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ABSTRACT

In this paper two generalizations of Phillips lemma
for additive set functions with values in a commutative semi-

group endowed with special functionals are proved.
1, INTRODUCTION

Phillips lemma [8] is a well-known result in measure
theory and has many useful applications in measure theory and
functional analysis ([1], [2], [8], [11]). We shall give two ‘
generalizations of this lemma for semigroup valued‘additive set
functions. Qur methods are based on versions of Drewnowski lem-
ma and on Diagonal theorem.

2. EXSHAUSTIVE ADDITIVE SEMIGROUP VALUED SET FUNCTIONS

Let X be a uniform complete commutative semigroup with
a neutral element. Let y be a g-algebra of subsets of a nonempty
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set.
A set function p:iz + X is said to be additive if for
any two disjoint sets E, and E, from

W(E; U Ep) = w(E,) + u(E,).

Further we suppose that there exists B € £ such that u(B) = 0.
Hence u(@) = 0, since we have

0 = u(B U B) = u(B) + u(d) = u(0).

By H. Weber [10], there exists on X a family of pseudo-
metrics {di}ieI such that they generate the uniformity on X and
which satisfies

(d+) di(X1 + X2,¥1 + y2) < di(X1,y1) + di(xz,Yz)

(x; ,%x2,¥1,Y2 € X5 i € I).

So further on for simplicity we restrict ourselfs on
the case of a commutative semigroup endowed with a pseudometric
d which satisfies (d ).

- This pseudometric d defines a triangular functional ([ 5, 6, 7]1)
{x): = d(x,0), which has the following properties:

(F,) f(x + y) < f(x) + f(y),

(F;) f(x + y) » £(x) - £(y),

(F3) £(0) = 0.

We remark that if X is a commutative group, then a tri-
angular”functional reduces on a quasi-norm [5] . Theorem (1.1)
from'[lol:implies: There exists on uniform semigroup X a family

F of triéngular ‘functionals such that a sequence (xn) from X con-
verges to 0 iff f(xn) + 0 for each f e F.
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Further on we restrict ourselves on one triangular
functional f. So we can introduce the ‘notion of exhaustive (s-
—bounded) set functions 1n the usual way:

A set function u:i + X is exhaustive if for each disjo-
int sequence (En) from I

lim f(u(En)) = 0.

A gemivariation of an additive set function u: I + X is

a set function ﬁ defined by
M(E): = sup {f(u(H))|H e £, H cE} (E e ©).

Semivariation 7 has the following properties ([6]):

1Y a(d) = o;

2) fu(E)) < HU(E) (E € 1)

3)  JN(F) <u(E) for F <E, F,E e L;

) H(E, U E;) < {i(E;) + u(Ez) for E, N E, = 8,
E1,E, € I .

5) u is exhaustive iff } is exhaustive. A

Now we give a generalization of L. Drewnowski lemma [4]:

THEQREM 1. Let X.,be a commutative semigroup endowed
with a peeudémetric d which satisfies (d,) and let (un), un:z+X
(n 6 N), be a sequence of additive and exhaustive set functions.
Then each disdjoint sequence (E ) of sets from L containe a sub-
fequence (Ek ) such that Uy s n e N, are countable addztzve on the

o-algebra generated by (Ek ).

PROOF. "First, we take only one additive exhaustive
set function p: & + X. Since the semivariation ﬂ is also exhaus-
tive - property 5) and subadditive - property 4) we can apply Le-
mma from {41 ,p. 727. By if there exists a subsequence (Ekn) of
the sequence (En) such that for each sequence (Bn) of sats from
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og-algebra I, generated by the subsequence (Ek ), such that

B,,4 < B, and n B = ¢ , we have u(B ) * 0 as n + .,
Let (A ) be a disjoint sequence from Ly. Then we have
by (d+)
n [e ]
(1) ac § ua), u(kg1 A <
k=1 -
n n @
<dC ] wa), uCU AD) + a0, uC U AD).
k=1 k=1 k=n+1
By the additivity’ of p the first sum on the right part of
the preceding inequality is zero. Since the inequality
-2} oo
d(o,u( U Ak)) <u( UV Ak)
k=n+1 k=n+1

implies
d(a, uC U Ak)) + 0 as n + o,
k=n+1
we obtain by (1) the o-additivity of the set function u.

Now, let (un),,un: £ + X, be a sequence of exhaustive
and additive set functions. First , we introduce the space XN
of all X-valued sequences. We define a pseudometric on XN in the
following way

® ac
-3 *1 Yk
- k
27(1 + d(xk,yk))
N

)
D(x,y):

k=1

where x = (xk) and y = (yk) are from X

Obviously pseudometric D satisfies also the condition

(d,). Now,we introduce a set function u: I + XN by

H(AY: = (i (Ad,u2(A),...0(A € £).

Obviously u is additive and exhaustive. Then by the first part of
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the proof for each disjoint sequence (En) there exists a subse-
Quence (Ekn) such that p is countable additive on the g-algebre
Ls generated by (Ekn). This implies the o-additivity of each set
function s D& N, on the o-algebre %,.

Now, we shall give another generalization of Drewnow-
ski”s lemma to semigroup valued set functions. Namely, we take
directly a commutative semigroup with a triangular functional £.

In this case the pseudometric [f(x) - fly) | (x,y € X)
does not satisfy (d, ) in general (for example take the set of
all integers Z with the usual addition and f(x) = [x| (x e 2)).
Namely,in this case the operation is not continuous in general
- [ 5} . Instead of countable we introduce f-countable additive
set function u:%+X, i.e.for each disjoint sequence

(E_ ) from I
n
n

lim £C ) w(E;)) = £(uC U E. ).
n-+o i=1 i i=1

THEOREM 2. Let X be a commutative semigroup endowed
with a triangular functional f and let (un), I L +X (ne€ N).
be a sequence of additive and exzhaustive set functions . Then each
disjoint sequence (En) of set from I contains a subsequence (Ekp)
such that un,.neN, are f-countable additive on the o-ring gene-—
rated by (Ekn)'

The proof is analogous to the proof of the preceding

Theorem 1. Instead of (1) we use the inequality

n o« @
[£C ] u(A) - £ U AN < f@C U AD)
k=1 k=1 k=n+1

(Lemma from [5]) and instead of pseudometric D we take triangu-
lar functional F defined by

f(xk)

F(x) = }

k
K 27(1 + £(x))

1

3. GENERALIZATIONS OF PHILLIPS LEMMA

Now, we give two generalizations of Phillips lemma to
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semigroup valued additive set functions.

THEOREM 3. Let X be a commutative semigroup with a
trieangular functional £ and neutral element 0 .and let (un), M d
I +X(neN), be a sequence of exhaustive and additive set func-
tione. If

(2) lim £(u (E)) = 0 (E e I),

Tl

then for each disjoint sequence (Bj) from L

(3) . lim £¢ ui(Ej)) =0
ise jeA
for each A = N, where for infinite A

n

£( (E:)): = 1im £( } u.(E: }) (i € N)
jEA i n-e ‘s£1 s

and (js) i8 the increasing sequence of all elements from the
get A. :

REMARK. It may happen that there does not exist an element
x; e X such that '

£lx;). = £C ] Ry (E5).
jea

. We need in the proof the following

AITOSIK-HIKUSIiSKl-PAP DIAGONAL THEOREM [5]. Let X be
a eommutative semigroup with a neutral element 0 endowed with a

triangular functiomal f. If x;5 € X, (i,7 € N) and

=0 (i e N},

-

}im f(xi
J-m

j)

then there exist an infinite set I of natural numbers and a sub-
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set J (finite or infinite) of I such that, for all i e I, we
have

) f(xij) <
jed

and

1
£C J x;5) 23 £lxg40,
jeJ
where for infinite J
n

£C L x3:): = limfC f xg. )

ij j
: jeJ A P

for the increasimg, @#equence (js) of all elements from J.

PROOF OF THEOREM 3. Suppose that the theorem is not
true, i.e. there exists a disjoint sequence (Ej) from J such
that

lim £C } ui(Ej)) #0.
1= jeN
Then there exist € > 0 and an increasing sequence (pn) of natural

numbers such that

y £ E. .
(1) (’z upn( J)) > ¢ (n ¢ N)
JeN
This implies the existence of on index n, e N such that
n,
f( E.
_X uPl( J)) > €
1=1

Now, by (2) there exists k, e N such that

n

(5) €
b fle €E.)) <
jZ1 Py 3

5 for P; 2k, .
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Again by (4) there exists n, > n; such that
n:

(6) f( . > .
‘X uk,(Ej)) €
J=1

Using the property (Fi) of triangular functional f we have

. na n,; N2
£C ) My, (B5)) < £¢ ¥ e (E5)) 4 £ 3 My, (B4
j=1 j=1 jen1+1

By the preceding inequality, (5) and (6) we obtain

Nz

£

£C ] w (B > §
j=n;+1

Repeating the preceding procedure we obtain two increasing seq-

uences (ni) and (ki) of natural numbers such that

n.
i+l e .
£( X “k.(Ej)) > 5 (i e NJ.
j=ni+1 1

Then we have the disjoint sequence (Ai)’

541
Ai: = U Ej,
J=n;+1
for which
(7) flu, (A > g (i e N)
i

holds .
By Theorem 2 there exists a subsequence (An,) of (Ai)

i
such that y, ~ are f-countable additive on the g-algebra genera-
ted by (A_)7 Let x..: = W.(Ans) (1,3 e N). Since My, (i e N)

nl 1 J 1

1]
are exhaustive we have

lim f(x..)=0 and
Jrw 13

we can apply on [xij] (i,j e N) Antosik-Mikusinski-Pap Diagonal
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Theorem. So there exists an infinite subset I of N and its sub-
set J such that

1 .
f£CY u, (A ) =2 £, (Ap)) (i e 1),
jed k, ny 2 ks n.

Let

B: = U A_.
n.
jes

Then by the preceding inequality and (7) we have

£y, (B)) > § (i e I).
1

A contradiction to (2) .

THEOREM 4. Let X be a sequentially complete commutati-
ve uniform semigroup with neutral element 0 and let (un), LI
L » X, (ne N) be a sequence of exhaustive and additive set func-
tions. If

(8) 1lim un(E) =0
n-+o

exists for each E € L, then for each disjoint sequence (Ej) from
L

(9) lim ) i (Ep) =0
i+ . .
JEA

for each A < N.

PROOF. 1et d be a pseudametric from the family of pseu-
dometrics which generates the uniformity on X and which satisfies
the condition (d+). Let f(x); = d(x,0) (x € X). Then by the proof
of preceding theorem using now Theorem 1 instead of Theorem 2 we

obtain the assertion.
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REMARK. If we take in the preceding

theorem
lim d(ui(E),u(E)) = g for each de{di}iel
1 o0

and each E 6 I instead of (8), then we obtain instead of (9)

lim dC } w;(E.), J u(E.)) =0
i . I, J
jeA jeA
for each A € N and each 4 e {di}ieI'
We, obtain Theorem 8 from [1] as a consequence of Theo-
rem 4.

COROLLARY 1. Let G be a sequentially complete commutati-
ve group endowzd with a quas?-horm and let (un), Wyt I > G
(n e N), be a sequence of strongly additive set functions. If

?im ui(E) = p(E)
i+m

exists for each E, then for each disjoint sequence (Ej) from ¥

1im I"u.(E:) = I W(E.)
jreo Lo, . ]
J€A JeA

untformly for A < N.

PROOF. The assertion follows by Remark to Theorem 4 and
Theorem 3 from [1].

COROLLARY 2 (PHILLIPS LEMMA). Let P(N) be the power
set of N and let (yn), L P(N) > R (n e N), be a sequence of
boundéd-.and additive set functions. If

lim'un(E) = Q (E e N),

n->w

then
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1= .

J=1

PROOF., We obtain by Theorem 4 for arbitrary e > Q.

P w3 < 5 forac N

jeA

and i large. Then we have

for i large
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REZ IME

FILIPSOVA LEMA ZA ADITIVNE SKUPOVNE FUNKCIJE SA
VREONOSTIMA U POLUGRUPI

U radu su dokazana dva uop#tenja Filipsove leme. I je

.0-algebra skupova.

TEOREMA 3. Ngka je X komutativna pelugrupa sa trougao-
nom funkcionelom f i neutralnim elementom o i neka Je (un), u, d
Z X (n € N), niz ekshaustivnih i aditivnih skupovnih funkecija.
Ako je
lim f(un(E)) =0 (E e D),

-

tada za svaki niz (Ej) disjunktnih skupova iz I vaZi

i f . . =0
112 (.Z ul(E]))
jeA

za svaki skup A & N, gde je za beskonaan skup A

n
£C § i (Eg): = iiﬁ £C 7 ui(EjS))

jeA s=1
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(i e Ny i (js) je rastuéi niz svih elemenata skupa A.

Drugo uop3tenje - Teorema 4., se odnosi na aditivne i
ekshaustivne skupovne funkcije sa vrednostima u sekvencijalno
kompletnoj komutativnoj uniformnoj polugrupi sa neutralnim ele-

mentaom.



