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ABSTRACT

The aim of the present paper is to study some properti-
es of a-paracompact sets of a topological space which is not
Hausdorff or regular. It will be shown that some properties of
a-paracompact sets of a Hausdorff or regular space are valid I
although the topological space iS not Hausdorff or regular.
Notation is standard except that oa(A) will be used to denote

the Iinterior of the closure of A,

1. PRELIMINARIES

Throughout the present paper, space will always mean a
topological space on which no separation axloms are assumed,
unless explicitly stated.

DEFINITION 1.1, Let X be a space and A a subset of
X. The set A 18 o—paracompact iff every X-open cover of A

has an X-open X-locally finite refinement which covers A, [41.

DEFINITION 1.2. A subset A of a space X 18 regu-
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larly open iff it is the interior of ite own closure, or equi-
valently, iff it 18 the interior of some closed get ,A 18 cal-

led regularly closed 1iff it is the closure of its own interior,

or equivalently, 1iff it i8 the closure of some open set (a gub-
set 18 regularly open i1ff its complement 18 regularly closed),

[3. -

DEFINITION 1.3. A mapping £ : X + Y <s satd to be
almost clogsed (almost open) i1ff for every regularly closed (re-

gularly open) set F of X, £(F) is closed (open) in ¥, [3].

2. ON a-PARACOMPACT SETY

DEFINITION 2.1, A subset A of a space X 18 o-Haus-
dorff iff any two points a,b of a space X, where a € A and
b € X\A, can be strongly separated.

THEOREM 2.1. If A g an o-Hausdorff o-paracompact
subset of a space X and x <& a point of X\A, then there
are disjoint regularly open neighbourhoods of x and A.
Consequently, each a-Hausdorff a-paracompact subget of a 8space
X 18 closed.

APROOF: let A be any a-Hausdorff o-paracompact subset
of a space' X, and x be any point of X\A. Since A 1is o-Haus-
doxff, then for each point a € A, there exist disjoint open sets
Ua and Va such that

a€u,, x€ev, .

Then,

u= {Ua : a € A}

is an X-open covering of A, hence there exists an X-locally
finite X-open family

H = {Hi :1e1}

which refines U and covers A, Since H 1is X-locally finite,
then there exists an open set M containing x such that M
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intersects finitely many members of #H. Iet IO(: I 1s a fini-
te subset of a set I such that M H; # § for each 1 €T
and M N Hy = ¢ for each i € I\I . For each 1 €I there

exists a, € A such that H CUa . Let

i i N

U= U{H :1 €I} and vx=un(n{va1:1e1°}).
Then, U and Vx are open disjoint neighbourhoods of A and
x, respectively, hence a(U) and a(Vx) are regularly open
disjoint neighbourhoods of A and x, respectively.

COROLLARY 2.1. ([2)) Every a-paracompact subget of a

Hauadorff apace is closed .

We know that Theorem 2.1 is true, when a space X 1is
Hausdorff (every subset of a Hausdorff space is a-Hausdorff).
The following example shows that there exists an a-Hausdorff
a-paracompact subset of a space which is not Hausdorff.

EXAMPLE 2.1. ILet

X {ai'bi :i=1,2,...Y .

A= {ai s i=1,2,...}7 .

ILet each point bi be isolated. For each point a € A j1et the
fundamental system of neighbourhoods of a be the set A. The
set A 1is o-Hausdorff a-paracompact, but X 1s not Hausdorff
(for two points of the subset A there are no disjoint open
nelghbourhoods).

THEOREM 2.2. For any two disjoint subset A and B
of a space X, where A ig8 a-Hausdorff a-paracompact and B
a-paracompact, there exist disjoint regularly open neighbour-
hoods of A and B respectively. '

PROOF: For each point x € B there exist disjoint
open sets -Ux and Vx such that

x€eu, ACVY_.
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The family

U={Ux:x€B}

is an X-open covering of the a-paracompact subset B, hence
there exists an X-open X-locally finite family

H = {Hi : 1 ex1}

which refines U and covers B.
Let

H = U{Hj_:ieI}.

BCH, H= U :1er1}.

For each 1 € I there exists x; € B such that Hi C Ux .

Since ACV_, it follows that for each 1 €I i
4

ANDH =9, i.e. A(:x\ﬂ1

(U NV, =¢ implies that H, N V_ = ¢). Hence we have
X5 X5 L i Xy
ACX\H=uU,

U and H are disjoint open sets such that ACU and BCH,
hence a{(U) and a{H) are disjoint regularly open sets such
that ACa(U) and BC a(V).

COROLLARY 2.2.([1]1) Every two disjoint a-paracompact
subsets of a Hausdorff space can be strongly separated.

Using a similar method as in [1], we shall prove the
following theorem.

THEOREM 2.3. Let £ : X+ Y be an almost closed map-
ping of a space X onto a space Y, such that ,f-l(y) ig
a-Hausdorff a~paracompact for each point Yy € ¥, then Y <eo
Hausdorff. '

PROOF: Let y} and Y, be any distinct points of Y.

Then, f-l(yl) and f (y2) are disjoint a-Hausdorff a-paracom
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compact subsets of X. Then, by the preceding Theorem, there
exist disjoint regularly open sets U, and U, such that
£l(y)C U, ana fl(y,) CU,. Since £ 1is almost closed,
then there exist open sets V1 and V2 containing Yy and Yyr
respectively, such that

-1 -1
f (Vl) C Ul' f (VZ) C U2 .
Hence the result.

COROLLARY 2.3 ([1]) Let f ¢t X+ Y be an almost eclo-

sed mapping of a Hausdorff space X onto a space Y such that
-1
£

Hausdorff. ‘

(y) <is a-paracompact for each point y €Y, then Y 1is

EXAMPLE 2.2. 1Iet

x={ai'bi H i = 1'2'3'---}

A= {a.i :1=1,2,...}

be the fundamental system of neighbourhoods of ay and let the

fundamental system of neighbourhoods of bi be the set

B ='{bi :+ 1 =1,2,...} .

Y = {a,b} and T, = {9, {a} , (b} , ¥}.

Iet f : X+ Y be a mapping of a space X onto a space Y
defined by

f(ai) = a, f(bi) =b, i=1,2,...
The mapping f 18 almost closed, such that f l(y) 4is
a~Hausdorff a-paracompact, but X is not Hausdorff.

DEFINITION 2.2. A subset A of a space X I8 q-re-
gular iff for any point a € A and any X-open set U econtai-
ning a, there exists an X-open set V guch that

a€evCVCu
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or equivalently, for any closed set F of a space X and any
point X € A such that x € X\F, there ezist disjoint open
neighbourhoods of x and F, respectively.

THEOREM 2.4. If A <i8 an a-regular oa-paracompact sub-

set of a space X, them A is a-pargcompact.
PROOF: let

u= {Ui : 1 €1}

be any X-open covering of A. For each x € A, there exists Ui
containing x. Since A 1s a-regular, there exists an open set
’Vx such that

xev CcV Ccu, .
X X 1

Consider the open covering

vV = {vx : x € A)

of the set A.
Since A is o-paracompact, there exists an X-locally finite
family of X-open sets

W= {Wj t j € J}

which refines V and covers A.
For each x € A, there exists Wj such that x € Wj. Since A
is a-regular there exists an open set Bx such that

X€B_ CB. CwW, .
X X 3
Since
{Bx : f € A}

is an open covering of the a-paracompact subset A, there exist
an X-locally finite X-open refinement

{H, : k € K} (

of {Bx : X € Al which covers A. Then,
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k € K} .

RCUH kK €K} = U {#H,

HkC Bx(k) for some x(k) € A, i.e. Hk cC Bx(k) (o wjo for
some jo € J.
Thus
{wj : § € J}

is an X-locally finite X-open refinment of the open family

{U1 : 1 € I} such that

AC U {wj : j € J},

hence A 1is a-paracompact.

COROLLARY 2.4, If A <8 any d-paracompact subget of

a regular space X, then A {is a-paracompact.

The closure of an a-regular a-paracompact is not always
a-regular. The following example serves the purpose .,

EXAMPLE 2.3. Let

X

{a,b,ci,ai :1=1,2,...} .

A= {b,ai s 1=1,2,...} .

Let each point a, and c; be isolated. lLet the fundamental

system of neighbourhoods of a be the set

{(Va) : n=1,2,...}
where

v (a) ='{a,ai : 1 >»n} .
Iet the fundamental system of neighbourhoods of b be the set

{u" (b)

.

n=1,2,...}

where

o™ (b)

'{b,a,ai :i>»n} .

The set A 1is o—-regular a-paracompact.
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A= {b,a,a

{ : 1= 1,2,---}

is a-paracompact, but is not a-regular (for any open neighbour-
hood V'(a) of a, Vi(a) = V'(a) U {b}).

X 1is not regular at the point a, hence X is not regular.

THEOREM 2.5. If A <& an o-regular a-paracompact sub-
get of a epace X, U an open neighbourhood of A, then there
exigts an open neighbourhood V of A such that

ACVCVCuUu .

PROOF: For each point x € A there exists an open set
Wx such that
x €W CW CU..
Now, the family
W = {Wx : x € A}
is an X-open covering of A, hence there exists an X-locally
finite X-open family V, which refines V and covers A. lLet

V=»U{V1:Vi€V}.

Then
aAcvcv= yUliv, v €V} = U v, : v, eviCcu.
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REZ I ME

PODSKUPOVI | PARAKOMPAKTNOST

U radu se ispituju neke osobine a-parakompaktnih pod-
skupova u topoloZkim prostorima koji nisu ni Hausdorffovi ni
regularni. Daje se definicija a-Hausdorffovog podskupa kao i
a-regularnog skupa.



