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ABSTRACT

In ‘this paper we introduce the concept of right (left)
n-inverse semigroup. The main result is Theorem 1 which is a

generalization of some results of Venkatesan [ 101.

A semigroup S is called a right inverse semigroup
if every principal left ideal of S has a unique idempotent
generator, [ 10}. Throught this paper, 7t wil denote the set
of all positive integers. A semigroup S 1s regular if for
every a € S there exists m € Z+ such that\ a™ € a™sa™. s
is a GV-gemigroup if S8 1s T-regular and every reqular element
6f S is completely regular, [4]. S 1is a m-inverse semigroup
if 8 1is w-regular and every regular element of S possesses
a unique inverse, [3]. A semigroup S with zero 0 1is a n<l-
semigroup 1f for every a € S, there exists n € z¥ such that
a’ = 0. By nil-extengion we mean an extension by a nil-semigroup.
Define an egquivalence Z+ on a T-regular semigroup S Dby:
az’b <=> sa® = Sbm, where n and m are the smallest positive
" ang b"

integers such that a are regular elements [ 4}.
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A semigroup S 1is a left (right) weakly commutative if for
every a,b € S there exists n € Z+ such that (ab)n € bs
((ab)rl € Sa), [8]. A semlgroup S 1is weakly commutative if for
every a,b € S there exists n € Z+ such that (a\b)n € bSa,
[11].

LEMMA 1. The following conditioné are equivalent for
an element a of a semigroup S:

(1) a Z8 a m-regular;

(1i) 7There exists m € 2t such that R(a™ (L(a™)
has an idempotent generator;

(11i) There exists m € 2 such that R(a™ (L(a™)
has a left (right) identity.

PROOF: (i) => (ii). This is Proposition 3.1 [2],
(1) => (iii). Let a™ = a™xa™ for some x € S and
m € Z+. Then for an arbitrary b € R(afn) there exists y € S

such that b = amy. So
a™x*b = ax* amy = amy = b.

Thus a"x is a left identity of R(a™.

(1ii) => (i). Let (iii) hold and let e be a left iden-

tity of R(a™). Then e = a™x for some x € Sl, so ea = amxam,

i.e. a™ = a™xa" (since e is a left identity of R(a™)). Thus

a 1is nw-regular. W

COROLLARY 1. A semigroup S 18 m-regular if and only
if for every a € S8 there exists m € z* such that R(a™
(L(a™)) has a left (right) identity. B

LEMMA 2. Let p be a congruence on a m-regular gemi-
group S and A,B € S/p s8uch that A = ABA, B = BAB. Then
there exist a,b € S sguch that a € A, b € B and a = aba,
b = bab.

PROOF: Iet x € A, y € B and let - (xy)’ be an inver-

for some m € z'. Assume that a = xy(xy)’-

“'x and b = y(xy)'(xy)zm-l. Then a = aba, b = bab.
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Since A = ABA, B = BAB we have that xpxyx and ypyxy, so

(1 xyo (x)¥ k e zt.

From this it follows that

2m-

) o) mow) ', ) 2™ Lxo (xy) 2™

80

¥y () ” ) 2™ Lo ) 2™ ) * ) 2P = () ™,

and, since (xy)zmxpx, (by (1)) we have that apx, and similarly
bpy, Thus a € 3, b € 6. R

COROLLARY 2, Let p be a congruence on a w-regular
semigroup S. Then every p-class which 18 an idempotent in S/p

contatng an idempotent in S.

PROOF: Let E be an idempotent in S/p. Since
E EEE in S/p we have that there exist a,a’ € E such that
a=aa’'s, a’ = a’aa’. Then aa’ € EE=E and aa’ 1is an

idempotent.

PROPOSITION 1. Let p be a congruence on a n-regular
semigroup S and n € Z+. If A'Bl'Bz"“'Bn e S/_p and
A= ABiA, B, = BiABi, 1i=1,2,...,n then there exist

a'bl'bZ""'bn € S s8uch that a € A, bi € Bi and a = abia,

b:l. = b:l.abi' 1 =1,2,004,n.

PROOF: (By induction). The statement is true for n =1
by Lemma 2. Suppose that all assertion are true for some k < n,.
Then there exist Xe¥yeXgreos oYy € S, such that x € A, Yy €8B
and x = XYyXe ¥y = ¥V XV, 1=1,2,.4.,k. Assume Y41 € Bk+1‘
Since S 1is w-reqular, we have that there exists m € 2 such

i

that (xyk+1)2m is a regular element. Let (xy,.,)’ be an in-
verse of (xyk+1)2m.
Let us put
u = xy (xy Y1 )2m_1x
k+1 Xyey) (4
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= ( )" (g, L ) 201
Vi+1 T Y4y ¥4/ (¥

)2nr1

v, = yixyk+l(xyk+1)'(xyk+1 XYy i=1,2,...,k.

It is quite routine to show that u €4, v

i € Bi' and

u = uvyu, v, = v,uvy for 1 =1,2,...,k+1.

REMARK. -Proposition 1 is a generalization of one re-
sult of T.E. Hall, [7].

DEFINITION. A gemigroup S <8 right (left) m-inverse
if S 18 T-regular and for every a,x,y € S, a = axa = aya
implies xa = ya (ax = ay).

THEOREM 1. The following conditions are equivalent on

a semigroup S:
(1) S <8 right m-inverse;

(11) 8 4ig m-regular and for every e,f € E(S)  there
exiete M€ Z' such that (ef)™ = (fef)™;

+
(11i) For every a € S there exists m € Z  such that

L(a™) kae a unique idempotent generator;

(iv) For every a € S there exists m € 2t euch that

L(a™) has a unique right identity;

(v) S <& m-regular and every L*-class contains ezactly
one idempotent;

(vi) S <8 T-regular and for every e,f € E(S) there
existe m € Z+ such that (ef)mR(fe)m.

PROOF: (i) => (ii). let e,f € E(S) and let a be an
inverse of (ef)m for some m € Z+. Then from

(ef)™ = (ef)Malef)™ = (ef)Mraler)™,
and by hypothesis, we have

a(ef)™ = fa(ef)™, i.e. a(ef)™a = fa(ef)™a, so
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(2) a = fa.
Now
(3) a= a(ef)ma = a(efe)m—lfa = a(efe)m-la.

From (3) it follows that

m1 mn=1

a(efe) a(efe)™ la(efe)™ la(efe)

m=1

a(efe)m-lefa(efe)m-la(efe) (by (2))

so by hypothesis we have

1 m=1

a(efe)m-la(efe)m- = efa(efe)m-la(efe)

m1

™1 - efa(efe) .

a(efe)
From this and (3), it follows that a = efa, so by(2), we obégin
(4) a=ea.
Using (2) and (4) we have

(ef)™ = (ef)Pa(ef)™ = (ef)Tea(er)™

m

(ef)Tefa(ef)™ = (ef) (ef)Palef)

(ef) (ef)™

(ef)m+I .

From this it follows that

(ef)™ = (ef)ef(ef)™ = (ef)™f(ef)™

80
ef(ef)™ = f(er)™ .

Thus
(ef)™ = (fef)™ .
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(11) => (1). Let a = axa = aya. Then (xa-ya)" =
= (ya-xa-ya)m for some m € Z+, SO0 Xa = ya.

(i) => (1ii). Let a® = amxam for some x € S and

m € Z+. Then by Lemma 1 L(am) has an idempotent generator e.
Assume f € E(S) such that L(a") = Sf. Then Se = Sf, so

e =yf, £f=xe for some x,y €S. Now ef = (yf)f = yf = e,
fe = f, so e = efe, i.e.

e = efe = e(efe)e .

From this and hypothesis we have fe = efee = efe.
Thus f = fe = efe = e.

(iii) => (iv). IlLet L(am) has the unique idempotent
generator e. Then by lLemma 1, L(a™) has the unique right
identity e.

(iv) => (i). Iet L(a™) have the unique right identi-
ty. Then a is w-regular (lLemma 1l). Assume that a = axa = aya,
then by the uniqueness of right identity, we have that xa = ya.

(i1) => (v). let e,f € E(S) and el*f. Then Se = Sf,
so e = xf, £f =ye. Thus ef = e, fe = £ and by the hypothesis
e = (ef)™ = (fef)™ = f. Therefore, every L*-class contains
exactly one idempotent.

(v) => (1). let 8 be m-regular. Then by Proposition
[4] every L*-class contains an idempotent (see also Proposition
3.1 [2]). Assume that a = axa = aya. Then Sxa = Sa = Sya,
i.a. =xal*ya and since every L*-class contains exactly one
idempotent, we have that xa = ya.

(ii) => (vi). ¥For any e,f € E(S5) there exists
m,n € 27 such that
(efe)™ = (£fe)™, (fef)® = (ef)™

SO
(ef)™e = (fe)™ , (fe)™f = (ef)™ .
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e)* r(fe)®
where k = mn.

(vi) => (ii). Let e,f € E(S) and (ef)"R(fe)™ for
some me€ z'. Then (ef)™ = (fe)™ for some n € S, so

e(fe)™ = 2(ef)™ = (ef)™h = (fe)™

whence (efe)m = (fe)m. ||

LEMMA 3. A homomorphic image of a right m-inverse semi-

group i8 also a right m-inveree semigroup.

PROOF: Let ¢ be a homomorphism of a right w-inverse
semigroup S onto T. Than for any t € T, there exists a € S
such that t = ¢(a), a” = a™xa™ for some m e z+ and x € S.
Now, t% = (¢(a))™ = ¢(a™) = ¢(a™xa™ = tTp(x)t". Assume
e’,f’ € E(t), then by Corollary 2 there exist e,f € E(5) such
that ¢(e) = e?, ¢(£f) = £’ whence by Theorem 1 we obtain
R

(e’£’ (¢(e)(£))" = (¢(ef)) = ¢(ef)™) = ¢((fef)")

[}

¢(fef) = (4(£)0(e) 4 (£ = (£re’f’)

for some n € z+. So T 1is a right ¢-inverse semigroup
(Theorem 1 (ii)).18

By Lemma 3, we have that every condition (1) - (vi) of
Theorem 1 is equivalent with the folloﬁing condition:

(vii) I and S/I are right m-inverse semigroup for
every ideal I of .s.I@

COROLLARY 3. The following conditione are equivalent
on a semigroup S:

(1) 8 18 a semilattice of nil-extensions of right

groups;

(i1) 8§ g w-regular and left weakly commutative;
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(1ii) S <8 a GV-semigroup and for every e,f € E(S)
there existe n € z* guch that (ef)™ = (fef)n;

(iv) S <Zs a GV-gemigroup and every L*-class contains

exactly one idempotent;

(v) s ie a GV-gemigroup and for every e,f € E(S)
there exist n € I' such that (ef)"R(fe)".

PROOF: By Theorem 2.2 [1l] and Theorem 1. R

COROLLARY 4. The following conditions are equivalent
on a semigroup S:
(1) s 18- T-inverse;
(i1) 8 i& m-regular and for every e,f € E(S)
there exigts n € 2t such that (ef)? = (fe)n;
(iii) S <Ze T-regular and a = axa = aya <implies
Xax = xax;

(iv) For every a € S there exist n € z* such that
R(a™) and L(a") contain a unique idempotent

generator;
(v) S <i8 both right and left m-inverse;
(vi) S <& m-regular and weakly commutative.

PROQF: By Theorem 2.3 (1], Theorem 4.6 [ 31, Theorem 1
and Corollary 3 IR

By Theorem 1 and Corollaries 3 and 4 that“ right 7m-inver-
se semigroups are natural generalization of m-inverse semigroups
and also right inverse semigroups.
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REZ IME

DESNO T=JNVERZNE POLUGRUPE

U ovom radu uveden je pojam desno (levo) 7 -inverzne
polugrupe. Glavni rezultat je Teorema 1 koja je generali-
zacija nekih rezultata Venkatesana [10],



