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ABSTRACT

The notion of CR-submanifolds of a Kaehler manifold
was introduced by A.Bejancu ([1]. Later, CR-submanifolds of a
Sasakian manifold were studied by M.Kobayashi [71. In this
paper, we shall study some properties of a D-totally geodesic
and Dl-totally geodesic CR-submanifold of a Sasakian manifold.
We also study the Ricci tensor and scalar curvature of D-mil-

nimal and DY-minimal CR-submanifold of a Sasakian space form.

1. INTRODUCTION
Let M be an n-dimensional almost contact metric mani-
fold with structure tensors (¢,£,n,q) satisfying
2 )
(1.1) ¢ =-1+n@dE, ¢£=0, n0p=0, ni{g)=1,
(1.2) g(¢X,4Y) = g(X,¥) ~ n{X)In(Y), g{X,E) =n(x) ,

for any vector fields X and Y on M.
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M. is called a Sasakian minifold if
(1.3) (Vy$)¥ = (VX - g(X,¥)E -

(1.4) VgE = ¢X

where 7 is the Riemannian connection determined by g.

DEFINITION. An m-dimensional Riemannian submani-
fold M of a Sasakian manifold M ie ealled a CR-submanifold
if £ £8 tangent to M and there exists on M a differventiable
digtribution D:p+-Dp= TPM guch that

(Z) DP ig8 invariant under ¢ i.e. @DPC:D for each pem,

p,
(1) the orthogonal complementary distribution Dl:p+
+ D;C TPM of the distribution D on M i8 totally
real, i.e. ¢D = TM , where T M and T M are the

p p p p

tangent space and the normal 8pace of M at p.

We call D (resp. Dl) the horizontal (resp. vertical)
distribution. Moreover the pair (D, Dl) is called ¢-horizon-
tal (resp. g -vertical), if gpe Dp (resp. EDGD;) for each pg¢
M, [7]. ) N

Let the orthogonal complement of ¢Dl in TlM be p .

Then we have

NS 1 NN
M= T M = ¢D
Tp D @& DP, p ¢ p ® u

p p’

It is obvious that

¢Up = Up .

The distribution: p-*T;M on M is denoted by v. Thus v==¢Dle;u

The distribution D (resp. p!) can be defined by a
projectér P (resp. Q) which satisfies the conditions

p’=p, o°=qQ, Pa=QP==, g(P,Q =0

The Gauss and Weingarten formulae are given by

(1.5) vxy = V.Y + h(x,Y) ,
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(1.6) VN = -AX + V;('N ,

where V is the Riemannian connection on M, V1 is the connec-
tion on the normal bundle induced by V and h is the second
fundamental form of the immersion satisfying

(1.7) g(AX,¥) = g(h(X,¥),N) .
For a vector field N in the normal bundle, we put
(1.8) ¢N = BN + CN ,

where BN (resp. CN) is the vertical (resp. normal) part of ¢N,
The equation of Gausgs is given by

(1.9) R(X,Y,Z,W) =R(X,Y,Z,W) +g(h(X,2), h(Y,W) - g(h(Y,2) h(X,W))

where R (resp. R) is the curvature tensor of M(resp.M). .
Calculating (VX¢)Y in two different ways and compa-
ring the horizontal, vertical and normal part, M.Kobavashi

obtained the following [7].

(1.10) PVXd)PY— PA X=¢PVXY+T1(Y)PX- g(X,Y)PE ,

QY
(1.11) QV,$PY - @A, X =Bh(X,Y) + n(¥)QX-g(X,V)QE ,
(1.12) h (X, ¢PY) + v;q:gy = QU ¥ +Ch(X,Y) .

2. D-TOTALLY GEODESIC AND DY-TOTALLY
GEODESIC CR-SUBMANIFOLD

DEFINITION. A CR-submanifold M of a Sasakian mani-
fold M ie said to be D-totally geodesic (resp. Dl—totally
geodesie) if h(X,Y) =0 for X,YED (resp. h(Z,W) =0 for

‘W,zep).
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PROPOSITION (2.1) Let M be a CR-submanifold of a
Sasakian manifold M. Then M ig D-totally geodesic if and on-
ly if ANXGDl for each X€D, NE€v

Proocf€E. Let M be D-totally geodesic. Then h(X,Y)=0
for X,YeD. Now for Nev, we have

0 = g(h(X,Y),N) = g(ANX,Y) ’

that is, ANXGD"'.

Conversely, suppose A.NXGDL. Then for X,Y€D we have
0= g(AerY) = g(h{X,Y),N) ,

that is, h(X,Y) =0, for X,Y€D which implies that M is D-to-

tally ceodesic.
The following is direct.

PROPOSITION (2.2). Let M be a R-submanifeld of a
Sasakian manifold M. Then D is Dl—totaZZy geodegie ©f and
only if ByX€D for each XeD' and Nev.

Now we shall prove

PROPOSITION (2.3) Let M be a D'-totally geodesic
E-horizontal CR-submanifold of a Sasakian manifold M. Then
we have

(1) $AX = wa ,

1, _ o1
(11) ¢Vxl\ = Vx ¢NEn ,
(1i1) VgN€u .

for any vector fields XGDl and N€u.

Proocf¢t. From (1.3) we get
(Tgé)N = n(MX - g(X,N)E = 0

which gives that
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Vx¢N = ¢VxN .
Now using the Weingarten formula, we have
L il
¢ANX— $Vy N = A¢NX— Vg ¢N .
Now, from Proposition (2.2), ANXGD for XeéD and Neu. Hence

$AX €D, A, XED. Also vy NeD'eu, Vy gNe¢D @ .

Consequently, ¢ANX = A ¢Nx ’
1 1
and nbeN=Vx PNEu .

Further, ¢V; Neu and ¢éu=1u which gives that V;‘ Neu.

DEFINITION. The horisontal (resp. vertical) distri-
bution D (resp. D') is said to be parallel [1] with respect
to the connection on M if VyY€D (resp. v,we p* ) for any vec-

tor fields X,YE€D (resp. W,ZGDI).
We shall prove

PROPOSITION (2.4) Let M be a E-vertical CR-submani-
fold of a Sasakian manifold M. Then the distribution p! is
parallel with respect to the connection on M, if and only if
A\ZE€D' for each 2€D' and Nev. '

Proof. Let w,zenl. Then us:fng the Gauss and
Weingarten formulae, we have

_A¢wz+V;¢W = ¢V,W+¢h(W,2) +n(W)Z2 - g(W,2)E .

Taking the inner product with YE€D, we have
-g(A¢wZ,Y) =g(¢v,W,Y) +n(W)g(2,Y) - g(W,¥Y)n(y),

- g(A, Z,Y) = - g(VzW,ch) .

oW

Therefore, V,We€D if and only if A Z€D' for all zeD,
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-N€ zi:D1 whereby the result is proved.

Now we shall prove

PROPOSITION (2.5.) Let M be a E-vertical CR-subma-
nifold of a Sasakian manifold M. Then

(2.1) ¢$Ch(X,Y) = Ch(¢X,Y) = Ch(X,¢Y)

for X,YED.
Proof. Using (1.11), we have, for X,YED.,

(2.2) QVyxtY = Bh(¢X,Y) - g(¢X,Y)QL .
Again, interchanging X and Y in (1.11), we get
QVY¢X = Bh(X,¥Y) - g(X,Y)Q% .
Replacing X by ¢X in the above equation, we obtain
Qv (4°X) = Bh(4X,¥) - g(¢X,¥)QE
(2.3) QV,X = - Bh($X,Y) + g($X,Y)QE
adding (2.2) and (2.3), we have
VYX + V¢X¢Y€D .
Now from (1.12), we have
h(X,¢Y) = ¢Q(VXY) + Ch(X,Y) ,
which, on replacing X and Y by ¢X and ¢Y, givés
(2.4) ~h(¢X,Y) = ¢Q(V4 $Y) + Ch($X,4Y).
Aléo, interchanging X and Y in (1.12), we have
(2.5) h(¢X,¥) = ¢Q(VyX) + Ch(X,Y).

Adding (2.4) and (2.5) and using the fact that VX +V¢Y¢XGD,
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we have
Ch(¢X,4Y) + Ch(X,Y) = 0,
or Ch(¢2x,¢Y) + Ch(¢Xx,Y) =0 ,
and consequently, Ch(X,¢Y) =Ch(¢X,Y).
Again from (1.11), we have

Q(UyoY) = Bh(X,Y) - g(X,Y)Qf

or, Q(7,46%Y) = Bh(X, $¥) - g(X,0¥)QE
and hence

QVXY = - Bh(xl¢Y) + g(x,ttY)QE .

Using the above equation in (1.12), we have

h(X,9¥) = ¢(QUy¥) +Ch(X,¥) ,

¢ (-Bh (X, 4Y) + g(X,¢¥Y)QE) +Ch(X,Y).

- ¢ Bh(X,4Y) +Ch(X,Y)
Applying ¢ on both sides, we get
¢h(X,¢Y) = Bh(X,¢¥Y) + $Ch(X,Y) .
Then using (1.8) in the above equation, we get
ch(X,¢$Y) = ¢ Ch(X,¥)
which completes the proof of the proposition.

M.Kobayashi [7] has shown the

PROPOSITION. Let M be a CR-submanifold of a Sasa-
kian manifold M. If M is E-horizontal, then the distribution
D is integrable If and only if ’

h(X,¢¥Y) = h(Y,¢X) for all X,Y€D.

Using the above proposition, we have
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PROPOSITION (2.6)

Let M be a §-horizontal CR-gub-
manifold of a Sasakian manifold M. Then the horizontal die-

tribution D 18 parallel if and only if

(2.6) h(X,9Y) = h(¢X,Y) = ¢h(X,Y) for X,YED.

Proof. Since every parallel distribution is

involutive the first equality in (2.6) follows immediately.

Now since V,¢Y €D for X,YED , using (1.11), we
have

Bh(X,Y) =0
Therefore, from ¢h(X,Y) =Bh(X,Y) +Ch(X,Y), we have
¢h(X,Y) = Ch(X,Y).

The converse part follows from equation (1.12).

3. RICCI TENSOR AND SCALAR CURVATURE OF

D-MINIMAL OR D-MINIMAL CR-SUBMANIFOLD
OF A SASAKIAN SPACE FORM

Let {Eo==g, El,...,Em_l} be a local field of ortho-

nmormal frames on M such that in case when M is g-horizontal
{E,=¢, El""'Ep'Ep+1=¢El' E2p=¢Ep} is a local frame £fi-

eld on D and {Fl,...,Fq} is a local frame field on D'.

Let M be an £ -horizontal CR~submanifold of M. The
mean curvature vector field H of M in M is defined by

g- 1 c 2p+1 q
i=1 k=1

(3.1)

If H=0, then M is said to be minimal. Now we shall define

1 2p+1
I Y

Ly h(Ei'Ei) '
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(3.3) H, == ci‘ h(F, ,F,) .

Dl q xiy k'"k
If HD==0, then the CR-submanifold M.is said to be D-minimal,
and if HDl‘—- 0, then it is said to be D'-minimal. Similar de-

finitions can be given for g-vertical CR-submanifolds.

Now, suppose M(C) to be a Sasakian space form. Then

the curvature tensor of M(C) is given by [7].

3.4 Rx,wz = 3 (g, mx- 9,0y - (nw) nrx

n(X)n(z2)y + g(Y,Z) n(xX)g - a(X,2) n(Y)g

g(oY,2) ¢X + g(¢X,2) Y + 2g(6X,Y) 2 }.

Let M be a CR-submanifold of a Sasakian space form M(C). Then
the equation of Gauss is cgiven by

(C+3)
(3.5)  R(X,Y,Z,W) = —~{g(¥,2)g(X,W) - a(Z,X)g(Y.W)}

- LD @ n(2) g (X, W) - n(X)n(2)g (¥, W)

+ n(X)n(W) g(¥,2) - n(¥) n(W)g(X,2)~-g($PY, 2) g(¢PX,W)

+ g(¢PX,2)g(¢PY,W) + 2g(¢PX,Y)g(¢PZ,W)}

Let X, Y€D, Z,WeDl and U,V be any vector field tan-
gent to M. The Ricci tensor and the scalar curvature are gi-

ven by

2p+1
(3.6) s(u,v)= } g(R(E;,U)V,E,) +kc§ g(R(F,U)V,F})
i=1 =1

2p+1 q
(3.7) p= _ZIS(Ei,Ei) +k£1 S(Fy,Fy)

1
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Also, we define

" (3.8)

(3.9)

(3.10)

(3.11)

(3.12)-

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

‘ 2p+1
Sy (U,V) = 1-2- g(R(E U)V,Ei) ,

s WY = ] gRE,DV,E)

D k=1
2p+1 ’
op = I Sp®E). eppy kzl Sp (FirFi) s
_ 2 p+l g
leD = 2 s L (ByrEq) s leDl=k£1 le(Fk,Fk),

Now for X,Ye€D and Z,WGD1 we get

Sp (X,¥) =7 { (€+3)p+(C-1) }g (X,¥) = 3(C=1) (p+1)n (K)n (¥)

2p+1
+ g((2p+1)Hy,h(X,¥)) ~ ] g(h(Ei,Y) h(X,E)),

i—

. 2p+l
Sp (X,2) = g((2p+1)Hp,h(X,2)) - 1219(“}31'2) h(X,E.)),

S, (Z,W) = 7 {(C+3) (2p+1) - (C-1)1g(Z,W)
2p+1

+ g((2p+1)Hp,h(Z,W)) - 2 (BB 2 BOLED),
s ,(z2,W) = I(C+3) (q-1) g(Z,W) + g(qHy.1,h (Z,W)
p!

% g (h(Fy ,W),h(Z,F)) ,
k—

9
5 ,06,2) =g(gi D) - ] gbE,D RER)),

5 ., (X ¥) =7 (C+3)q g(X,¥) -1 (C-Dgn(X)n(¥)

+ g(gH

b1 (X,¥)) -kgl g(h(F,¥) ,h(X,F)).
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Now we have

2p+1

(3.18) s (E,,E,)

)

= p(pC+3p+C+1) - (2p+1)zg(HD,HD)

2p+1
- h [ [ . I
1,§=1 gl (Ej E,) h(E, ,E;))

2p+1
(3.19) oy = 121 Spi(E, ,E,)

= 3 q(pC+3p+2) +q(2p+1) g (B Hp)

2p+1 E
= E ) ,h(E,,F ’
L L 9(E LB RERD)

(3.20) pDDJ‘ = % S(Fk'Fk)
k=1

= 3 a(pC+3p+2) + (2p+1)q glHy Hp )

2p+l g :
L L smEGE) hELR))

k=1

F(c43) (g-1g + ng(no*,nni )

q
_h E=1 g(h(Fk’Fk)'h(Fk'Fk)) .

From (3.19) and (3.20), we observe that

Pop! = Pplp

'Now we shall prove
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PROPOSITION (3.1) Let M be a D-minimal E-horizon-
tal CR-submanifold of a Sasakian space form M(C). Then,

(@)  Sp(X,¥) =g {(C+3)p+ (C-1) }g(X,¥) +3 (C-1) (p+1) n(X)n (¥)

18 negative semi-definite for X,YED.
(@%) S (2,W) -7 {(C+3) (2p+1) - (C=1) }o(Z,W)
18 negative semi-definite for Z,WGI){

(b) <p(pC+3p+C+1).

PpD

. . 1
.(b ) Ppp <7 (pC+3p+2)g .

Proof¢t. From (3.12) and (3.14), we have

Sp(X,¥) =5 ((C+3)p+ (-1 }g(X,¥) +3 (C-1) (p+1)n (x)n(¥)

2p+1
= - 1-2-—1 g(h(Ei,Y),h(X,Ei))

8y (2,W) -% { (C+3) (2p+1) - (C-1)}g(2Z,W)
2p+1
= 1 9(h(E;,2),h(W,E)).

i=1

Also from (3.18) and (3.20), we have

2p+1
pDD=p('pC+3p+C+ 1) - ) z_ q(h(Ej'Ei) 'h(El'Ej)) ’
lrj—l
1 2p+1
Pppt =% A(pC+3p+2) - ] ? g(h(E;,F ) ,h(F,E;)).

i=1 k=1

From these formulae, the theorem follows.
Also we have
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1 .
PROPOSITION (3.2) Let M be a D -minimal E-horizon-

"tal CR-gsubmanifold of a Sasakian space form M(C). Then for

SDl’ Ppipt and Pplp we have that

(a) SDL(Z,W)-—% (C+3) (gq-1)g(2,W) Zs negative semi-definite
| for Z,WeD". |
(@) Sy (X,¥) -7 (C+3)g g(X,¥) +F (C-Lig n(X)n(¥)

18 negative gemi-definite for X,YED.

(b)  ppupy < F (C+3) (g-1)q .

(b°)  ppip < 3 Q(pC+3p+2).

PROPOSITION (3.3) Let M be a D-minimal §-horizon-
tal CR-submanifold of a Sasakian space form M(C). Then M is

D-totally geodesiec if and only ©if M satiefies one of the fol-
lowing conditions

(@) sp(X,¥) = 3 {(C+3)p+ (C-1)}g(X,¥)

+ 5 (C-1) (p+)N(X)N(Y) , for  X,YED.

(™

(b) Ppp = p(pC+3p+C+1) .

PROPOSITION (3.%4) Let M be a D'-minimal E-horizon-—
tal CR-submanifold of a Sasakian space form M(C)., Then M <8
Dl—totaZZy geodesic <If and only if M satisfies one of the
following conditions:

(@) K,(Z,W) =7(C+3) for z,WeD" (M.Kobayashi (8] th (3.5)]

where KM(Z,W) i8 the sectional curvature determined by or-
thonormal vectors Z and W.

(b) S,1(Z,W) =3 (C+3) (q-1)g(z,W) , for Z,WeD>.

(€)  pPpips = % (C+3) (g-1)q .
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Now considering the formulae (3.12)-(3.21), we ob-
tain the following result due to M.Kobayashi (c.f. [7],Th.
4.1).

THEOREM. Let B be a minimal E-horisontal CR- sub-
manifold of a Sasakian space form M(C). Then,

(@) s-4{(C+3) (m-1) +2(C-1) (P, P)
- $1{(C+3) (1) - (c-1) }o(Q,Q)

+ § (C-1) (m1)nen

te negative gemi-definite.

(b) p<11—{ (C+3) (m=1) + 2(C-1)} (2p+1)

+ 3 {(C+3) (m-1) - (C-D) }m-2p-1) ~ F (C-1) (m+1).

Proof. By (3.18)-(3.21), we have

S(X+Z, Y+W) =S(X,¥Y) +8(Z,Y) +S(X,W) +s5(2,W)

SD(X,Y)'PSDL(X,YJ'*SD(Y,Z)-+SD1(Y,Z)-PSD(X,W)

+

le(xlw) +SD(Z,W) +SD1(ZIW) .

$ 1 (C+3) (m-1) +2(C-1) }g(%,¥)
+ 31-{ (C+3) (m-1) - (C-1) }g(Z,W)

- § (C-1) (m+1)n (X)n () + g(miL,h (X+Z, Y+H))

m .
- 21 g(h(E,,X+2), h(E,, Y)) .
= ,

Again

5(u,v) = SD(U,V) + SDl(U,V)



277
CR-submanifolds of a Sasakian manifold

2p+1 %
2 S(E;,E;) + A S(Fy /Fy)

©
It

2p+1 2p+1 ?
XS(EE)+ Esl(E,E)+ Sy (Fy /Fp)
1 =1 k=1 k

% S 1(F _,F.)
ki TDYUKRK

+

fpp * Ppip TPppl * Ppipes

3 {(C+3) (m=1) +2(C-1) }(2p+1) + 7 { (C+3) (m-1)

(C-1) } (m~2p-1)

1 2p+1
- g (C=1) (m+1) + g(mH, mH) -i % . g(h(E,, j) h(Ei,E ))

(fzfl ) /h( ))
2 g(h(E IF h E ,F
k=1 i=1 ik k

jlz=1 g(h(Fj;Fk), h(Flek)) .

from which the theorem follows.

REMARK. Similar results can be obtained for a E-ver-
tical CR-submanifold of a Sasakian space form.
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REZIME
CR-PODMNOGOS TRUKOS TI SASAKIANOVE
MNOGOSTRUKOS T!

Pojam CR-podmnogostrukosti Kaehlerove mnogostrukosti
je uveden od A.Bejancua [1]] . Kasnije ,CR-podmogost rukost
Sasakianove mnogostrukosti je izu&avao M.Kobayéshi [ 7] .

U ovom radu su izufene neke osobine D-totalno geodezijske

i Dl—totalno geode zijske CR-podmnogostrukosti Sasakianove
tenzor Riccia i skalarna

mnogostrukosti . Takodje je izu€en
forme

krivina D-minimalne i Dl—minimalne CR-mnogostrukosti

Sasakianovog prostora .



