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ABSTRACT

In this note, using the method from [41, we prove a ge-
neralization of the weil known Browder fixed point theorem for
multivalued mappings in topological spaces. Similar results in’
topological vector spaces are proved by Tarafdar in [6]. A ge-

neralization of a coincidence point theorem from [5] is obtained.

H. Komiya introduced, in {4}, the notion of convexity
in an arbitrary topological space and obtained a generé;lization
of the well known Browder’s fixed point theorem for multivalued
mappings, proved in [1].

We shall give some definitions and results from [ 4].

et X be a Hausdorff topological space, A(X) the fa-
mily of all subsets of X and: F(X) the family of all finite
subsets of X.

DEFINITION 1 [4]. An H-operator on X <8 a mapping
< >3 A(X) + A(X) satisfying the following conditions:
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(a) <¢> = g.
(b) <{x}> = {x}, for every x € X.
(c) <<aA>> = <A>, for every A € A(X).

(d) <a> = U{<P>|FC A, F € F(X)}.

A set A € A(X) 1is convex if <A> = A and for
A € A(X), the image <a> of A is said to be the convex
hull of A.

In [ 4], the following proposition is proved.

PROPOSITION,
(1) An H-operator is monotone (AGCB =><A>C<B>),

(11) The convex hull <A> of A € A(X) is the amallea#

convex set containing A.
(iii) <X> = X.

(iv) If <C,> =C

N N (1 €I) then <M c> = N C,-

iex i€T
(v) If <Ci>-=-Ci,i €1 and for every 1i,,1, €I there
exists 1 € I with Cig_ Cy n Cy then < |J Cik U Ci’
1 2 i€l i€er
Let R be the set of all functions f : N+ R (N is a
countably infinite set) such that card{x|x € N, f(x) # 0} < =,

This implies that R = } R, , where R, = R.  The topology and
ien
the linear structure on R are the usual ones.

Suppose that an H-operator < > on a topological space
X is given, and let #H(X) = {<F>|F € F(X)}.

DEFINITION 2 [4]. For H € H(X), q mapping ¢ : H + R
28 called a structure mapping on H, if it has the following

properties:
(a) The mapping ¢ <ie an into-homeomorphism,

(b)Y If ACH then ¢(<A>) = <¢$(A)>, where <¢(A)>
i8 the usual -convex hull of ¢(A) in R,
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By SH the set of all structures mappings on H 1is

denoted. If S, # ¢, for every H € H(X) then ¢ € I s
H HeH (x) B
is said to be a structure on X with respect to the H-opera-

tor < >.

DEFINITION 3 [4. A convex space (X,< >,®) .i8 a trip-
le congtisting of a topological space X, an H-operator < > on

X and structure & on X with respeet to < >,

If (X,< >,%) 1is a convex space, YC X and Y 1is con-
vex then (Y¥,< >Y,¢Y) is a subspace of (X,<->,8) where the
topology of Y 1is the induced topology, for A € A(Y) : <A>Y =
= <A> and ¢, = @[H(Y).

DEFINITION 4, Let X be a topological space, < > an

H-operator on X, KC X and A CX. We gay that the set A <is
H-open on K if <G> N A 1is open in <G> for every G € F(K).

In [ 4] the following theorem is proved.

THEOREM 1. Let (X,< >,®) be a compaet convex 8space
and T be a mapping from X 1into A(XW\{, where <Tx> = Tx,
for every x € X. If, for every y € X, T-ly = {x|x € X, y € Tx}
18 open in X, thenithere exigts X € X such that X € Txo.

LEMMA. Let (X,< >,9) be a conver space, K a nonempty

convex subset of X and F t K + A(X) sgo that the following

conditiong are satisfied:

{a) x € F(X), for every x € K and C(F(x)) (the comple-
ment of F(x) in K) 78 H-open on K, for every x € K.

(b) For some X € K, F(xo) ig8 compact and F(x) N F(xo)

18 closed, for every x € K,
(c) For every x € K the set:

A(x) = {yly €K, x ¢ F(y)}
18 convecx.

If, for every G € F(K), <G> ig compact then

NFx) #¢.
X€K
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n
PROOF: As in [6] we shall prove that (F(x,) ¥ 4, for
i=1
every finite subset {xl,xz,...,xn} of K. Let us show that
n
n F(x;) = § leads to a contradiction. Let S = <X,,X,,ees,X >

i=1
and for every x € S:

(1) » " B(x) = {yly €8, x ¢ F(y)}._
n
Since n F(xi) = @, it follows that for every x € S
there exists 10121{1,2,...,n} so that x ¢ F(xio). From (1)
it follows that x, € B(x) and so B(x) # ¢, for every x € S.
o]

Since <A(x)> = A(x) for every x € K and B(x) = S [} A(x),
for every x € S, using (iv) in the Proposition and (c) in De-
finition 1, we conclude that <B(x)> = B(x). Further let

T : 8 + A(S) be defined in the following way: T(x) = B(x),

X € S. Then:

" 1(x)

{yly € s, x € T(y)}

{yly €s, x € B(y)} =

{yly €8s,y € F(x)} =8 N C(F(x))

and from (a) it follows that T !(x) is open in S. Applying
the Theorem we conclude that there exists X, € S so that
X € Txo and so X, ¢ F(xo), which contradicts (a).

REMARK: The mapping F in the Lemma has the following
property: )
For every finite subset {xl,xz,...,xn} of K:

n
<{x1,x2 e ,xn}>§1L=le(x1) .

If, on the contrary, for some finite subset '{xl.xz,...,xn} CK

n
AXprxp,econxyt> & U F(xg)

i=1
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there exists x € <{x1,x2,...,xn}> such that x ¢ F(xi), for
every i € {1,2,...,n}, which implies that Xy € A(x), for
every 1 € {1,2,...,n}. Since <A(x)> = A(x), for every x € K
and x € <{x1,x2,...,xn}> it follows from <{x1,x2,...,xn}>§:
€ a(x) ((1) in the Proposition) that x € A(x), which means
. that x £ F(x) and this contradicts (a) in the Lemma. Thus the
mapping F from the Lemma is the so-called KKM mapping where
co 18 replaced by < >.

The following theorem is a generalizations of Tarafdar’s

result from [6].

. THEOREM 2. Let (X,< >,9) be a convex space, K be a
nonempty. convex subset of X, T ¢+ K + A(K)\J such.that the

following conditions are satisfied:
(1) For each x € K: <T(X)> = T(xX).

(11) For some X € K, C(T-l(xo)) i8 compact (the comple-
ment in K) and for each x € K the 8set C(Tfl(x))ﬂ
N c(r Yx)) s closed.

(111) Por every x € K the set T-l(x) i8 H-open on K,

If, for every G € F(K), <G> 18 compact,then there
exigts X, € K guch that X, € T(xo).

PROOF: As in [6], let us define the mapping F : K +
+ "A(X) 1in the following way:

F(x) = C(T-l(x)) = K\Trl(x), for every x € K.
If x £ T(x), for every x € K then x ¢ T l(x) and so
x € F(x) for every x € K. The mapping F satisfies all the
conditions of the lemma, which can be easily verified as in [6],

and so there exists u €[] F(x). Then we have that u € T 1(x),
X€K
for every x € K, which contradicts K= U T 1,(x). From this
x€K
‘we conclude that there exlsts X € K such that x6 e T(xo).

Similarly as in [6] , we can prove the following theorem
using the Lemma.
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_ THEOREM 3. Let (X,< >,%) be a convex space, K be a
nonempty convex subeet of X and T : K + A(KN\J so that the

following conditions are satisfied:

(1) PFor some X € K, C(T(xo)) i8 compact tn K and for
every x € K the set C(T(x)) N C(T(x )) <& closed.

(11) For every x €K, <T_1(x)> = T—l(X)-
(1i1i) For every x € K, T(x) ie H-open on X and K = T(K).

If for every G € F(K), <G> 18 compact then there
existe X, € K euph that X, € T(xo).

‘The following theorem is a generalization of the Theorem
from [5] .

THEQREM &, Let (X,< >,0) be a convex space, K a non-
empty convex gubset of X, F a topological space and T, S : K+
+ A(F) 8o that the following conditions are satisfied:

1. T <is lower semicontinuous and T(K) 18 a compact
subset of F.

2. Sx 18 open, for each x €K, S-ly # @, for every
vy € T(&) and <8 YTx> = s™lrx, for cach x € K.

| Then T(u) | S(u) # @, for some u € K.

PROOF: The method of the proof is similar to that in
[ 4] . Since S—ly # §, for every y € T(K), it follows that
T(K) € U {Sx} and since T(K) 4is compact and Sx is open,
x€K

for every x € K it follows that;

T(K) C | Sx, for some F € F(K)
X€EF
and so:

n
KC yr l(Sx.), for some subset {x,,%,,...,x } C K.
iz i 1 n

2
let H = {x,,%,...,x} and A =HN T '(Sx), 1 € {1,2,...,n}
Then {Ai}?=1 is an open cover of H. let H = ¢(H) =
= <¢({x‘1,x2,...,xn})>, where ¢ = ¢(H) 1is the structure mapping

on H. If A = ¢(a) (1 e {1,2,...,n}) then {A;}]_ | is an
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open cover of H and let {gl,gz,...,gn} be a partition of the
unity subordinated to {31}1;:1. Further, let:
f£(%) = 1£1gi(X)21' %, = ¢(x;) (4 € {1,2,...,0})

for every X € H.
From the Brower fixed point theorem, it follows that
there exists 4 € H such that U = £(ii). Let us suppose that:

gi(ﬁ) # 0. for every 1 € {11,12,...,18}.

Then U €A, , for every k € {1,2,...,8} and if u = ¢ ~ (%)

1 -
we have that® ue€ A for every k € {1,2,...,8}.
k

Since A, C T_I(Sxi) for every 1 € {1,2,...,n} we obtain
that u € T 'sx, , k € {1,2,...,8} which implies that

- k -

x, €5 'Tu, 1 € {1,,4,,...,1_}. From the relation < 'ru> =
= S_lTu, for every u € K, we have that:

<Ky Xy geeenXy > C sy,
1 2 s
Then:

s
-1, -1 ~y -1, . -~
u=¢ (W) =¢ (] g; (X)) € ¢ (<X, sX, soee,% >)
k=1 1k 1 1,774,y

-1
= X, X, 10X, >E S "Tu
1,"%, 1

which means that Su N Tu # ¢.
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REZIME
NEKA UOP3TENJA BRAUDEROVIH TEOREMA 0 NEPOKRETNOJ

TATKI U TOPOLOSKIM PROSTORIMA

KoriZéenjem metode, koju je u radu [ 4) dao_ H. Komiya,
u ovom radu su uop#teni neki rezultati E. Tarafdara iz rada [ 6]
kao i teorema iz rada [5].



