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ABSTRACT

In this paper the relations between the notion of A(Mp)-
-compatibility and the convolution of smooth functions which sa-

tisfy suitable conditions of growth are investigated.

1.
Let f and g be locally ‘integrable functions with A =
supp f and B = supp g. If the sets A and B are compatible ([1])

.
l.e.

1) X_ € A; Y, € Bs [x

. R R P A IR

al

then the convolution

(f2g)(x) = [ £(x - t)g(t)dt, x e R,

1oc(l) ([11, 3.2.1 Theorem).

Let A be a subset of R such that for every sequence (xn)

from A there are a sequence (in) from A, 6>0 and a sequence of

exists in L
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positive numbers (eq) such that

. o
. - - ]
(%) [x, = x_| <& neN;s Ulx +el <A

n n T EpeX

n n

n=1
(A denotes the interior of A and N is the set of natural num-
bersg).
In this case we say that A satisfies condition (%*).

Let us remark that if A is the support of a continuous
function not identically equal to zero, then A satisfies (%).
More generally, the supnort of a function of a locally boundéd
variation on R which is not identical to zero almost everywhere
on R, satisfies condition (*). This follows from the fact that
functions of locally bounded variations have no more than coun-
table discontinuiteties.

In this note we shall prove that if A and B are subsets
of R which satisfy condition (#*) and if for every two smooth
functions ¢ e DA and ¢V e DB (see part 4), the convolution ¢=#y
is a coutinuous funection, then the sets A and B are compatible.

If locally integrable functions f and g belong to some
subspace M of Lioc(R)’ there is a question whether fig belongs
to M. In our investigations on the convolution in the space of
generalized functions of'E'{MP}-type (l4]1, [5]), we obtain, par-
ticularly, the following result: If f and g are functions from
Lioc(R) such that for some p e N. f/Mp and g/MP, are essentially
bounded functions on R and such that the supports of f and g are
Amax(Mp)-compatible, then the convolution f#g exists and repre-
sents a locally integrable function such that for some pi,’
f*g/Mple L™(R). (Definitions of the spaces "&{MP};E?MP} and of
the notion of Amax(MP)-compatibility are given in [5]. )

If for a locally integrable function f there exists
p e N such that f/Mp belongs to L®(R), we shall call this functi-
on an Mp-function.

We denote by MC the set of all the continuous functions
which are MP'- functions or derivatives of the first order of MP-
-functions on R.

In this note we shall prove the following assertion: Let
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A and B be subsets of R which satisfy condition (*), If for any
two smooth'functions from KA and KB (see part 5), respectively,
the convolution belongs to MC, then A and B are Amax(Mp)-cémpa-
tible.

First, we shall recall from [5] the properties of a
sequence (MP) and a set A, which we shall assume in this artic-
le.

(Mp(x)) is a sequence of even ‘continuous functions on
R such that:

(2) 1 <2Mp(x), x € R,and Mp(x)-increases-to infinity as x+w,
peN . )
(N ). For every p € N , there is p” > p, p”° e N, such that

/Mp'e L' and M (x)’MP,(x)+ 0 monotonically as x + «j (L!-is
the space of uebesque integrable functions.)

(3) For every p 6 N there are p” e N and Cp p* > 0 such
’ ,
that

2
M (x) <C -M . ) £ > P
P ) p.p Mp (x) for x CP:P
We ghall denote by A the set of non-negative functions
defined on R+, bounded on bounded domains, directed according
to the ordinary relation < (i.e. for every f and g from A there
is an h e A such that max{f(x),g(x)} < hi(x), x e R ) such that:

(A1) If a non-negative function ¢ defined on R+'satisfies
the inequality ¢(x) < ¢y(x), x e R*, for some v oeA,
then ¢ € A;

(A2 There are ¢ 6 A and xo » 0 such that ¢(x) > x if_x > X3

(A,) For every ¢ ¢ A , m 6 N and n e N there is y_e 4 such
that m¢(x+n) < ¢p(x), x e RY. (No-=" N U {0}.) )
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We suppose that (MP) and A satisfy the following con-

dition;

(s) For every p € N and ¢e¢ A there are p° & N and X5,p” > 0
]
such that

<M . i -
Mp(¢(x)) Mp (x) if x > X5, p

Condition (S) implies the following one:
(4) For every p ¢ N, there are p” €& N and xp p” > 0 such
b
that

< - i .o
Mp(px) . Mp (x) if x > xP,P

If (5) holds for (M) and A, we shall denote A by AGH).
From (4) it follows:

(5) For every p ¢ N , there are p” and Xp,p° > 0 such that
’

<M » "t -~ .fr - .
Mp(x) p (x )Mp () if % > xp’p and £ e R

As in [4] , we say that sets A,B € R are A-compatible
if there exists ¢ e A(MP) such that

x 6 A,y 6 B=> x| + |y| <®(|x + y]).

We denote by Ammx(Mp) the set defined by

AmaxMp) = U ACM
AeR

where B is the set of all the sets A(MD) for a given sequence (Mp)-
We shall also assume that (MP) satisfies:

(B) For every p&€N, r&€N and and e >0 there is p“ €N and

>0 such that M—l(M (x) < eM—l(M LxXNif x>x
P r P P

x ”~ -, -
P>TsP »€ PsTsP €

Theorem 3 from [5] characterizes Amax(Mp)'
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3. Let @ be a non-negative smooth even function with the
support contained in [-1,1] such that { a(t)dt = 1. For a fi-
xed € >0 and a € R we put R

Ge(t-a) = e 'Qle (t-a)), t € R.

Theorem 2.,1.1. from [1] directly implies part (i) of
the following lemma:

LEMMA 1. (Z) (Gél(t-al)*dez(t—az))(x) i8 a smooth

non-negative funetion such that
supp(GE,(t-al)*562(t-a2))(x) c [a+taz-e1-e2,a+azter1+e2];

J (8 (t-a;)#é_ (t-a ))(x)dx = 1.
€1 €2
R
(<Z) The funetion (GEI(t—al)*Gez(t-az))(x) hae a
maximum not smaller than (€, + €2)~'. (In the poitnt X = a; + az.)

PROOF OF (ii). Since GEI(t-al) and 582(t-a2) are sym-
metric according to the lines t = a; and t = a,, respectively,
from '

€2
(8, (t-a1)#é  (t-a2))(x) = f 8. (x-u-(ai+az))é  (u)du,
-€,
we obtain that the function (§€1(t-a1)*682(t-a2))(x) has a pro-
per maximum at x = a, + az. This maximum is not smaller than
(€1 + €2)7 ! because the lentgh of supp(del(t-al)ade(t-az)) is not
greater than 2{(e; + €2).
If A is an unbounded subset of R which satisfies condi-
tion (%)}, we denote by DA the set of smooth functions of the form

X Ge(x-ai),xeR,
=1 i

1

where (a;) is a sequence from A such that (]ail) strictly incre-

ases to «, and where (ei) is a bounded sequence of positive num-
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bers such that the intervals I, = [ai - €45 a; ¥ ei], ieN,
are disjoint and contained in A.

THEQREM 2. Let A and B be unbounded subsets of R which
satisfy condition (%). If for any two smooth functions ¢ 6 D,
and y e Dy, ¢ * Y i8 continuous, then A and B are compatible.

REMARK 1. If one of the sets A and B is bounded, then
they are compatible (111).

PROOF., We shall use the idea of the proof of Theorem
5.1. from [3] (see [5] also).

If we suppose that A and B are not compatible, this im-
plies that there are sequences (xn) and (yn) from A and B, res-
pectively, such that |x | +~ = and |y | » = but [x +y | # z.
~ Condition(*) implies that there exist &> 0 and sequences (ih),
(§n), (en), such that

|x

n - Xyl S e ¥ -y | <e e <8, neN;

[~}
- 0, - - - 0
ulx, - €2 Xp ¥ en] c Ay Uly, - g, Yo * en] c B.
n=1 n=1
Clearly, [x | + = , |y | += and (z ),where z_ = x_ + y,
is a bounded sequence. Without losing on generality? we suppose
that

n o< x| o< |Xp4q] - 26, no< [Fu| < ¥ 4] - 26 and Z 2.

Let

and
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g:

-
6. (t-3;,), teR.
jz1  *
These functions are from DA and DB’ respectively.
Cleanly,
o0 -]
(5 (t-x.)%6 (t-y3))(x) >
e i EJ J

i=1 j=1 1

> (S (t-Rpw 6 (£-7,0)00, x e R.
i=1 *

We shall prove that the last series diverges in the
point Z. Namely, there are two possibilities:

(1) inf ¢; = 0 (ii) inf €, > 0 .
ieN ieN
In case (i) from Lemma 1 (ii) it follows that the seri-
es diverges. In case (ii) this follows trivially.
Thus we have proved that (fag)(z) does not exists be-
cause if it did, it would be equal to
o o0
I I (6ei(t-xi)6€.(t-yj))(z).
i=1 j=1 J

Let (ai) be a-strictly increasing sequence of positive
numbers such that i < a;s i € N, and let (gi) be a sequence of
positive numbers such that

a. + €. < a e N.

i i i+1 ~ Gis12 1

Then the following lemma holds:

LEMMA 3. () For a fized P € N
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t > alt) = } Mp(ai)dei(t -a;), t eR,
i=0
belongs to MC.
(i1} A smooth funetion
-4
t ~ B(t) = | Mi(ai)Gei(t -a;), t eR,
i=1 :

does not belong to MC.

PROOF. (i) We put

« I Mp(ai)Gei(t-ai))dt, x e R.

h(x) =

O = X

i=1

If x <a; - €14 h(x) = 0. If a < x <‘in+1’ n e N, we have

n+l
[h(x) | <.X . Mp(ai) < nMP(an) + Hix-a 4 *+ en+1)MP(aﬁ+1)
i=1
0, x <0
< (x+1) M_(x+e ) . (H(x) = { )
SR e 1, x>0 .

If x is sufficiently large (this means if n is suffici-
ently large), from (N”) and (4) we have: x < Mp(x) and Mp(x+e )
< MP‘(X) for suitable p” e N.

Thus, from (3) we obtain that there exists p”” e N such

that h(X)/HPJA(X) e Lm(R).

n+l

(ii) Clearly g is not an MP-function, thus we must

‘prove that
x
R axwmr(x)= [ g(t)dt is not an M -function.
a

If xe (an-en,an), n e N, we have
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1 1
r(x) » 5 Mn(an) > 5 Mn(x).

This means that far every p e N, r(x)/MP(x) is unbounded on the
sequence of paints (an - E%).

If A is an unbaunded subset of R which satisfies condi-
tion (*), we denote by 1K, the set of smooth functions of the
form )

Rat~+§ M (a;)6_ (t-a;), p e N,

i=q 1

where (a;) is a sequence from A such that (la;]) strictly incre-
ases to o, and where (ei) is a bounded sequence of positive num-
bers such that the intigvals I; = [ai—ei,ai+ei], i e N, are dis-
joint and contained in A. We shall denote by zKA the s%t of func-
tions of the form Ge(t-a) where a 6 A and [a-e,a+e] ¢ A. We put

KA= 1KAU 2KA .

THEQREM 4. Let A and B be subsets of R which sattefy
condition (*) , If for any two emooth functions ¢ e KA and ¥ & K
the convolution ¢&y belongs to MC, then the sets A and B are

Amax(MP)-campatine.

B

REMARK 2. If the convolution ¢xy belongs to MC for any
¢ & Ky and ¢ € Kgs than ¢%y i8 a continuous function for any
$. e DA and ¢ e Dp. It means that the sets A and B (given in The-
orem 4) are compattible.

REMARK 3. If one of the setsa A and B i8 bounded, then
these sets are Amax(Mp)—compatthe.

PROOF OF THEOREM 4. Let us suppose that the sets A and

B are not Amax(Mp)-compatible. We shall construct a function h

from KA and a function r from KB such that h#r does not belong
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to MC and it will be a contradiction. Qur construction is simi-

lar to the one given in [ 5] (Theorem 5., see also [ 3] Theorem
5.2.).
Since we suppose that A and B are not Ana (M ) ~compa-

tible it follows that there exist sequences (x ) from A and
(yn) from B such that

(6) lxnl |y | > 271 + M ey n(Ixn + ynl)), nelN,

(MI:l is the inverse function for M ).

where p € N is fixed and-(pn) is a sequence of natural numbers
such that M (x) < MP (x/2) if x > L . The existence of sequences
(p,) and (L ) follow® from (4) and B (see Theorem 3 in [5]).

Condltlon (6) implies that |x I+ |y > = and therefo-
re, |z_| = |xn + yn| + o if n > =,

There are three possibilities:
(i) [xn[ -) © 9 Iynl > o 3 (ii) Ixn] - °°,’]ynl * w3

+ o,

(iii) |xn| # =, |yn|
We first consider case (i). Since A and B satisfy con-

dition (*) there exist sequences, (in) from A, (§n) from B, § > 0

and-(En) with the same properties as in the proof of Theorem 2.
From (6) we have

%ol * 19al 2 [%ql * |94] - 26 >

-1 .
21 + + -2
> 27 MP (Mpn(|xn yo12) 5>
n -1 -
> 27(1 + MP M n(|xn +y
Since ]in[ o, |y | >, |x
n e N, we have

o= 2600 - 2.

+— > o if >
n ynl s 1 kn n,

% 1+ 1y, | > 2k“(1 M ()%
k, k. P Py
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> 2% ¢ MM (X ¢y | - 2800 - 26,
p Pn n n

This means that without losing on generality, we can suppose

that sequences (in) and (§n) have the following properties:
Mpn(lxn +ypl-28) > M C(x + vy D
and

k| + 15,1 2 2%+ mpt o R+ 5,100 - 28 >

-1 - -
> My M Clx + y 1.

Now we put

-

) Mp’(lxil) Gsi(t - x3)
i=1

h(x)

and

o0

IoMy-Cy; D8 (e = yy)
i=1

r(x)

where we choose p~ such that

MP,([xnl)Mp'(lynl) > Mp(lxn +y ) if n>i,.

The existence of such a p” follows from (5) (see [5],
the proof of Theorem 5). These functions are from KA and KB’ res-
pectively, but h#*rg MC. We shall prove this. We have

(-]

(r#h)(x) > } M- Cx; D M, Uy; D 8§ (t-x w8 (t-y;) >

i=1 . 1

> 1 Mi(x; +yi]) 8 (t-xpas_ (t-y;), x e R.

P 1 1
1=1,
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The last series is not an element from MC as it is proved in
Lemma 3 (ii). Since h#xr is a non-negative function, it follows
that this function does not belong to MC.

Case (ii) From condition (%) it follows that
there exist a sequence (in) from A, §& € B, 6§>0 and
(en) sucu that

Ixn = xn_|<eﬁ, l}-'l - Yll < & En <& neN,

nilx, - g» x + €l <A, [y1 -e1, 1 + &l =B,
n=1
n < |xn|"< |xn+1| - 28§, n<«< lzn| < I£n+1| - 26,

where
En = in + 31, neN,

From (6) we obtain

2.1+ 1520 > Ix | + Iy, | - 26

n -1 - -
> 27°(1 + M_ (M_ (jx_ + - 26))) - 26,
( p Mp 1%, + ¥ |
In the same way as in case (i) of this proof, we can
suppose that (X ) satisfies the following properties :

MPn(lx7n + y:' - 28> Mn( |x, + yll)

and
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- - -1 - -
x|+ Iy, | > M M (lx, +y,[)).

We put
o
h(x) = L Mpe(|R3 8 (k= %) x.€ R.
’ i=1
and
r(x) = M .(y,)6 (x-y1), x e R.
P €1
In the same way as in case (i), we prove that r(x)*h(x)
£ MC.
Case (ili) is symmetric to (ii); thus the proof is com-
plete.

We say that the set A ¢ R satisfies condition (#®%*) if
for any sequence (xi) from A there exist a sequence (ii), from
A and bounded sequences of positive numbers (ei) and (Ei) such
that

Py - - - . < - > : .
(*%) x, - x | < €2 D € N; ] [xn - £ X, f €, ] ¢ A;
n=1
inf e_ = ¢ > 0.
neN "

If this condition holds for the set A then functions in
KA are Mp—functions, because

sup Ge (t - xn) <.m.
ne n
- te
Thus from Theorem 4 directly follows:

THEQREM 5. If A and B satisfy condition (%*%*) gnd if for
any two Mpﬁfunctions ¢ e Ky and ¢ e Ky the convolution ¢*y is a
function from MC, then the eects A and B are Amax(MP)ﬁcampatine.
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If A and B are Amax(Mp) compatible,this holds for C and
D where Ce A, De B, and this also holds for sets Ae and B
e >0, 8§ >0 (see [4] and [5]). .

a_ = {x]d(x,a) < ¢ for some a e Al}.)

§

Clearly, A satisfies condition (#%*). From the preceding
theorem we obtain:

~

THEQOREM 6. If for any two functions ¢ € KA and | € KB s
€
where A ¢ R, B c R, € > 0, the convolution ¢#}p belonge to MC,

then A and B are Ama‘(MP)-compatible.
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REZ [ME

0 KONVOLUCIJI FUNKCIJA SA KOMPAKTNIM NOSATIMA

Dokazujemo da ako f*g postoji za svako f i g sa osobina-
ma: f,g e c” supp fcA, supp geB, f i g su odgovarajuée brzine ra-
sta u beskonadnosti, tada A i B zadovoljavaju odgovarajuéi uslov
kompatibilnosti.



