|_ = le|~, and
)= V a= V a=p, it follows that (p ) = Pp.
gelp l. aelpl.
o] o] (o] L.
17, 2° and 3~ prove the proposition.

Considering the set of closed elements under the

closure operation defined abowve, we get the following corol-
lary.

2.5, The partially ordered set Lz = <{pe€L;p-= pm}, <>,
where the ordering relation is the one from L, is a complete

lattice -~ the quotient relative to the closure operation
P TP, -

Proof. This is a general property of closure
operations on lattices (see, for example [5]1).

To discuss the connection between A and LI-\ we

L
need the following lemma.

2,.6. If p,qELK, and p ~qgq, then p = q.

Proof, If p~q, then p <q =4, and
9 <p,=Pp, l.e. p=gq.

Let KdL = <{Ap;p € L}, £ > be the dual lattice of
Ap. Clearly, Ap < Ag iff Aq(; A,
2.7. LR = AdL .

Proo f. Consider the mapping f : {p € L; p = pm} +
+ {Ap;p € L}, such that f(p) = Ap .

(1) £ is "onto": really, if Aq € {Ap;p € L}, then Aq =A_ ,

q
and  f(q,) = A, = A, m
m

(11) £ is "one to one": f(p) = f(q) iff Ap = Aq iff p~gq
1ff (by 2.6.) p = q.

(iii) f preserves the ordering: if p < q, then Aqg Ap
i.e. Ap £ Aq .

(iv) £1 preserves the ordering: let Ap \4 Aq, i.e.
A C A _.

q P
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Then A_ C A since A_ = A_ . Thereby A =a_ NA =
U n P Pn n Pn 9y

= APmV a, i.e. p Vaq e |qm|~, and thus p Va, < q, i.e.

P, <94, -

By (i), (ii), (iii) and (iv), £ is a lattice isomorphism,
Iet now for p € Ll_\ (determined by a given fuzzy set
A on S), and for x € S

p, if x € Ap
P-Ap(x) =
0 € Lz, otherwise .

(Note that [o]|_ =0 (t.e. o _
A

oﬁ, iff card(|O|_) =1 ).
2.8. If A= |y pA_, then A= |J p-A_.
pe. P pely P

Proo f. If xe€8S, then

qg-A_(x)) = V p.A_(x) .

A(x) = V p-A_(x) = o

V V
per. P lpl.eL/. qelpl.” ¢ peLy

The last supremum is the same in. L and in Lf\’ since it is

a supremum of the elements of LK’ and the supremum itself

belongs to Lz (otherwise, if A(x) =p € Lz, then p < Pn

and Ap = Apm. Hence x € Ap r and A(x) 2 pm, yhich is a

contradiction, proving that mK(x) e Lz
We have thus proved that for every fuzzy set A : S > L,

there is a lattice Lz C L (being a quotient of a closure in L),

such that A is a mapping from S to Lz, i.e. that 2.8 .

holds. Moreover, using the isomorphism from LI-\ to

KdL = <Sl’\< >, where S, = {Ap;p € L} C P(s), one can consider

A as a mapping from S to P(S).

for every x € S).

2.9, let K : S+ L be an arbitrary fuzzy set on S. Also
let f be the isomorphism from Lz to KdL’ defined in 2.7,
and let R : S + P(S) be the mapping for which R(x) dgf

a -
ef f(®(x)). Then, 1f x € S

\l’\(x) = 1 p.
P€S1
X€EP
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(Remark: If A = (J p°Ap and A= U f(p)-A;? then

pelz f(p)esl
£(E(x)) = A(x)).

Proof. &A= |p-A U p-A_, by 2.8. Now,
peL p pGLR P

~ -

since LR = AdL' and since f(p) = Ap,
A=U f-a_ = U £(p) £p).
peLy p £(p)es,

Here f(p)-Ap = f(p)-f(p) 1is a mapping S -+ P(S), such that

f(p), 1if x € f(p) = Ap ,

f(p)-£(p)(x) =

OR = S, otherwise,
4L
since O = 1= =3 = S. Hence for x €S A(x) = V P,
BAar, AL, ° pes |
- xep
where the supremum is in AdL' the dual lattice of AL. Since

the infimum in XL is the get intersection, it follows that
Ao = A e

xepl
3. We shall now apply the results from 2 in describing the
most general method of constructing the fuzzy congruence
relations on an algebra A ([{]), using only the lattice of
all (ordinary) congruence relations on A. This proves that,
even for such a special notion as a fuzzy congruence relation,
the choice of a lattice L 1is equvalent with the choice of
a closure operation in a lattice of all congruence relation
on A. .

Let A = <5,0> be an algebra, and L an arbit-

rary complete lattice. The mapping ¥ : 82 + L is a fuzay
congruence relation on A, iff the following conditions are

satisfied ([3]):
(r) For all x€s, f(x,x) =1el ;

(s) For all x,y € S, p(x,y) = (Y X);

(t) For all x,y € S, 6(x,¥) V (B(x,2) A §(z,¥)) ;
’ z€S
In f£(p)-a_, i8 the characterigtic function of A, in the

sence of 0.1.b), on the lettice XdL'
- ]

v

1)
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(c) If KyveoesXo oY reees¥y es, £fe F(n) € 0, and
.é‘(xilyi) = Pir i= 1,---’n, then

- n
B(E(X seuerx ), Ely seeeyy ) 2 fglpi .

From 2.9 we know that every fuzzy set on S can be
indexed by the elements of P(S), and from 1.3, if we use P(S)
instead of L, we get the construction of fuzzy set using P(S)
only. It is clear that the same method is applicable on the
construction of fuzzy relations. Moreover, we claime that the
properties of fuzzy congruence relations (Bﬂ) are preserved
under the described constructions.

3.1. Let A = <§,0> be an algebra, and let € = <C,&> be a
lattice of its congruence relation. let Cm be a subset of C
closed under the arbitrary intersections, and which contains

s? and the dlagonal €. Then ¥ : % » C_, such that

0(x,y) = (XCE)EOG is a fuzzy congruence relation on A,

Proof. 8 is a reflexive, since B(x,x) = N o=nN E, = €
- (x,x)€c

(diagonal). 68 is obviously symmetric. It is transitive:

B(x,2) A B(z,y) = N o; A n T, = (0 A Tl(x,2) € o,

(x,z) €0, i (z,y)ety i

(z,y) €1) = (p|(x,2) € o, (z,Y) € p) = (p|l(x,¥) € p) (p {is
transitive).

Thereby, B(x,y) = n p, C o = B(x,2) A B(z,y) .
) (XIY)eDi
Hence, TB(x,y) € N (J(x,2z) AT(z,y)) , i.e.
zZ€S

B(x,y) 2 V (B(x,2) A B(z,y)) .
z€s
@ satisfies the substitution properta (c);: (we give the proof

for a binary operation " : ", the same 1S in the general
case); let

E(XI,YI) = Ul = ( n " O'i ’
xl'yl %



-26 B. Sefelja, G. Vojvodid

B(x,,¥,) = 0, = N T,. Then
2022 2 i
(xz,yz)eti
1 Aoy =1t and (x,,¥,) 1, (x,,¥,) € 7. Since
€& ¢, (x%,°%5,¥,°Y,) € T, and hence

B(x,%X,,¥,°Y,) = n ¢ C 1, proving (c).
1 7271 %2 (x.-X ey.)€o
17%217¥3°Y)

Note that by 2.9 every fuzzy congruence relation on
is equal up to the lattice isomorphism, to the one cons-
ructed in 3.1, which proves that the lattice of all congru-
"ace relations on A 1is all we need in considering the fuzzy

sngruence relations on A. ’
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IZIME

RASPLINUTI SKUPOVI NA S KAO OPERATORI ZATVARANJA NA P(S)

U radu se pokazuje da svaki rasplinuti skup S # ¢
redjuje jednu kompletnu mreZu, koli&nik posebnog zatvorenja
P(S), &iji su elementi indeksirani elementima odgovarajude
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mrefe L. Pokazuje se da postoji izomorfizam tako konstruisane
mreZe podskupova od S i koli&nika drugog zatvorenja - komp-
letne mreZe sadrZane u L. Tako se pokazuje da se svaki rasp-
linuti skup S (kao preslikavanje § -+ L) moZe do na mre#ni
izomorfizam tretirati kao preslikavanje S u P(S). Ovi re-
zultati primenjeni su na konstrukciju rasplinutih kongruencija
na algebri A, uz pomoé mreZe svih kdngruencija te algebre.



