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ABSTRACT

A definition is given for the distribution F(f(x)),
where F(x) is a distribution and f(x) is a locally summable
s r

function. The particular case F(x) = x_~° and f(x) = x, is

then considered.

In the following we let N be the neutrix, see van der
Corput [1], having domain N” = {1,2,...,n,...} and range N**
the real numbers, with negligible functions linear sums of the

functions nxlnr_ln, in"n for A >0and r.= 1,2,..., and all
functions which converge to zero as n tends to infinity.

Thus if
f(n) = £,(n) + £,(n)

where f, is negligible and the limit as n tends to infinity of
f,(n) exists, then the neutrix limit as n tends to infinity of
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f(n) exists and

N-1lim f(n) = 1lim f,(n).

N+ T +00

In particular if f,(n) = n?ln n + n? and f;(n) = n~! + 2, then

N-1im f(n) = 2.

n-+co
Now let p be a fixed infinitely differentiable functi-

on having the properties

(i) p(x) = 0 for |x| 21,
(ii) p(x) » 0,

(iii) p(x) = p(- x),
1
(iv)  fp(x)ax = 1.
-1

We define the function Gn by Gn(x) = np(nx) forn = 1,2,... .
It is obvious that {Gn} is a regular sequence converging to the
Dirac delta-function §.

We now define the locally summable function x+l for
A > -1 by

0, x < 0,

we define the locally summable function l1nx by

in x, x > 0,
1n X, =
0, x <0

and we define the distribution x+_1 by

-] - »
X, = (1n x+) .

The distribution x+l for A < -1 is now defined inductively by
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x A= (s 17 Nx

A+l -
+ + )

A

and the distribution x_" is defined by

AL o(_ A
x_© o= (= x),
for all a.

The following definition was given in [3].

DEFINITION. Let F be a distribution and let £ be a lo-
cally summable funotion. We say that the distribution F(£f(x))
exists and ©8 equal to h on the open interval (a,b) if

(-]

N-lim an(f(x))¢(x)dx = (h,9)
N>

for all test funections ¢ with compact support contained in (a,b),
where

Fn(x) = F(x)*Gn(x)

for n = 1,2,...

This definition was considered in [2] for the case whe-
re F is a derivative of 6§ and in [4] for the case where f is an
infinitely differentiable function.

The following theorem was proved in [3].

THEOREM 1. The distributions (x_u)_A and (x+u)_k exist
and

x"M*=xMm*t=0

Ffor uw > 0 and A, Ap ¥ -1, =2, ...

m cosec(mi) (-au-1)
x M= - M P - §

2u(=2u-1)!
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for u >0, X # =1, =2, ... and Ap = -1, =2, ... .
We now prove the following theorem.
THEOREM 2. The distribution (x,7)_"5 exists and
(1) py s | DT e oy,
(x,7)_ = 8
r(rs - 1)!
for vy s = 1,2,..., where
1
elp) = [ 1In tplt)ldt.
0
PROOF. We put
-s -8 1 (s)
(x_ )y =x_ " %68 (x) = - ————1nx_*3§ (x)
n (s - 1) n
for s = 1,2,... . Then
1/n
1
| 1n(t - x)Gn(S)(t)dt, X < = =,
-1/n
1/n
- DI =1 [ nte - 08 e, [x] <1,
X
. 0, X >1
n
so that
r 1/n _1
J 1n(t—xr)6n(8)(t)dt, 0 K x<n P,
xT
1/n
~(s=1 1) "5 = { [ 1nts SVwrar, x <o,
0
A
| 0, x>n?T
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for vy v = 1,2,... . It follows that ((x,%)_"%)

+ n has its support

contained in the interval (-w,n—l/r).
We have
n—l/r o
ry, -8, i _
-(s=1)t [ ((x,)_"%) x¥dx =
0]

n-i/r . 1/n
[ x* [ 1intt - xr)ﬁn(S)(t)dtdx =

0 xF
1/n tl/P .
= Gn(S)(t) / 1In(t - x")xtdxdt =
0] 4]
js-Gist)y/r 1 ' 1 ‘ : ' .
= ———— fv(l+1)/r p$8)(y) | [1n(v-uv) - lnn]u(l+1)/r-1dudv,
r 0] 4]

where the substitutions x° = tu and nt = v have been made. It

follows that
~1/r
n r, -S i
[ Cx )77y x7ax
0

is negligible for i # rs-1. It also follows that when i = rs

-1/r
n
/ I((x+r) "8y x"¥|dx = 0en~1/Ty,
- n
0
When i = rs-1 we have
n-i/r
r, =S rs=1 -
-r(s-1! [ (x,")_ "7 x dx =
0
1 1
= f vsp(S)(v) J [1n(v-qv) - 1n n]us-1 dudv.
0 0
The part of the integral involving ln n is negligible and
1 1

/ v$o 3w [ w51 1n(v-uv)dudv =

[a}
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1
s”!f vSinvdp S vy 4
0

T s, (s) 1 s
+ 87 v % (vyav [ 1n(1-u) a(u® -1)
0 0

1
= %(—1)S s_l(s—l)! - f vs1 lnvdp(s-z)(v) +
0

' 14% -1
+ 3-1%(s-1)t [ ——— aqu =
0 1 -u

(-1)%(s-1)!

s 3
+ (-D5(s=De(p) - 3C-DS(s-11 [ 37 = (-1)%(s-1)1elp).
j=1

174
1

NI

o> W

Thus
-1/r
n

N-lim | ((x+r)_-r)nxrs_1dx = -(-1%r" " c(p).
> O

Now let ¢ be an arbitrary test function with compact sup-
port contained in the interval (a,b), where we may suppose that
a < 0 and b > 1. Then by Taylor”s theorem

rs-1 . rs

’ i . X (rs)
o) = § Xl 4oy 6 (Ex)
it (rs)!

i=0
where 0 S £ < 1.

It follows from what we have just proved that

b
[ (x5 x5 ) (pax | <
0
-1/r
n .
< sup{|e™ o1 ) ") x"F jax > 0
< :
0
as n tends to infinity and so
b
N-lim [C(x,")_"%) ¢(x)dx =
nse y
rs-1 ¢(i)(0) n T
= N-lim (x,")_7%) _xTdx +
nre oo it 0 n
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b

+ 1lim [ (x5 x5 (gxdax
n+e (rs)! 0

1

(-1)5%c(p)e T ()

r{rs-1)!
Further
a 1/n 0
[ () 7% e0idax = | lntan(S)(t)dt [o(x)dx
a 0 a
1 0
=n° | InCv/n)p %) (v)av ] ¢(x)dx
0 a )
and so .
0
. r, -s -
N—iigf((x+ Yo T 9(x)dx = 0.
a
Thus
b
N-lim (D7) L) = N-lin [ (x,)_"%) ¢(x)dx
a

(-1)%c(0)6 P50y (-1)T*Sc(p) (
=z - = &
r(rs - 1)! r(rs-1)!

(rs-1)

$)

and equation (1) follows. This completes the proof of the theo-

rem.
COROLLARY 1. The distribution (x_7)_"5 exists and
(x Ty 7S - (_1)5-1C(p)6(rs-1)
- r(rs-1)!
for r, s = 1,2,...

PROOF. The result follows on replacing x by -x in equa-
tion (1).
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COROLLARY 2. The distributions (-x,"),7% and (-x_"),7°
exist and
(_1)I‘S+Sc(p)
r, -s rs-1 r, - _ (rs-1)
(-x,7), = (-1) (-x_"), = é
: r{rs-1)!

for ry s = 1,2,... .

PROOF. The results follow on noting that

-5 _ _ -s
(-x), = X_
and so
r, - ry -s r, -s -s
-x,,7% = "7, («x_,7% = (xH_ 7.
THEOREM 3. The distribution (|x|")_"% existe and
L 2(-1)T 8y _
(2) (lxlr)_ s _ 6(rs 1
r(rs-1)!
for v, s =1,3,5,... .
PROOF. We have
1/n
f ln(t-]x]r)én(S)(t)dt,
r
- x| r
(3) ~(s-11CC|x [T = 0 < [x[" <1/n,
0, ) |x|% > 1/n
for v, s = 1,3,5,... . The function ((|x|")_"% is even and has

its support contained in the interval (—n'1/r,n'1/r). It follows

that
n-1/r

() [ x|™_ %) xtax = 0
_n-1/r

for odd i. For even i
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ai/r n’i/P
(5) | ((lxlr)_-s)hxldx = 2 (([x[r)_-s)nxldx
0

-1/r
n
and so is negligible except when i = rs-1., Thus if ¢ is an arbi-

trary test function with compact support

N-1im(CC|x|)_7%)_,6) = 2N-1im(((x,™)_"%)_,¢)

n-+w I+

and equation (2) follows. This completes the proof of the theo-

rem.
COROLLARY. The distribution (-|x|7),° exists and
+s
L. 2= (o) -
(_ler)+ s . 6(rs 1)
r{rs-1)!
for vy, s = 1,3,5,...
THEQOREM 4. The distribution (IXIP)_—S exists and
(6) (Ux1™H_ 7% = o

forry, s = 1,2,... and rs # 1,3,5,... .

PROOF. Equations (3), (4) and (5) of course hold for r,
s =1,2,... and 1 = 0,1,2,... . However, the critical case

i = rs-1 is odd and so

n—l/r
) - ((x]™)_7%) xtax
-1/r
-n
is either zero or negligible for i = 0,1,2,... and rs # 1,3,5,... .

It follows that

N-1im(C([x[™)_7%) 6> = 0 = (0,¢)

n->e

for arbitrary test function ¢ and rs # 1.3,5,... . Equation (6)
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follows. This completes the proof of the theorem.

-5

COROLLARY 1. The distribution (-|x|"),”° exists and

(-ler)+-S =0

for ry s = 1,2,... and rs # 1,3,5,...

r, - .
)_ S exists and

COROLLARY 2. The distribution (x2

2r) ~-s

(x = 0

for ry, s = 1,2,...

The result of corollary 2 was given in [5].
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REZIME

0 DEFINICIJI DISTRIBUCIJE (x, ") "%

Data je definicija distribucije F(f(x)), gde je F(x)
distribucija i f(x) lokalno sumabilna funkcija. Ispitan je spe-

cijalan sludaj F(x) = x_° i f(x) = x+r.



