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ABSTRACT

We enumerate the number of those words of length n ever
- the alphabet {0,1} in which the subword consisting of k consecu-
tive 1°s is forbidden. This number of words is counted in two

different ways, which gives some new combinatorical identities.
1. DEFINITIONS AND DENOTATIONS

Let X denote a finite and nonempty set of symbols, X is
called an alphabet. By X" we shall denote the set of all strings
of the length n over the alphabet X, i.e. X" = {xy1x2... xnlxl,
K2s...9X, € X}, the only element of X° is the empty string, i.e.
the string of lenght 0. The set of all finite strings over the
alphabet X is X* = le. If S is a set, then |S| is the cardina-
lity of S. By In} and | n)we denote the smallest integer » n and
the greatest integer € n, respectively. By Ei(a) we denote the
number of i“s in the string a € X* for i € X, (;) =0 iff n < k,
Nn = {1,2,...,n} and
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Ixl flxI- x] €0,5
[x]=
IxI|Ixl1- x| <0,5

2. RESULTS AND DISCUSSI0ON

THEOREM.
I’(k—i)n‘l (k-2)ik_1J l2i,J i,J
Tk k-1 3 4 7~
la (| =} I MR ) I
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where

Ak(n) = {x]|x = X1X2 <. x e {0,131,

Vi e N X: X< cea X

n-k+17i7i+1 i+k-1 £ 11...1} .

k

PROOF: We shall introduce the denotation Lk(n)=iAk(n)l.
Obviously L,(n) = 1. It is known that:

[n)/:ﬂ n-i,+1 [ 1 1+ /5 02
Lp(n) = € ;3 )= |=(——>
i1=0 ! Jg 2

(Fibonacci numbers).

We shall give the proof ﬁy induction on k (k » 3) for
each n # k. We shal prove first that the theorem is valid for
k = 3, i.e. 7

2n/3] /2 5.0 3,-4,
Ly(n) = 1 T O L0 s ),

12-1, 1y
.i2=0 i1=0

We make a partition of the set As(n) into subsets A3?(n), where
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A%’(n) is the set of all those words of length n over the alpha-
bet {0,1} which contain exactly i,1”s each, and do not contain
the subword 111 i.e.

A32(n) = {x|x = x1%2 ... x e {0,137,

Vi e Nn_2xixi+1xi+2 # 111, 2,(x) = i} .

Let us construct the words from the set A%z(n). We write
one of the letters "0™ or "A" in each of the i,-1 places between
i, 1°s, that is, we make some words of lenght i,-1 over the alpha-
bet {0,A}. The letter "A" denotes the empty letter, i.e. if the
letter "A" is written between two 1”°s, then, actually, nothing
is writteg. Since the subword 111 is forbidden in the words of
the set A%’(n), it follows that the set Q@ of the words of length
i2-1 over the alphabet {0,1} must satisfy the property that the
subword.ll is forbidden in the words of Q. Consequently

2 1 11,41 2

Q] = |A:Gi.~1)] = § § irziy
il=0 i.l 1

i;=0
where i, denotes the number of the letter A in the word from
the set Q. Since iy-1-i, 0”s is already written between these
i 1°s, there remains to write n-i,-(i,-1-i,;) = n-2i,+i,+1 o”s.
These o”“s may be written into some of the i,-1-i, regions which
already contain one zero each, as well as into the regions in
front of and behind the word, that is into i,-1-i,+2 = i,-i,;+1
regions in all. We make this arrangement of n-2i,+i,+1 o”s into
is-i;+1 regions by putting i;-i, compartments among these o0°s.
The number of permutations of these compartments and o”s equals
the number of arrangements of these 0”s into these regions, that
is,

(ntizti

12-=1)

)s

Thus
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iz 2 n-iz+1 iz-il
IAJ (n)r = X iz"i1 il ) .
i1=0
It is obvious from the definition of these sets A12(n)
that
As(n) = U A32(m), if # i77 = AIZ(n) 1 A32 = ¢
i.>0
and
. 2n iz -
12 > e => A3y (n) =0 .
Thus

o B
3 i, 3 2 n-i,+1 1i,-i,
lAsed| = F (AR ] = ] O, 00 5 )
1220 iz=0 i1=0

Let us assume that the assertion is valid for k. We
shall prove, then, that it is also valid for k+1. We make a
partition of the set Ak+1(n) into the subsets '

ik n
Ak+1(n) = {xlx = x3x; ... x_ e {0,1}",

n

vi e N £11...1,2, (=i}
s,
i k+1
The set Akti(n) is the set of all those words of length
n over the alphabet {0,1}, which contain exactly ik 1”s and which

do not contain the subword 11...1. We proceed with the construc-

n-k+1%i¥i+1 ° ¥isk-1

tion of the set A:fi(n). We write one of the letters "O" or "A",
into each of the ik—l places between ik 1°s, that is, we make
the words of length ik-i over the alphabet {0,A}. The letter A
denotes the empty letter, i.e., if the letter A is written bet-
ween two 1°s, then the effect is the same as if nothing is writ~

ten. Since the word 11...1 is forbidden in the words of the set
i k+1

i
Akfl(n), it follows that the subword Axﬁgzx,is forbidden in the



The set of all words over alphabet {0,1} ... 171

set of words that we are making over the alphabet {0,A}.
If we denote this set of words of length ik-l over the
alphabet {0,)}, which do not contain the subword AA...A by Q,,

then it is obvious, on the basis of the inductive hypothesis,

that
'-(k 1)(1k-1T[L(k 2)1k 1_| l_21 “
lQil= 18 G -1 = 2
1-170 I-2%0 12‘°1n=°
CRTert) ket Thery L ey dasia
S S S SV s S tz2-11 i1
i.e.
(k-l)ik (k- 2)1k 1 2is iz
= el LTJ t ]
Q] = ! X
ik-1=0 ik_2=0 12—0 11-0

i =i i, . -i
G b ... (i’_iz)clzlll)
k-1""k-2 . 1k-2"1k-3 2Th 1

where i, , denotes the total number of appearances of the let-
ter A in the words of the set Q,. Since ik—l-ik_1 o”“s is already
written among these ik 1”s, there remains still to write

-i-(i-1-i, _4) = n-2i, 41, _,+1 o”s. These o”s can be arbitrar-

ily written into the ik~1—i regions which already contain

k-1
one zeroc each, as well as into the regions in front of and
behind the word, that is, into 1k-1—1k 1+2 = 1k k 1+1 regions

in all. This arrangement of n-21k+1k_1+1 o”“s into 1k k-1+1
regions ¢an be done in

n-i, +1

i -i. .) different ways.

k k-1

Thus ..
i n-i. +1
k
gyl = ¢ eIl

k-1
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i
Since the definition of the sets Akfi(n) and A, .4 (n)
obviously implies

ik - » - L, i‘; iﬁ‘
Ak+1(n) = u Ak (n), ig £ it = Ak+1(n) n Ak+1 =@
i 20
k
and
s kn ik -
e > | 1]™ Arer(m) = 0,
it follows
[kn [Rn
k+1 i T3 n-i,+1
A ] = 1ALl = ] iy iy Ylaal,
i =0 i =0 -1

which completes the proof.

Since
Li(n) = 1 = 2°%1"
n+2
Lom) = [Fe335 7 7] = 11,17, 00,6..0M

It can be counted that

n+3
Ls(n) [L—-—] = [(1,1...)(1,8...0M
3 1

a?-20-

where a is the real root of the equation x*-x?-x-1 = 0 i.e.

@ = %(1 + */10 + 3733 + *J19-3/3D).

Also

L (n) = Cial + Coal + ... + cku:

where a; are the roots of the equation xk-xk-1

-1 =0 for each i = 1,2,...,k. The constants C,,...,(:k are de-

- hee —x%Z - x -

termined from the initial conditionms.
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REZIME

SKUP SVIH REC! NAD AZBUKOM {0,1} DUZINE n SA
ZABRANJENOM PODREEI 11...1
k

U ovom radu se izradunava broj svih reé&i duZine n nad
azbukom {0,1}, u kojima je zabranﬁena podre& k uzastopnih jedi-
nica. Ovaj broj se dobija na dva razlidita na¢ina 3to daje neke
nove kombinatorne identitete.



