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ABSTRACT

Some inequalities for simple complex zeros of a polyno-
mial, which are localized in disjoint discs in complex plane,
are given. Some of these inequalities give the estimate for ap-
proximations of zeros, obtained by the known iterative formulas
with cubic convergence. The presented results have an origin -in
convergence analysis for simultaneous interval methods given in

[9) and [10].

0. Let 2 = {c3r} = {w||{w ~ ¢| < r} be the disc in the com=
plex plane with center ¢ ¢ C and radius r » 0. For the discs
Zj = {e.3r.} (j = 1,2,...,n) the following properties are valid

(see, e.g. [6]):

(1) (i) (inclusivity): Z, # 2, <=> |c, - ¢;|<r, - pr,.

In partieular, if Z; = {cz3;0} = ¢z, then

(2) cp 6 Zy <=> |, -~ ¢z| <r;;
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(ii) (disjunctivity):
(3) Z, N Zz2 = 0 <=> |C1 - Cz|> r: + ra;
(iii) (inclusive monotonocity): If f is a rational

function and

Z; = W (1=1,2,...,n),

then
f(Zl,...,Zn) c f(Wl,...,Wn).
Especially, if z; € Zi (i = 1,2,...,n) it follows
) f(Zl,...,Zn) € f(wl,...,wn) .
LEMMA 1. If r/|lc| < a <1, then
1 (a+l)r
(s g r)
{osr} |e]? - r?

PROOF. Since jc| > r, according to (2), it follows
that the disc {ecjr} does not contain the origin. For this, its
inverse disc, in the complex plane, exists and is given by

1 c r
(6) = { 5 }.
{c;r} jef? = r?2 |c|? - r?

Starting from the given condition r/|c| < a < 1, we obtain

2

r ar

2 <
le|Cle|”= r?)| |ej2- r?

or i c ar (a+1l)r T
1_ < _
c

|c]* - r? [c]? - r? le]? - p? fe]? - p?

In reference to (1) and (6), inclusion (5) follows from the last
inequality.
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1. Consider a polynomial P of degree n # 3
i n
P(z) = N (z - Ej)
j=1
with simple real or complex zeros E;,...,&n. Let 2. = {zj;rj} =

= {zf|z - zjl < rj} (3 = 1,...,n) be disjoint discs containing
one and only one zero Ej, and let

r = max ©r., p = min{|z; - z:| - r.},
1<jen I iy * J
i#j
n 1 (n-1r y,
e: =} , N = , 8§ = max(2,(n-1) “%).
J k=1 %4 " 2 p?
= j k
k#j

Introduce the_rational function z » G(z) by

_d _ P(z)
G(z) = a—z-(lnP(z)) s - SO IR

It is easy to show that

e}

1
(1) 6(z) = § .
=1 T &
THEOREM 1. Let Ej € Zj (j = 1,2,...,n) and p > rs holds.
Then
(8) 16(z.) - c.| > £ - n.
J J r
. PROOF. Since E5 € Zj z {zj;rj} implieslgj - zj|< ry
(j = 1,...,n), we have
| SR R g
6(z.) - ci| = l N i, ‘
J J _ vz, - &) “ Z, =2
23 783 x=1 3 K 4o 73 K
k#] k#]j
1 n 1 1 .
> -1 -
=" L |— -
J 30 k=135 T B Ey T %
k#3
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n

18 = 2|
k=125 = &llzg -zl ™ o
K#3

Obviously % - (i;-%ﬁ > 0 and p >2r if p >sr. Note that the condition
p > 2r implies

min |e; - c.| > max(r. + rj)
1,1 i,j

so that the discs Z;,...,Zn are disjoint <{(according to (3)).

THEOREM 2. Let b > 1 g real constant and B = b2(n-1).
Under condition

(9) p > b(n-1)r

the inequality

. g2(n-1)r? _
(10) (£ - z¥] ¢ ———— (j =1,...,n)
] ) (g-1)(g-2)p?

holds, where

1
(11) 2% =2, - ——— (5
J I 6(z:) - c.
(zj) cj

1,...,n).

PROOF. TYTor z

z. we obtain, from (7),

1
Ej = zj‘_ ~ " (j =1,...,n).
6(z;) - ] ——
] z. - E
k=1 %] k
k#j

Since Ex & Zy (k = 1,...,n), by virtue of (4), it follows

(12) €y € 25 - : ) (5 = 1,...5n).
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Condition (9) implies p >2r. Hence, in regard to the conclusion
from Theorem 1, the discs Zl,...,Zn are disjoint so that zj g Zk
(j # k). For this, the discs z5 - Z, do not contain the origin
so that the inverse discs (zj - Zk)‘l exist.

The following inclusion is proved in [9]:

n 1 noo (n-1)r]
(13) ] —«<i 1 ; " = {eysn}
k=1 %5 T fx k=1 %3 T Z P J
x#3 K#3

On the basis of (12) and (13), we obtain

1 1
zZ. -
J {6(z5) - ey3n}

(1y4) £E. € z, - : =
L J 6(zy) =" {eg3nd

(3 =1,...,n).

Using (9), in the form r/p < 1/(b(n-1)) and inequality
(8), we find

n n o 1 1 1
~ < 1 ~ = > < 2 ” _ = _ .
|G(zj) chl Z-n p° _ 4 Dbdia-1)-1 g -1
r?(n-1)

Taking a = 1/(8 - 1) < 1, according to .Lemma 1 we can-write

—B
1 c{ 1 B-1" 1}

- . - 3 - 2 _ L2
{G(zj) cj,n} G(zj) 4 [G(zj) cjl n 1

Now, relation (14) becomes

1 n
Ej € {Zj - 3 B-1 2 2} =
G(Zj) - Cj IG(Zj) - le - n
PRSI L.,
= z%: (3 = 1,...,n).
I lezy) - ogl? - n? T

Hence ; on the basis of (2), we obtain the corresponding inequa-
lity
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£

&y - 28] i
(15) Es - z¥| < (3 = 1,...,n).
3 J - 2 _ 2 ’ ’
IG(Zj) cjl n
Using the estimate
1 - 2
lG(Zj) - lez - 'nz > l- - nlz - 'nz = ;2 - ;D.
2
1 1 g-2
> -2[1 - —-—---] 2 =,
r b2(n-1) v
we find
Egin B2(n-1)r?
< .

[6Cz3) - cj|2 - n? (B-1)(8-2)p?

According to this, inequality (10) follows from (15).

REMARK 1. Relation (11) defines the iterative formula
for the simultaneous determination of polynomial complex zeros -
(see [1], [2], [31,.[u], [5]). Since r = 0(|gj - zjl), inequali-
ty (10) establishes that the convergence order of iterative- pro-
cess (11) is three and, at the same time gives the estimate of
the error for new approximations of polynomial zeros. Inequali-
ty (9) may be regarded as a condition under which the iterative
method (11) converges.

2. Let Q be a polynomial of degree n defined by
n
Q(z) = N (z - zj),
i=1

where z;,...,Z_ dare the centres of discs Zl,...,Zn containing

n
the zeros 51,...,£n of the polynomial P.
Introduce
P(zj) P(z.)
(16) h. = = — N (5 =1,...,n),
I 9%z _
J no(z. - z.)

J k
k=1 .
k#]



Some estimations for polynomial complex zeros 129

H= max |h.|,
1<j<n I
n
h
Wy = ) k (j = 1,...50),
k=1 Zx ~ %3
k#)
(n-1)rH
u o= — .
p

LEMMA 2. Let b > 1 be a real constant. Then, under the
condition

p > b(n -~ V)r,
the inequality
(17) H < ar
holds, where a = exp(1/b).

PROOF. The sequence w(k) = (1 + 1/bk)k (k € N) is bo-
unded and monotonically increasing so that

(k) < lim v(k) = exp(})

k+t+to

for each k € N. By virtue of this, we have

|PCz,)| Doz - g
Ihj|= _’_l— = zj - Ejl n .__1_.____;5_
IQ,(zj)l k=1 |zj - zkl
’ k#]
n . .
|Z;: -z | + n-1 -
< rj n B k k < r(1 + %) < r[l + __l___]n 1
k=1 |zj - zkl b(n-1)
k#3

wherefrom
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H < ar.

Introduce the function b + F(b) by

1 2 2
1 1 1 1 1
F(b) = (m—m————= =) = o=y = (= = £) = == .

We can find the unique real zero b, of this function as a solu-
tion of the equation

£f(b) = 2b? - exp(1/b)(2b+1) = 0,

which follows from F(b) = 0. The approximating value of this
zero is by = 2.0357236.

THEOREM 3. Assume that

(18) p > b(n - 1)r (b > by).
Then
(19) |1 - wj| > (3 =1,...,n).

PROOF. The function £(b) = 2b% - (2b + 1)exp(1/b),
which vanishes for b = by, is positive for b > by so that

(20) 2b2 > (2b + 1)exp(1/b) = (2b+l)a.

Using (17), (18) and (20), we find

o 1 (n-1)ar . r (n-1)H , (n-1)rH
1>b(1+’23)>—__'p (1+p)>—-—-p + o .
that is,
(n-1)H (n-1)rH
1 - - > -
P p?

Hence
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n n
h in, |
k k
|1 - le = |1 - ] | >1 - ] ——&—
k=1 %k T 33 k=112 = 24l
k#j k#j
(n-1)H (n-1)rH
>1 - > = u.
P p?
THEOREM 4. Under condition (18), the inequality
(a+1)(n-1)r?
(21) |E. - 28] ¢ ——————— (j = 1,...,n)
J J F(b)p?
i8 valid, where a = a/(b(n-1){(b-a)) < 1 and
. h.
(22) z¥ =z, ~ —d—— (j =1,...,n).
J J 1 - w,
J
PROOF. We obtain from (16)
. hj .
Ej = zj - = - (j = 1,...,n).
1 - ] k
k=1 2k ~ &3
k#3j
Since Ej € Zj (j = 1,...,n), in reference to (4) it follows
hj .
Ej -] z:.| - m - (3 = 1,...50).
1- 3 k
k=1 %k = %5
k#j
The following inclusion is proved in [10}:
S T on (n-1)rH
I —— <yl ; —r = {w;sul .
k=1 %k T %5 k=1 % T % P
k#3 k#]j
From the last relation we find
h. h,
(23) E. €2, ~ —d—— =z 2, = ——d (5 =1,...,n).

] 3 1 -‘{wi;u} ] {1 - w.sul
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Using the estimates from the proof of Theorem 3, we obtain

i (n-1)rH/p? a
(n=1H ¢
P

< = a.
j1 - wjl 1 - b(n-1)(b-a)

From (20) the inequality 1 > a/(2b(b-a)) follows so that

a a
- < < 1.
b(n-1)(b-a) 2b(b-a)

a =

Therefore, Lemma 1 is applicable, whence

h. h. (a+1) |h. |u
(24) — { 1, — 2}-
{1-wj,u} 1—wj |1-wj| - u

Applying (17), Theorem 3 and the estimates

(n-1)rH  a(n-1)r? a a
u o= < < <
p? p? b%(n-1)  2b?
(n-1)Hq2 2 2 a?
11 - wil?- u? > [1 - ] - %31 > (1 - %) - —_—
] o 4b*
we find
{h:u a2(n-1)r?
1 < -
1 - wsl? - w® 2fy _o@y? _ a2
3j pEl (1 - ) 7B
(n-1)r?

1
p? (1 .1, _1 F(b)p?
a b s

Now, we obtain from (24)

h- h. (a+1)(n-1)r?
—3d e { J—; - }(j = 1,...,n).
{1—wj;u} 1-wj F(b)p?

This inclusion enables us to write (23) in the form

Pj | (arD(n-Dir?,

S . g @t (DTl
SIS T © A L = {25 }

1’ blp
(3 = 1,...,n),
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wherefrom, according to (2)

- L] .
(a+1)(221)r (3

;gj - z%[ < = 1,...,0).

REMARK 2. Relation (22) defines the iterative formula
for the simultaneous determination of polynomial complex Zzeros
(see [7], [8]). The convergence order of this,method is three,
which can be concluded from (21). Inequality {18) may be trea-
ted as a condition for the convergence of iterative process
(22).
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REZ IME

NEKE OCENE ZA KOMPLEKSNE NULE POLINOMA

Date su neke nejednakosti za proste kompleksne nule po-
linoma, koje su u diskovima Z1, Zz25..., Zn (Zi n Zj =g, 1 # 3).
Neke od ovih nejednakosti daju ocenu za aproksimacije nula, do-
bijene pomoéu poznatih iterativnih formula za kubnu konvergenci-
ju. Izneti rezultati dobijeni su metodom sli&noj onoj u [9] i
[10].



