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ABSTRACT

In this paper n-groups satisfying the cyclic iden-
tity (C-n-groups) are considered. It Is shown that every
(i,j)-associative cyclic n-quasigroup, where j-i is relative-
ly prime to n, is an n-group and then full description of

C-n-groups is given.

First we give some basic definitions and notations.
Other notions from the theory of n-quasigroups can be found

in [1].
q

The sequence xp,xp+1,...,xq we shall denote by xp.

If p > q, then xg will be considered empty.
An n—g?oupoid (Q,A) is called an n-quasigroup iff
i-1 ) = b has an unique solution x for

the equation A(a s X,

n
n 1 i+l
every a;,b € Q and every i € N = {1,...,n}.

An n-quasigroup (Q,A) is called (i,j)-associative
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iff the following identity holds

(1) AGTTLAGE ™™ kI = acd Thacd T kIl

An n-quasigroup which is (i,j)-associative for all
i,j € Nn is called an n-group.

An n-quasigroup (Q,A) is called m-associative iff
for every i,j € Nn and every sequence xin_l of elements from
Q which contains at most m different elements (1) holds.

In [5] cyclic n-quasigroups which represent a gene-
ralization of semi-symetric binary quasigroups were considered.
A quasigroup is called semi-symmetric iff the identity (xy)x=y
holds.

An n-quasigroup (Q,A) is called cyclic iff it satis-
fies the so-called cyclic identity

n n-1, _
A(A(xl), xq ) = X -
Another definition of a cyclic n-quasigroup, equiva-
lent to the preceding one, is the following:
An n-quasigroup is cyclic iff for all x? e Q

n-ly ooy,

<=3
A(x 1 n

n, _ _-
A(xl) = Xp41 nt1, X

An n-group satisfying the cyclic identity will be
called a C-n-group.

THEOREM 1. Let (Q,A) be an (i,j)-assoeiative cyc-
lie n-quasigroup. Then A is (i+l,j+l1)-asgociative n—quasigroup

(where (i+l, j+1) Zs reduced modulo n).

PROOF. Since A is (i,j)-associative the following
identity holds

i-1 i+n-1 2n-1, _ j-1 j+n-1 2n-1
. A(x1 ,A(xi )’xi+n ) = A(x1 ,A(xj ),xj+n ).
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1° i#n, 3 % n.
From the cyclicity of A it follows

i-1 i+n-1 2n-1,_
A(x1 T A(x3 ), Xien )= Xon <=>

_ i-1 i+n-1 2n-2, _
> Alxgps X3 T AlxgTT), x3ET) = oxy
and
j-1 j4n-1 2n-1, _ -
A(x1 ’ A(xj ), j+n ) = Xopn <=>
- j-1 j+n-1 2n-2, _
<==> A<x2n’ X3 A(x1 ), xj+n ) = Xono1
hence
-1 i+n-1 2n-2
A(x2n’ Xy , A( i ), i+n )
j-1 j+n-1 2n-2
= A(x2 > x1 s A(Xj ), Xj+n )’

i.e. A is (i+1,j+1)-associative.
20 i#n, 3j=n.
We have

A(xi-i, A(xi+n-1), 2n-1, <m=>

i+n T "2n

1—1’ A(xi+n-1)’ x2n—2)

<> Alx, , x1 i+n ) T *opeq -
j-1 2n~-1,y _ _ - -1, _ 2n-1, __
A(xl s A(xj )) = x, <> Alxy o x3 ) = A(xj ) <=>
j-1 2n-2
LD A(A(x2n’ xi ) Py xj n ) = x2n-1’

hence
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2n—2)
> %i+n

i-1 i+n-1
A(x2n, X3 o A(xi_ )

2n-2

= A(A(XZn’ xj-l), X3 )

1

i.e; A is (i+1,1)-associative.

COROLLARY 1. If A i8 an (i,j)-associative cyclie
n-quasigroup, then for every integer m A 18 (i+m, j+m)-assoeci-
ative n-quasigroup (where (i+m, j+m) is reduced modulo n).

THEOREM 2. Let (Q,A) be an (i,j)-assoeiative cyc-
lie n-quasigroup, where j-i is relatively prime to n. Then A

18 an n-group.

PROOF. In this proof all numbers are reduced mo-
dulo n. Let j-i = k. A is (i,itk)-associative, so by the corol-
lary of the preceding theorem A is (i+k, i+2k) associative.
Repeating the proucsss we get that A is (i+mk, i+(m+1)k)-asso-
ciative for all integers m.

This means that A is (i, i+mk)-associative for all
integers m. But, for every t,i+mk = t has a solution m. For,
mk = t-i, and since k is relatively prime to n, k generates-
the group of integers modulo n.

THEOREM 3. Let (Q,A) be an n-group, where n = 2k,
k € N. The n-group (Q,A) is q C-n-group iff there exiets an
abelian group (Q,+) such that x = - x for all x € Q and
’ n
n -
Alx]) = ] x; +ec
1

where c 18 a fixed element from Q.

PROOF . Let (Q,A) be a C-n-group. By the Hossz{-
Gluskin theorem ({ 2], [3]), there exist a Linary group (Q,-),
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its automorphism 6 and an element c € Q, such that

=1
R X_ C,

n, _ 2
A(xl) = xlexze Xy ees n

en-1 -1

where 8¢ = ¢, and for every x € Q, x = ¢ x ¢~ . Then from

the cyclicity of A if follows

(2) x,0%.,6%x g e gn-1

1 2 3 *° X

c = x_.
n-1 n

" From this equation putting x; = e, i=1,..., n, where e is

the unit of the group (Q,*), we get e? = e. If we denote

exlezx2 ce. 8™y =y, from (2) we get

n-1
-1 n-1 =
(3) 6=y © x, eye=x.
Putting in (3)-xn = ¢ gives 8-'yyc = ¢ and 8y = y~!'. From the

definition of y it follows that y can take any value from Q.
Since n is even, from (3) we get

where from for y = e we have x;' = x for all x| € Q. A group
in which x%2 = e for all x must be necegsarily abelian, there-
fore (Q,-) is an abelian group.

Hence

A(x?) = xy xE‘ Xg e x;' c.

The converse part of the theorem follows by a straig-
htforward computation, which completes the proof of the theorem.

Since every finite group (Q,+) such that x? = e for
all x e Q, is of order Zt, t € N, and for every t € N there
exists such group, (it is sz . sz (t - times)), we have

the following corollary:
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COROLLARY 2. There exists a nontrivial* finite
C-n-group (Q,A) of order q, where n <8 even, tff q = 2t, t e N.
Then the binary group from Theorem 3 ts tsomorphic to the

direct product of t cyelie groups of order 2.

THEOREM 4. Let (Q,A) be an n-group, where n = 2k+l
k e N . The group (Q,A) is a C-n-group iff there existe an abe-
lian group (Q,+) such that

ny, _ _ _
A(xl) =%y Xy + Xg cee t Xt c,
where ¢ = - ¢ 18 an element from Q.
PROOF. If (Q,A) ik‘a C-n-group, then, by a similar
procedure as it done in the preceding theorem, we obtain
that there exist a binary group (Q,+) and element c & Q,

¢ = ¢=!, such that

=l x c.

ny _ -1
(4) AXY) = Xy X357 Xg ... Xp_og X

In this case the equation (3) gives

that is

hence
zy = yz,

where X, ¢ = z. So, (Q,*) is an abelian group.
The converse part of the theorem follows directly

* An n-quasigroup (Q,A) is called trivial iff |Q| = 1.
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from the definition of A. ‘

Since in every group there exists at least one ele-
ment which is equal to its inverse, we have:

COROLLARY 3. A nontrivial finite C-n-group of
order q, where n = 2k+1, k € N, eriste for every q € N, and
every such n-group is represented by (4).

REMARK 1. When n = 2k, k € N, an n-group described
in Theorem 3 is an n-group with unity. A unit of that n-group
is the element ¢ 6 ¢, and there are no other units.

When n = 2k+1, k e N, then an n-group described in
Theorem % in the case ¢ = 0 is an n-group with unity and every
element of that n-group is a unity, and in the case ¢ # 0 it is
an n-group without unity.

REMARK 2. In [4] it is proved that the Hossz{i-Glus-
kin theorem is valid for m-associative n-quasigroups, where
m » n+2, which means that every such n-quasigroup is necessar-
ly an n-group. Hence, the theorems analogous to Theorems 3 and
4 of the present paper can be proved for cyclic m-associative
n-quasigroups, m # n+2.
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REZ IME

0 JEDNOJ KLAS! n~GRUPA

U ovom radu razmatrane su n-grupe koje zadovoljava-
ju identitet cikli&nosti (C-n-grupe). Pokazano je da je svaka
(i,j)-asocijativna cikli&na n-kvazigrupa, gde je j-i relativno
prosto sa n, n~grupa, a zatim je dat potpun 6pis C-n-grupa.



