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ABSTRACT

We consider the composition '"o'' of fuzzy binary relations on
the set W of weak fuzzy congruence relations on the given algebra
A, using the complete lattice L. (Weak fuzzy congruence relations are
defined for groupoids in [1], and it was proved in [2] that‘(C_w(ﬂ,<)
is a complete lattice, having as a homomorphic image the lattice of
all f\uzzy subalgebras of A).

_____  We prove that, provided that L1is infinitely distributive,
(CN(A),o) is a semilattice iff all weak fuzzy congruence relations on

A are permutable. Permutability, on the other hand, does not imply the
equality poB=pV8 in the lattice (E-w—a),<). Here we give the necessary
and sufficent conditions for that equallty, and we describe the connec-

tion between the operations o and V in all other cases.

1. Let A= (A,F) be an algebra, KA the set of its
constants, and L= (L,A,V,0,1) a compldté Tattice.
a) Every mapping p : 2%+1 is a fuzzy relation on A.
b) A fuzzy relation p on A is a weak fuzzy congru-
ence relation on A, if the following is satisfied:
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If c€K, then E(c,c) =1 (weak reflexivity);
For X,y €A, pl(x,y) =ply,x) (symmetry);

For x,y€A, p(x,y) > vy (p(x,2) Ap(z,y)) (transitivity);
z€A

For KiveoorXpo¥yreeer¥y eana, fanSF,
p(f(xl,...,x ), f(yl,...,y )) > A p(xi,yi) (substitution).

If Cw(ﬂ is a set of all weak fuzzy congruence relations on

A, then:
1.1, (cw'm', <) is a complete lattice (where p< @ iff

for every x,y€Aa, p(x,y) <8(x,y)). ([2]).

¢) If p and @ are two arbitrary fuzzy relations on
A, then po @ :A2+L, and for x,y€a,

po8(x,y) =V (p(x,2z) AB(z,y)) .
z

1.2, [3] 1If L is complete and infinitely distribu-
tive, then o is an associative operation in the set of all
fuzzy relations on A.

In the following, L is a complete lattice, and it is
distributive if explicitly stated.

2. Here we consider the conditions for o to be an
operation on Cwiﬂ .

PROPOSITION 2.1. Let L be an infinitely distribu-
tive lattice. Then for B,éecw(A) :Boéecw(A) iff po 8 =
= 80 p.

Proof. ULet po8=80p. Then, for ceK

V (p(c,2) A8(z,0)) =plc,c) AB(c,c) =1
zZEA

[ ~]]
-

(reflexivity)

pod(x,y) =V(ptx,z) A8(z,y)) =V(8(y,2) A p(z,x)) =
z 2

=8o0ply,x) =po8(y,x) (symmetry) .
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Composition o is associative, since L is infinitely c}istri-
butive, and thus (po08)o(po8) =(poplo(@o8)<pod . We use
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here the fact that BIEE and 51‘55 imply b, o 51§Bo 8 (by
the definition of o). (transitivity), '

Let f€F be a binary operation denoted by ".". Then,
by the distributivity of L,

po8(x,y) Apo8(u,v) = (V(p(x,2) AB(z,y)) A (V(p(u,t)Ad(t,v))
4 t .

=V V(p(x,z) AB8(z,y) A polu,t) AB(t,v)) <
z t :

< V (p(x-u,z°t) AB(z°t,y'v)) <V(p(x-u,p) AB(p,y-v) =
z,t P

= po8(x-u,yv) .

Hence, po @€ cwfﬂ .

Let now po8€C_TA) . Then
pod(x,y) =pod(y,x) = V(bly,2z) A8(z,x)) =
z

= V(8(x,2z) Ap(z,y))=80p(x,y), i.e. po8=80p .0
z .

PROPOSITION 2.2. Let p,8 as well as BoéechA) .
Then pY8=po® iff for all x€A,p(x%) =08(x,x).

Proof. Let for x€A p(x,x) =98(x,x). Then
PUBSDH08EDVE .
Indeed

U8 (x,y) =p(x,y) V8(x,y) = (b(x,¥) Aoly,y)) V
V (8(x,x) A8(x,y)) = (p(x,y) A8(y,y))V (p(x,x) AB(x,y) <
< V(p(x,2z) A8(z,y)) =pod(x,y), since for t,uea
¥4

blt,t) = B(t,t)>8(t,u) .
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Hence pUBSD 08, we have also
P(x,2) <P UB(x,z) <T(x,z), for every FGW, satisfying
pUB<T, similary, 8(z,y) <PUB(z,y) €T(z,y), for the same
T. Thus,

Podix,y) =\;(5(x,z) A8(z,y)) <\zl<-‘r<x,z)A T(z,y)) ST(x,y),
since T is transitive. Hence

PoBe n(T; PVBcT) = pVa.

ol

Since Qoﬁecw(A)‘, po8cpVvd is impossible, and thus
o8 =pvVa,
Let now pV8=po 8, which means that

p08>p and poB8>86 .
It is also true that

Do 8(x,x) =\z’(3(x,z)1\ 8(z,x)) = plx,x) A6(x,x)
(since p(t,t) > p(t,u)). Thereby
pod(x,x) = p(x,x) =8(x,x). D
3. In this part we define for every subset T of
(;wu) a special mapping fp s T+szA5, such that

V(p; pE€T) = V(£,(p); peT).

We use fT to describe the connection between o and V in
€, A, <).

Let T={Bi; 1e1}=C,(A), I#P. For pe€Cy,(A), let

- .2 p(x,y) , 1if x=y

§_:A“+L , §_(x,y) ={
p

©

0 , otherwise.
Let also &, S9&f V3 , andfor peT



On the permutability of weak fuzzy ... 221

LEMMA 3.1. If p€T, then p<£q,(p).
Proof. BSZTUEE;, for all T constituting the

intersection in (*), O
LEMMA 3.2. If p€T, then fT(B)<v(Bi; 519'1',)--

Proof. ZTuB< V_py, and this supremum is one

ier
of the relations constituting the above intersection. Thus
fo(p)< v p;, = O
T ier 1
LEMMA 3.3. a) If p€T, then Gf'r(‘-)) = Aqp

Proof. a) Let if :A2+L, such that
by
1_-\3 (x,y) = KT(x,x) AKT(y,y) .
A
T
Then A2 €C_(A) ([2]), and &> (x,%) >3_(x,y) .
A A P
Thus, __2_ is one of the relations constituting the intersec-
A
T .
tion in (*), and hence f, (p) <1_\3 . That implies
A
T

(%,x) =KT(x,x) , i.e.
AT *

= N e (- =2
GfT(B) (x,x) = fT(p) (x,x) <A
(1) GfT (B) <AT .

Conversely, (*) implies ET<?, for every 1 from the family

constituting the intersection, and

Ap =0T = £4(p) .
Thus, ZT (x,x) < fT(E) (x,%) = ng(B) (x,x), i.e.

A< 8o (= s
(2) AT GfT(p)
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By (1) and (2) '

§_ - =14, .
fT(p) T

b) Directly follows by a). O

PROPOSITION 3.4, If T={Bi; iGI}E‘Cw(A) s then

Ve = vEL.
ser’t  qer T
Proof. ByLemma 3.2., for every pST, £,(p) <

< vV E:L , and
ier

v £.(p,)< Vv b, .
jer T 1 4erd
By Lemma 3.1., for every i61I, -pi<fT(Ei), and
Vo, <V f,r(?,i) .
ier ier
Thus \ E = vy £ (B ) . (m}
" jert qerT i
PROPOSITION 3.5.If L ta an infinitely distributi-
ve lattice, and the set T={B,§}scwu) satiefies the equa-
ity
£2(p) 0 £,(8) ="£,,(8) o £,(p) ,

then - - _ -
*pVe = £,,(p) ofT(Q) .

Proof. By Proposition 2.1., £4(p)o fT(§) €

€ Cw(A), by Lemma 3.3. b) (sz(B) =6fT(6) . by Proposition
2.2,

£0(p) V £,(8) = £,(p) 0 £,(8) , and by Proposi-

. tion 3.4. (a) is satisfied, proving the proposition. O
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RE ZIME

0 PERMUTABILNOSTI SLABIH RELACIJA

KONGRUENC 1 JE

U radu se igpitude kompozicija rasplinutih relacija
na mre#i slabih rasplinutih kongruencija date algebre. Daju
se potrebni i dovoljni iuslovi da to bude asocijatkvna opera-
cija, kao 1 potrebni i dovoljni uslovi da kompozicija dve

slabe rasplinute kongruencije bude supremum u odgovarajuéoj
mreZi.



