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ABSTRACT

In this paper O=-permutable n-groupoids are defined
and considered. An n-groupoid (G,f) is called o-permutable,
where O is a permutation of the set {1,...,n+1}, iff f(on,...

- xcn) = xé(n+1) <=> f(xl,...,xn) =X for all  SERRRES SO
€.G. o-permutable n-groupoids are a generalization of several
classes of n-groupoids. Examples of o-permutable n-groupoids are
glven and some ofvtheir propertie; descﬁibed. Several conditions

under which o-permutable n-groupoids are n-groups are determined.
1. NOTATION AND DEFINITIONS
We shall use the following abreviated notation:

_ k (8) _n
f(x1”'"xk’xk+1""’xk+s’xk+s+1’""xn) = f(x1, g ’xk+s+1)’
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- - J g
= xk+s(6)x (xi is the empty symbol

for 1> j and for i > n, also x° 1s the empty symbol).

whenever Xy .4 = X o5 % ...

To avoid repetitions we assume throughout the whole
text that n > 2.

We say that an n-groupoid (G,f) is k-solvable, whe-
re k €{1,...,n} = N, is fixed, iff the equation

f(a?‘l, X, aE+1) = b

has a solution x € G for all elements a?, b e 6. If the solu-
tion is unique,tnen (6,f) is called an uniquely k-solvable
n-groupoid. If this equation has an unique solution for every
k € N , then (G6,f) is called an n-quasigroup.

An n-groupoid (G,f) is (i,j)~commutative iff

) = f(xit? -1 Do)

Fxil o %3 X:y X s Xis X3, X:y Xas
1 i 1 3 i+l i j+1

-1 )
i+1? 7j j+1
for all x? € G and some fixed 1 €i <3 €n. If (G,f) is
(i,j)~commutative for every pair (i,j), i,j € N, then it is
commutative. )

An n-groupoid (G,f) is (i,j)-associative, where
1 <i<j «n, iff

i-1 n+i-1 2n-1, _ j-1 n+j-1 2n-1
f(x1 s Fix; )N Xpei ) = f(x1 s f(xj ), xn+j )

for all x%n_l

€ G. .

An n-groupoid (G,f) is associative (i.e. it is an
n-semigroup) iff it is (i,j)-associative for every pair (i,j),
i,j e N_ . Note that for the associativity of (G,f) it is suf-
ficient to postulate the (1,j)-associativity for all je {2,3...
eeesnl} = N2,n‘ An associative n-quasigroup is an n-group. An
n-semigroup is an n-group iff it is k-solvable for k = 1 and

k = n or for some k other than 1 and n (see [10], P- 213). In
111 it is prov@d,(bﬁ% this proof is not complete, cf. [L4])

that an n-quasigroup is'an,n-group iff it is (i, i+1)-associati-
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ve for some i & N _,.
By Sn we denote the symmetric group of degree n.

. If o ¢ Sn, then.xai, Xg(i41)° *°* Xg3 ve denote

g g g]
by xci. If i > j, then xci is considered empty.
An n-quasigroup (Q,f) is called totally symmetric

(TS) iff f(xg?) = x <=> f(x?) = x for all x?+1 6 Q
and all o € Sn+1'

o(n+1) n+1

2., o-PERMUTABLE n-GROUPOIDS

DEFINITION 1. Let 0 € S . An n-groupoid (G,f)
n+1n+1

i8 called o-permutable iff for all ) € G
on
1)

n = P 3 =
f(xl) T Xpp < f(xU Xo(nel)

It is easy to see that this definition can be given
in another equivalent form.

DEFINITION 2. Let o € Sn+1' If oi = n+l for gome
i € N_, then an n-groupoid (©,f) ie o-permutable iff for all

o(i-1) n on -
Flxgr™ 75 £Ux9)s X5541)) = Xg(ne1)

If o(n+l) = n+1, then (G,f) <& o-permutable iff for all

n+l e G

X1

on, _ n
f(xol) = f(xl).

o-permutable n-groupoids represent a generalization
of various classes of n-groupoids. Among them are i-permutable
n-groupoids from [14] and cyclic n-quasigroups from [12] . In-
deed, if o(n+1) = 1 and ok = k+1, for all k e Nn’ then a o-per-
mutable n-groupoid is a cyclic n-quasigroup from [12]. On the
other hand, if Tk = k for k = 1,..., i-1, ti = n+1, ¢j = j-1
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for j = i+1,..., n+l, then a T-permutable n-groupoid is an
i-permutable n-groupaid from [14]. If & permutation o e Sn+1
is a cycle (k,n+1), then a o-permutable n-groupoid is
k-invertible in the sense of [3]. Some other classes of
n-groupoids which are special cases of o-permutable n-grou-

poids will be given later.
As a simple consequence of Definition 1 we obtain:

LEMMA 1. Let 0 e S 4 and H be a subgroyp of Sn+1

generated by o. An n-groupoid (G,f) Ze8 o-permutable iff it is

t-permutable for every T € H.

LEMMA 2, Let (G,f) be an n-groupoid. The set H of
all permutations o € Sn+1 such that

on, _ . n, _
f(xol) = %5 (n+1) = f(xl) = Xn+1

€ G, 78 a subgroup of Sn+1'
The set H of all such permutations we shall denote

n+l

for all xq

by N(£).
The notion of o-permutable n-groupoids is an exten-

sion of the notion of autoparastrophies of n~quasigroups to
arbitrary n-groupoids. Namely, if (Q,f) is an n-quasigroup,
then a new quasigroup (Q,f%) can be defined in the following

way:
o,.0ny _ — ny .
f (xol) ® Xg(n+1) <= f(xl) Xnt+1*

'(Q,fo) is said to be a parastrophe (or conjugate) of the
n-quasigroup (Q,f). If f° = £, then ¢ is called an autoparas-
trophy of (Q,f). Although it is not possible to define a new
operation £f% for an. arbitrary n-groupoid as it is done for
n-quasigroups, we see that o-permutable n-groupoids generalize

the notion of autoparastrophy to arbitrary n-groupoids.



On o-permutable n-groupoids 193

DEFINITION 3. Let H be a subgroup Qf'sn+1’ If
an n-groupeid (G,f) Z8 g-permutable for every o e H, then
(G,f) 78 called ¢ H-permutable n-groupoid.

It is obvious that an n~-groupoid (G,f) is H-permu-
table iff it is o-permutable for all o € T', where T is a set:
of generators of the group H. From Lemma 1 we see that every
o-permutable n-groupoid is H-permutable, where H is the sub-

group of S generated by o. If (G,f) is H-permutable n-grou-

poid then gzlis, of course, K-permutable for every subgroup K
of the group H.

A special case of H-permutable n-groupoids are H-n-
quasigroups investigated in [9]. '

Some other examples of H-permutable n-groupoids are
the follow1ng.

1. Totally symmetric n—qﬁasigroups are H permutable
with H = Sn+1' ‘ .
2. (i,j)-commutative‘n-groupoids are H-permutable,
where H ={(1),(i,j)}. Commutative n-groupoids are H-permutable,
where H = S and o(n+1) = n+l for all o e H.

3. If H is a cyclic subgroup of Sp41 generated by the
cycle (1,2,...,n), then H-permutable n-groupoid is a cyclic
n-quasigroup described in [12]. _

4, Medial n-groups are H-permutable for a subgroup
H of S n+l generated by the cycle (1,n) (see [1]).

5. If a subgroup H of Sn+1 is generated by the cycle
(i,i+1, ..., n+1), then a H-permutable n-groupoid is i-permutab-
le.

6. If H is the alternating subgroup of Sn+1’ then a
H-permutable n-groupoid is an alternating symmetric n-quasi-
group from [13].

7. Inlg]l D.G. Hoffman has given a construction of
a H-permutable n-quasigroup (G,f) of order mp, for every m > n,
P ® 2, and every subgroupiH of Sn+1’ such that MN{f) = H.
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PROPOSITION 1. If (G,f) Ze a H-permutable n-grou-

poid, where H i1& a subgroup of S then for every o € H

n+1°
such that o(n+l) # n+l the n—groupoid (G,f) ie uniquely sol-

vable at the place o~'(n+1).

PROOQF. Let d ¢ H and let ogi = n+l1l, Then by Defi-
a(i-1) on ) =
‘ o1 » Yo Xg(i+1)’ T Xo(n+1
uniquely determined solution y = f(x?) for every
xc(i—1) xcr(n+1)
ol * Pg(i+l)
has an unique solution at the place ¢~'(n+l), which completes

nition 2 the equation f(x y has an

€ G. Hence the H-permutable n-groupoid (G,f)

the proof.
If ¢ is a permutation from a subgroup H sfﬁﬁl, then

-1

(o} e H and cx!c € H for every k = 1,2,..., hence we have the

following coroliary.

COROLLARY 1. Every o-permutable n-groupoid (G,f),
where o(n+l) # n+l, <& uniquely solvable at the places
ck(n+1), k = 1,2,...,provided that ok(n+1) £ n+l.

COROLLARY 2. If H 7e a subgroup of Sn+1 such that
for every j € Nn there exiffs 0 e H such that o] ='p+1, then
every H-permutable n-groupoid is an n-quasigroup. In particu-—
lar, if H 28 a transitive permutation group, then every H-per-

mutable n-groupoid i8 an n—-quasigroup.

COROLLARY 3. If o(n+l) # ntl, then every o-permu-
table commutative n-groupoid ie& a totally symmetric n-quasi-

group.

From our Proposition 1 and Proposition 1 from [4] we

get the following.

PROPOSITION 2. A H-permutable n—-groupoid (G,f) is

an n~group if one of the following conditions holds:
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(<) (G,f) 28 (i,i+l)-associative for some
2 € i € n-2 and there exist 0,1 6 H such-that o~ '(n+l) =
= i <t'(n+1) < n,

{it) (G,£) Z8 (1,2) or (n-1,n)-aseociative and
there exist 0,T € H such that o(n+l) = 1 and t(n+l) = n.

PROPOSITION 3. A H-permutable n-semigroup (G,f)
i8 an n-group if one of the following conditions holds:
(i) . there exists 0 € H such that 1 € o(n+l) < n,

(ii)  there exists 0,T € H such that o(n+l) = 1
and 1(n+l1) = n.

(iii) there exists o € H such that o(n+l) = 1
and o(1) # n+l,

(iv) there exists o & H such that ol(n+l) = n and

o(n) # n+1.

From our Proposition 1, Corollary 1 and Proposition
1 from [4] we obtain:

PROPOSITION &, A o-permutable n-groupoid (G,f),
wvhere o(n+l) # n+l, 28 an n-group if one of the following con-
ditions holds: ’

(i) the (i,i+1)-associative law holds for
i’z o(n+1) or i = 0~'(n+1), where 2 < i < n-1, and (G,f) is
golvable at some place k > i,

(ii) the (i,i+1)-associative law holds for
i = min{o(n+1),0"'(n+1)}, where 2 € i € n-1 gnd oln+l) #
£ o~'(n+1),

(iii) o(n+1) = 1 and o(n) = n+l (or o(n+l) = n and
o(1) = n+1) and (G,f) 28 (1,2) or (n-1,n)-assoeciative.

PROPOSITION 5. A o-permutable n-semigroup, where
o(n+1) # n+l, 28 an n-group if one of the following conditions
holde:

(i) ol{n+1) = 1 gnd o(n)
(ii) ol{n+1) = n and o(1)

n+l,

n+l,
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(iii) 1 < ok(n+1)‘< nor 1< o X(n+1) < n for some
k e {1,2,3},
(iv)  o(n+1)

1 (or o(n+l)=n) and o*(n+l) # n+1l.

PROPOSITION 6. Let (G,f) be a o-permutable n-grou-
ﬁdid and let o(n+l) = 1 o~'(n+1). (G,f) is an n-group iff
it is (1,2)-gssociative and for every x € G there exists
%X € G such that f((nii), X, (i§2), y) =y for all y € G and
some firxed i € N ' :

2,n’

PROOF. By a simple generalization of the proof of
Theorem 2 from [4] and Corollary 1 from [1], we can prove that
a’(i,Z)—associative n-groupoid (G,f) is an n-group iff for all
x 6 G there exist X,X € G such that

2, (j£2)’ ~ (n;j))

y) =y = f(y, X,

for all y € G and some i,j € N2,n'

Now we have to prove that for a given n-groupoid the
first equatibn-ffqm (1) implies the second. Since o(n+l) = 1
and o(1) = n+1,'then by o-permutability of (G,f) we obtain that
the equation.f(y,'(nii)i = z implies f(z, (nzl)y . y. Hence
y_= £y, M=, 5y - oriy, e B, %20 by the (1,2)-as-
sociafivity. This means that f(y, %, (nz2)y . y for all x,y € G
and X = f((g)); which completes the proof.

In the same manner we can prove:

PROPOSITION 7. A c-permutable n-growpoid (G,f),
where g(n+l) = n = o '(n+l), 8 an n~group iff it is (n-1,n)-as-
gociaqtive and for every x € G there extists R €. G such that
£y, (j§2), £, (nz3dy y for all y & G and some j e N

2,n
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REZ IME

0 o-PERMUTABILNIM n-GRUPOIDIMA

U radu su definisani i razmatrani o-permutabilni
n-grupoidi. n-grupoid (&,f) se naziva o-permutabilan, gde je
o premutacija skupa {1,...,n+1}, ako i samo ako je
f(xoi,.;., x_ ) = Xs(n+1) < f(xl,...,xn) T Xp4q 2@ svako

XqaeeesX g znG; o-permutabilni n-grupoidi predstavljaju
uopitenje viZe raznih klasa n-grupoida. Navedeni su primeri
o-permutabilnih n-grupoida i opisane neke njihove osobine.
Odredjeno je nekoliko uslova pod kojim je o-permutabilni

n-grupoid n-grupa.



