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ABSTRACT

In this paper i-permutable n-groupoids are definedﬂand
considered. An n-groupoid (G,f) is called i-permutable iff

f(xl,,.., Xy f(xl..., xn), Xiseoos X ) = X, for all x;,...

tees X 8 G and fixed i 6 {1,...,n}. i-p:r;utable n~groupoids
represent a generalization of several classes of binary and
n-ary groupoids: semisymmetric groupoids, graupoids satisfying
Sade”s left "key“s'" law and cyclic n-groupoids. Examples. of i-
-permutable n-groupoids are given and some properties of such
n-groupoids described. i-pérmutable n-groupoids satisfyng some
commutativity and associativity conditions are studied. Several
conditions for an i-permutable n-groupoid to be an n-graup are

determined.

1. INTRODUCTION

As it is well known, a binary groupoid is called semi-

-
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symmetric iff it satisfies the identity (xy)x = y. Every semi-
symmetric groupoid is necessarily a quasigroup. Semisymmetric
quasigroups were investigated in various directions --algebra-
ic and combinatorial. Idemﬁotent semisyﬁmetric quasigroups are
equivalent to Mendelsohn triple systems which represent an or-
dered analogue of Steiner triple systems and some other classes
of such quasigroups are related to geometry of plane curves.

In [10] so called cyclic n-quasigroups, which:.are a
generalization of semisymmetric quasigroups, were considered.
An n-groupoid (G,f) is qyclic iff the identity f(f(xi,...,xn),
_x1,...,xn_1) = X, holds and every such n-groupoid is necessari-
ly an n-qudsigroup. Some questions concerning cyclic n-quasi-
groups and their combinatorial applications were considered in
[11], [12), [1u]. ‘

_ Now we shall define and consider a class of m-groupoids
which represent a generalization of semisymmetric groupoids,
groupoids satisfying Sade”s left "key“s" law and cyclic n-qua-.
sigroups (the identity x(xy) = y is called Sade”s left "key”s"
law [1]1).

2. NOTATION AND DEFINITIONS

We shall use the following abreviated notation:

- k (s) n
f(xl"'"xk’xk+1""’xk+s’xk+s+1"“’xn)-' fixy, x°, Xerge1)?
whenever X4l = Xpyo T oees T Xpyg T X (xg is the empty symbol

for i > j and for i > n, also®)is the empty symbbl).

To avoid repetitions we assume throughout the whole
text that n » 2.

We say that an n-groupoid (G,f) is k=solvable, where
ke {1,...,n} = Nn is fixed, iff the equation

k-1
(1) f(a1 . x,'a2+1) = b

has a solution x ¢ G for all elements a?,b 6 G. If the solution
is unique, then (G,f) is called an uniquely k-solvable n—groupo-
td. If this equation has an unique solution for every k 6 N.»
then (G,f) is called an n-quasigroup.
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An n-groupoid (G,f) is (i,j)-assoeiative, where
1<i<j<n, iff

j=-1 5 -
2n 1) _ f(x] ,f(xn+] 1) 2n 1

i-1 n+1 -1
£(xi™1, fix ), x i) T 109 3 . xom
- : 3
for a1l x2"! 6 G, i.e. iff £+ £ = £ 3 £,

An n-groupoid (G;f) is assoetative (i.e. it is an n-se-
migroup) iff it is (i,j)-associative for every pair (i,j),

i,j e Nn. Note that for the assoéiativity of (G,f) it is suffi-
cient to postulate the (1,j)-associativity for all j e {2,3,...
eeean} = N2,n'

An associative n-quasigroup is an n-group. One can pro-
ve (see [8] p. 213) that an n-semigroup is an n-group iff it is
k-solvable for k = 1 and k = n or for some k other than 1 and n.
On the other hand, Sokolov [9] proved (but this proof is not
complete, cf. [4]) that an n-quasigroup is an n-group iff it is
(i,i+1)-associative for some. i € N .4+ A similar characterizati-
on of n-groups is given in [ 2] and [4].

An n-groupoid (G,f) is (i,j)-commutative iff
)

i-1 -1 -1
f(xi s xi, xi+1, x:ls xJ+1> = f(x1 2 xJ, xJ +1° x., xJ+1

for all x? ¢ G and some fixed 1 € i < j < n. If (G,f) is (i,§)-
-commutative for every pair (i,j), i,j € Nn’ then it is ecommu-
tattve. Since the symmetric group of degree'n Sn is generated

by the set of all transpositions (1,j), where j e N ,» then for

2,n

the commutativity of (G,f) it suffices only to postulate the

(1,j)-commutativity for all j e N2 n* If (G,f) is an n-group,
bl

then it is commutative iff it is (i,i+1)-commutative for some

ie Nn-l (see [2]).

If (G,f) is a k-groupoid and n = t(k - 1) + 1 for
some natural t, then an groupoid (G’f(t)) is defined by
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Zk=1y )

n, _ n
Fregy(xg) = TECEEG) % 0 ).

n
X (t-1)(k-1)+2

3. PERMUTABLE n-GROUPOIDS

DEFINITION 1. An n-groupoid (G,f) is called i-permu-~
table iff
1

) = x

f(kl-l, £(x™, x?f n

for all x] & G and fized i & N_.

This definition,can be also given in another from. The

next definition is equivalent to Definition 1.

DEFINITION 1°. An n-groupoid (G,f) i8 ealled i-permu-

table (i & N.) iff for all x}'" ¢ G

i-1

f(x?) = X 4q = flxy 7, x xg-l) = x_.

n+l? 7§ n

'Using the implication from the preceding definition it
is easy to obtain the following definition equivalent to the

preceding ones.

DEFINITION 1°°. 4n n-groupoid (G,f) is i-permutable

(ie Nn)iff for every j & {i, i+1,..., n} = Ni n and all x?+1 6
b}
e G
i-1 +1 j=-1
f(x?) = Xy <= f(x; R x?+1, xi ) = X5

Observe that in an i-permutable n-groupoid (G,f), for

. j=-1 n+1 .
all j s Ni,n and a; aj+1 6 G, the equality

(2) _ f(ai-l, X a9+1) = a

3 n+1

is (by Definition 1°”) equivalent to
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: j-1 n+l, _
f(a1 ’ aj+1) X.
This means that the eqﬁatiohlfz)fhés a solution x € G for all
j e Ny  and that this solution is uniquely determined. Hence
3
the following theorem is true:

THEOREM 1. Every i-permutable n-groupoid is uniquely
j-solvable for all ] & Ni,n‘

COROLLARY 1. ([101) Every 1-permutable n-groipoid is8
an n-quasigroup.

Note that 1-permutable n-groupoids are cyclic n-quasi-
groups introduced in [10]. 1-permutable groupoids (binary) are
semisymmetric quasigroups and 2-permutable groupoids satisfy
Sade’s .left "key“s" law.

Applying the above theorem to Lemma 2 from [ 3], we ob-
tain:

COROLLARY 2. Every i-permutable (i & Nn-l) n-semigroup
(G,f) Z8 cancellative, i.e.

k-1 k-1
£ kAl s @y al) S oxty
for all x,y,a? e G and every k € Nn.

Now we give some examples.

1. Let (G,+) be an arbitrary (binary) Abelian group, c

an arbitrary element from G and let ¢ be an automorphism of the
n-i+1

group (G,+) such that vec = - ¢, v X = - x if n-i is even,
or o™ 31 4 - 4 if n-i is odd. Then by the formula
n, _ - a2 ) -
(3) fxq) = PXsq 22 TP A ST ce. +
+ (_1)n-1+1 wn-i X, +tec

an (i+l)-permutable (0 < i € n-1) n-groupoid (G,f) is defined.
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If (R,+,+) is an arbitrary associative ring with unity
and b ¢ R is an invertible element, then the mapping ¢: x # bx
is an automorphism of the additive group of the ring. If b is
also such that pP=itl o (oqyn-itd
¢ and ¢ = 0 defines an (i+1)-perﬁutab1e (0 <i < n-1) n-groupo-
id (R,f).

,» then formula (3) with given

2. Let (G,+) be a Boolean group, c € G. Then (G,f),
where

n, _
Flxg) = x5 + %549

...+ x_ + c,
n
is an n-groupoid which is j-permutable for every j € Ni n° If
]
i =1, *hen (G,f) is a commutative n-group. This n-group is j-
-permutable for every j € Nn.

3. Let (G,+) be a Boolean group and let

g(x?) =Xyt Xyt .. X4 x5 + X. + ee.

2 j+1

e + X+ Cy
n

where 1 € i < j < n. Then an n-groupoid (G,g) is k-permutable

for every k € Nj o+ But if i < j-1 and |G] > 1 it is not k-per—
3

mutable for any k < j.

4. A set G such that |6] > 1, with the operation
x

g(xq) = x, is an n-semagroup which is i-permutable iff i = n.

5. If (G,g) is an i-permutable k-groupoid (1 € i <k <
< n), then an n-groupoid (G,f) with f(xg) = g(xg_k+1) is

(n-k+i)-permutable.

By direct computations we obtain the following lemmas.

LEMMA 1. If an k-groupoid (G,f) Zs i-permutable for

some 1 6 N2;k’ then an (t(k-1)) + 1)-groupoid (G,f(t)) is
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((t-1)(k-1) + i)-permutable.

LEMMA 2. Let (G,f) be an (i-1,i)-comutative n-groupoid,
where i € N, n Then (G,f) is i-permutable iff it is (i-1)-per-
?
-mutable.

PROPOSITION 1. If an i-permutable n-semigroup is (i-1,
i) or (i,i+1)-eommutative, them it i8 commutative.

PROOF. Let (G,f) be an i-permutable (i ¢ N2 n) n-semi-
. L]
group. If it is (i-1,i)-commutative, then by Lemma 2 it is also
(i-1)-permutable. Hence we have the following identity

i-2 -1 n-1

n-1 n-1y flxy 5, f(xi_l,x?> I

-y = f(xi— ’ f(x1 »¥)s X

i )

which implies that in G there exist elements Zqs zg,;;., z
such that

n-1

= f(z;-Q, ¥ zP:i)

i-1 n~-1
) i

y = f(z1 b ] Y_’ z
for all v € G. Thus by Theorem 5 from [ 2] we obtain the commuta-
tivity of (G,f). ’

The proof of the second case is analogous.

Since every i-permutable n-groupoid (G,f) is surjecti-
ve, i.e. for every y € G there exist elements xg € G such that
y = f(x?), then Corollary 14 from [ 2] gives the next characte-
rization of the commutativity of i-permutable n-semigroups.

COROLLARY 3. An i-permutable n-semigroup (G,f) is com-
mutative iff there existe k € N such that (6,fyy) e commuta-
tive.

Now we characterize the (i,j)-associative n-groupoids.

THEOREM 2. Let (G,f) be an i-permutable n-groupoid
where 1 € i € J <k <n. Then (G,f) is8 (j,k)-associative iff
it 18 (j+1,k+l1)-agssociative.
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PROOF. Let (G,f) be an i-permutable (j,k)-associative
n-groupoid, 1 € 1 € § <k < n. Then for all xfn e G

j-1 j+n-1 2n-1, _
) f(x1 R f(xj ), xj+n ) = X0
k-1 k+n-1 2n-1, _
> f(xi , f_(xk ), X} en ) = Xon+

By the i-permutability of (G,f) we have

f(xi-i, Xy xq-l, f(x?+n_1), x2n=2y

i j j+n = Xon-1
i-1 k-1 k+n-1 2n-2, _
> f(x1 y Xons X5 7 f(xk ), Xien ) = Xona1?
. 2n=-2 '
which means that for all xq sXyn € G
i-1 3-1 j+n-1 2n-2, _
(5) f(xy Xons X3 s f(xj ), Xi4n ) =
_ i-1 k-1 k+n-1 2n-2
= f(x3 7 Xons X5 > f(xk ), +n ),

i.e. (G,f) is (j+1, k+l)-associative. It is clear that starting
from (5) we can get (4), hence (G,f) is (j,k)-associative iff it
is (j+1, k+l1l)-associative.

COROLLARY 4. From the preceding theorem it follows that
an i-permutable n-groupoid (G,f), where 1 € 1 <j <k € n, 18
(j,k)=aseociative 2ff it ie (j-1, k=1)=-agseoeiative.

COROLLARY 5. Assume that an n-groupoid (G,f) is i-permu-
table and (j,k)-associative, where 1 € 1 € j <k € n. Then 7if
k <n (G,f) ie aleo (j+s, k+s)-assoctative for every 5 & Nn—k
and 1f i < j it is (j-t, k-t)-geeociative for every t e Nj-i'

4. PERMUTABLE n- GROUPS
Let (G,f) be an i-permutable n-quasigroup which is (j,k)

and (p,m)-associative, where i € J <k <nand i <p <m <n.
Since it is also (j+s, k+s) and (p+t , m+t)-associative for every



Permutable n - groupoids 163

s € Nn-k and t € Nn_m, then if k-j = m-ptl it is also (r,r+1)-
-5 Thus (G,f) is an associative n-
-quasigroup. Hence we obtain:

~associative for some r e Nn

PROPOSITION 2. An i-permutable (j,k)-associative n=qua-
sigroup (1 €1 € j <k <n) 28 an n-group Zff it i8 aleo (p,m)~
-a88oetative for some pair (p,m) such that i <K p <m <n and
k-j = m-pil.

On the other hand Proposition 1 from [4] implies the
following proposition.

PROPOSITION 3. Let (G,f) be an i-permutable n-groupoid.

(i) If i =1, then (G,f) ¥8 an n-group iff it is
(j,j+1)-agsociative for 8ome j € Nn-l'

(it) Ifie N2,n-2’ then (G,f) i8 an n-group iff it is
(j,j+l)-associative for some j € Ni,n-2'

(¢22Z) If i = n-1 or i = n, then (G,f) i8 an n-group tff
it 28 (n-1,n)-associative and the equation (1) has q solution

(not necessarily unique) for k = 1.

COROLLARY 6. Every i-permutable n-semigroup (i 6 N )

i8 an n-group.

The existence of the solution for k = 1 in (iii) can be
replaced by so-called Ddrnte equation or by some additional as-
sumption on the associativity. Indeed, if (n-1)-permutable n-gro-
upoid (G,f) is (n-2, n-1)-associative, then
2

x_ = £(xB7

n R f(x?), X

_ n-3 n-1
n-1’ = f(x1 ,f(xn_z,x1 Yo X 5%, )

for all x" & G, which implies

1
(n-3) (n)
y=f( x , f(x), ¥y, x)

for all x,y & G. This shows that for every x € G there exists
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A (n) (n-3) A
x = f( x ) 6 G such that f( x , x, ¥, x) =y for all y e G.

Hence by Theorem 2 from [2] we have:

PROPOSITION 4. An (n-1)-permutable n-groupoid ie an
n-group iff it Zs (n-2, n-1) and (n-1, n)-associative.

If an n-permutable n-groupoid (G,f) is (n-1,n)-associati-

ve, then for every x € G there exists x € G (for example x =
(n) (n-1) (n-2) .
2 f( x )) such that f( x , x) = x and f( x , x, y) = y for

all y € g. Hence by Corollary 1 from {2] we obtain:

PROPOSITION 5. An n-permutable n-groupoid (G,f) is an

n-group i1ff it i8 (n-1, n)-associative and for every x € G there
~ - (1-2) . (n-1)
exists x € G such that f(y, X 5 X, X )=y forall y e G

and some fixed 1 € N2,n‘

~ (n)
REMARK 1. In this proposition x may be equal to f( x ).

But by a simple generalization of the proof of Corollary 1 from
[2] and Theorem 2 from [4] we can prove that an (n-1, n)-associa-
tive n-groupeid (G,f) is ‘an n-group iff for all x € G there exist
;,; € G such that

(n-3) ~ (3-2) (i-2) . (n-i)
fC x 5, x, X 5, y) = f(y, X 3 X, X )=y

.for all yv € G and some fixed i,j e N2 n'
y
From Theorem 2 in [2] follows also:

PROPOSITION 6., If (G,f) is an i-permutable n-groupotd
i
(i e N2 n_1) and (G,f + f) i¢ (n+i-2,n+i-1) and (n+i-1, n+i)-
’ 1
-assoctative, then (G,f + f) is an (2n-1)-group. Conversely, if

(G,f) 28 an i-permutable n-groupoid (i € N2 n_1) which 28 (j,j+1)-
L | -

. . i
-assoctative for some j € Nn-l’ and (G,f + £) ie an (2n-1)-
-group, then (G,f) €8 an n-group.

Since (8,f) is an n-group iff (G,f(z)) is an n-group,
then in the the case of the (1,i)-associativity Proposition 6
has a specialy simple from.
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COROLLARY 7. An i-permutable (1,i)-associative n-groupo-
id (G,f) (i € Nz,n_1
(nt+i-2, n+i-1) and (n+i-1, n+i)-agssociative.

) i8 an n-grouwp tff (G,f(z)) i

REMARK 2. In the case .of the l-permutability it suffices
to postulate that (G,f
j &N

(2)) is (j,j+1)-associative for -some -

2n-2"°
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REZ IME

PERMUTABILNI n~GRUPOIDI

U ovom radu definisani su i proudavani i-permutabilni
n-grupoidi. n-grupoid (G,f) se naziva i-permutabilan ako i samo

ako je f(xl""’xi-l’ f(xl,...,xn), XiseeesX ) = x, za svako

Xiseees X 6 G i fiksirano i 6 {1,...,n}. i-geimutabilni n-gru-
poidi predstavljaju generalizaciju polusimetri&nih grupoida,
grupoida koji zadovoljavaju levi Sadov zakon "kljuleva™ i cikli-
¢kih n-grupoida. Navedeni su primeri i-permutabilnih n-grupo-
ida i odredjene neke njihove osobine. Posebno su proudavani i-
-permutabilni n-grupoidi koji zadovoljavaju zakone komutativ-
nog i asocijativnog tipa. Odredjeni su neki uslovi pod kojima

je i-permutabilni n-grupoid n-grupa.



