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ABSTRACT

o An n-quasigroup (Q,f) is called a G-n-quasigroup iff
f = f° for all o € G, where G is. a subgroup of the symmetric
group of degree n+l1 and f9 is defined- by

(% L penn,x - f(xl,...,xn) = x

ol on) " Xg(n+1) n+l’

In the paper regular permutations (Definitions 1, 2 and 3) of
several classes of such n-quasigroups are considered and some
of their properties described.

1. INTRODUCTION

In the theory of binary quasigroups there exists a
well known close relation between nuclei and groups of regular
permutations. In the case of n-ary quasigroups the situation
is similar, although there exist several different generaliza-
tions of the notions of nuclei and regular permutations (see
[1]5 [3], [4]). In this paper we shall consider some classes of
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_regulaf permutations which were defined and considered in [2],
(4], [5), (6], [8]. In [2], [5]) and [8] regular permutations
of totally symmetric (TS) n-quasigroups were studied. But TS-
-n-quasigroups, as well as cyclic n-quasigroups ([9]) and al-
ternating symmetric (AS) n-quasigroups ([10]), are only speci-
al cases of a class of parastrophy invariant n-quasigroups -
they are all G-n-quasigroups, where G is a transitive permuta-
tion group ([7]). In the paper we shall consider regular per-
mutations of some classes of parastrophy invariant n-quasigro-
ups, in particular G-n-quasigroups, where G is transitive. Sin-
ce TS, cyclic and AS n-quasigroups are special cases of G-n-
-quasigroups, where G is transitive, some of the obtained re-
sults generalize the corresponding theorems from [5], [8], [9]
and [101].

2. NOTATIONS AND DEFINITIONS

We shall give some basi¢ definitions and notations.
Other notions from the theory of n-quasigroups can be found in
(2].

The sequence X_ ,xm+1,...,xn we shall denote by {x. W

i'i=m
or by XE‘ If m > n, then xm will be considerec empty. The seqg-
uence X,X,...,x (n times) will be denoted by R. If n < 0, then
n

X will be considered empty.
An n-ary groupoid (n- group01d) (Q,f) is called an n-
-quasigroup iff the equation f(al 1,x a2+1)

solution x for every al,b € Q and every i € h = {1,...4n}.

= b has a unlque

n- qua81group (Q f) is an n- loop iff there ex1sts e € Q such
that f(?! ,x, nel) = x for all x € Q and all 1 € N , and e is
called a unit of that n-loop.

An n-quasigroup (Q,f) is called idempotent iff f(x) =
= x for all x € Q.

An n-quasigroup (Q,f) is isotopic to an n—quésigroup'

n+1.

(Q,g) iff there exists a sequence T = (a ) of permutations

of Q such that the following identity . .

Ny _
g(xy) = a f({alxl}l 1)
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holds. T is celled an 1sotoplsm, g is an isotope of f, and
by f = g we éenote that f is 1sotoplc to g by T. T -1 is de-
fined by T 1 = ({u; }n+1). If T is an isotopism of (Q,f) to
itself, that is T f then T is called an autotopism of f.
The set of all autotopisms of an n-quasigroup (Q,f) under the
compositions cf autotopisms is a group which we denote by A(f).
The automorphisn group'of (Q,f) we denote by Aut(f).

By Sn we denote the symmetric group of degree n.

If (Q,f) is an n-quasigroup and o € Sn+1’ then the
n~quasigrodp £° cefined by

£x_ 10 =

ny _
ci’i=1 * f(xl) =X

Xo(n+1) n+l

is called a c-parastrophe (or simply parastrophe) of £f. If
o,T €8S n+1? ther (£ = £97, If T = (an+1) is an isotopism
of £, then (T )% = (£ )T , where T° = ({a 01}2+1)‘
If (Q,f) is an n-quasigroup and o € Sn+1 such that
f = fc, then ¢ is called an autoparastrophism of f. The set of

If (Q,f) is

all autoparastrophisms of f is a subgroup of Sn+1'
g

an n-quasigroup end G is & subgroup of S n+1 such that f = f
for every o € G, then (Q,f) is called a G-n-quasigroup (7.
We also say that (Q,f) is a G-permutadle n-quasigroup. G-n-
-quasigroup ars called parastrophy invariant n-quasigroups. 0f
course, if H is & subgroup of G, then every G-permutable n-
~quasigroup is also H-permutable.

Let (Q,f) be a G-n-quasigroup. If G = Sn+1’ then
(Q,f) is called totally symmetric, if G is alternating subgro-
up of Sn+1’ then (Q,f) is called alternating symmetric and if
G is generated by the cycle (1 2 ... n+l1), then (Q,f) is cal-
led cycllc.

If Q is a nonempty set, by € we denote the 1dent1ty

mapping of Q.
3. REGULAR PERMUTATIONSl

As we have noted before regular permutations of bi-
nary quasigroups can be generalized to n-ary case in several
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ways. Here we shall consider regular permutations of n-quasi-

groups as defined in [8}, [2], [u4], [5].

'Definitlon 1. (l2], [8]) Let (Q,£f) be an n-quast-
group, 1 € N . 4 permutatzon a of Q 18 saza to be i-inverse
regular for f iff (* ,a,n l,a ) € A(f). 4 permutation of Q
which 18 i-inverse regular for £ for all i € Nh is chZed in-
verge regular for f. The set of all inverse regular permutati-
oneg for £ will be denoted by V. ' k

Definition 2. ([&), [5)) Let (Q,f) be an n-quasi-
group, ieN A permutation o of Q is i-outer regular for f
ir7 O81,a,783 6) € ACE) for all § € N\ {i}. The set of all
i-outer regular permutations for f szZ be denoted by Ai.

Definition 3. ([4], [5]1) Let (Q,Z) be an n-quasi-
grocup, 1 € Nn‘ A permutation o of Q 28 1-inner regular for f
1ff there exist permutations B%¥, j € NN {1}, such that
iz 1,a, I7§- 1,33 1 n=3*1y ¢ acd) for al 3 € N\ {i}. The
permucation B’ 6 sazd to be j-conjugate to o. ”he get of all
i-<nner reaular permutations for f will be denoted by 0 the
szz of all J=eonjugate permutations to all i-iuner regular per-
mutad tionsg by ogj .

Fach of the sets V, Ai? @, ogj under the compositi-
on of mappings is a group.

Proposition 1., Let (Q,f) be an n-quasigroup. Then
every inverse regular permutation for f ig i-inner regular per-
mutation for £ for all i € N, Z.e. Vg 0.

(i_l

. Proof, If o € V, then for all i € N s Ti = 3Gy
"et,a7!) € ACE) ana T7? (€ A, Thus, for a flxed i€ N_ and
every j € N \ {i} T, T = (J 1 -1 - 3 1,a, ) € A(f) hence

a € 0.
i
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Proposition 2. Let (Q,f) be an n—quasigroup. If a
i8 an i-inner regular permutation fer £, then every j-conju-
gate permutation to a is j~imner regular permutation for £, %.

e.

o%. < O..
i3 €%

Proof. Let a € O, ;» and Bg be j—conjugate to a, 3 €
€ N_\ {i}. Then for all j € LR T S (igl,a,37# 1 ,s#
n=3%1y ¢ a(f) and T ; € ACE). Hence for a fixed j € N\ (i)
and all k € N\ {i,j}.

-1 -
I3 Ty = OF ,s# k-3- 1,3# 1 n- %*1> € ACE),

and since T;; € A(f), it follows that Bg €o,.

Proposition 3. If T = ¥+1) 18 an autctopism of a

G-n-quasigroup (Q,f) and o € G, then 7% = (ug§n+1)) 18 also
an autotopsm of f.

Proof. Since fT = f and f9 = f, it follows that
_ T\0 _ o\T% _ 7% . . . =
£f= () = (£f7) = f+ , i.e. T is an autotopism of f.

Proposition 4. If for some i,j € Nr’ i=#* 3,
i

‘(lEi,a,J-%-l,B,n-%+1) i8 an autotopism of a G-n-quasigroup
(Q,f), where G ig transitive, then B = a-l.

Proof. Since (*g1,0,37%71,8,773*1) € a(£), the fol-
lowing identity

(1) £xd™axg, 22,0 = £GdTL g 0 a0

1 3 j+1)

holds. Putting in (1) Xy T oeee B X F X, by the transitivity

of G we get

f(lil,ax,nil) z f(Jil,B 1x,n J) = geix? B 1x,n l),
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which implies ax = 87 1x, i.e. 8 = o L.

' Corollary 1. Let (Q,f) be a G—n-quaeigroup, where

G 18 transitive.

(<) If o € Ay, then a? = g, i.e. A; is a boolean
group. ‘ ,

(22) If a€ @, and 6? ig j;conjugate to a, jENn\{i},
then a = Bg.

Proposition 5. Let (Q,f) be an n-quasigroup. If at
least one of the following conditions‘holds

(7) Q 78 finite,
(<) (Q,f) <8 G-permutable, where G is transitive,

then fbr all 1i,j .€ Nn

O, = Q%. = O..
i ij j

Proof, (i) Let Q be finite. Since the group @Ij is
antiisomorphic to @ these groups are isomorphic. Hence by

it .= O, . .. Si o= D%, ., it fol-
Proposition 2 ol Ql] fod °3 Since alsc oj @51 c @l, it fol

"Zows that ®; = oj, which implies o, = ogj = oj for all i,j € Nn'

(ii) Let (Q,f) be G-permutable, where G is transi-
tive. If o € ol, i.e. there exist B » M € N \ {i}, such that
(lei,m-% 1 B;‘ -@+1) € A(D), then for any k € N by the
tran51t1v1ty of G we obtain that ( el,a,j % 1 6"‘—1 n- j+1) € ACLD)
for all j € N \ {k}. Hence 0 < °j for all i,j € Nn’ which gi-
ves oi = o], for all i,]j € N .

If a € ol and 83 1s j-conjugate to a, j € NN {i},

then by Corollary 1 o = Bg, j € Nn \ {i}, that is, a E % .

. : ] » l :]
for all j € Nn \ {i}. We have obtained that oi c °§j for all
i, € Nn' By Proposition 2 it follows Qi = o%. = @. for all

. s 1] ]
1,1 € Nn' .
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Theorem 1. Let (Q,f) be a G-n-quasigroup, where G

18 transitive. Then

for all 1,j € Nn'

. _Proof If a € A, i "then by PPOPOSl;lOﬂ L
(jgl,u,nEJ,a ) € A(f) for all j € N_~_{i} . The transitivity
of G implies that (* 1q, k-1- 1a -1’n ¥*1) € A(f) for some k €
€ Ny \ {i}. But (kEl,a,nEk,a_l)(igi,a,k-%-l,a-i,n-§+1) =
= (iEi,u,nEi,u—l) € ACf), hence a € Aj, for all j € N_. Con-
sequently, Ai = A. for all i,j E;Nn, and Ai c V.

J

Propositions 1 and 5 imply that V ¢ @, = Ogj for all

1, €N . If a €9, then T, = (iai,a,j'é‘i,sg‘i,“‘é*l) € ACE)
for all j € N\ {i}, but by Corollary 1 Bg = a, for all j €

€ N \ {i}. Also, since G is transitive there is o € G, o(n+l) =
- i, such that (1" 1. (98le,"3,07Y) €A, for a1l €N,
i.e. o €V, whlch completes the proof.

Since in G-n-quasigroups, where G is transitive,
= A . = 0%, = O. i, i i
Ai Aj, ol 013 03, for all i,j € Nn, when dealing with
such n-quasigroups we shall omit indexes and write A instead

.of A, and @ instead of ®., and ®%..
i v i ij

Theorem 2. Let (Q,f) be an idempoient G-n-quasigroup,
where G 18 tragnsitive. Then

(i) If o € ®, then an+1 = €.

(t1) If n i8 even, A constste of ithe tdentity
mapping only.

(i2i) Q@ ig a norma} subgroup of the automorphism

group Aut(f).

Proof. (i) If a € ®, then by Proposition 4 and
Theorem 1 (151,a,378"1 o721 P=3*1y ¢ A(s) for a1l i,j € N
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Hence
N+l 42 -1 n-jet n -1 -1
m (a,’e5a 7y 2 7) = (o ,a “y...5a T)EA(E),
2
that is, f(a x4 , {a” x } ) o f(x . Putting in the preceding
equality x, = ... = xn = x, it follows flax,a 1x,...,a- x) =
= a-ix, i.e. f(un+1 ’n 1) = x, which implies oaf*l oo,
(11) Since A @, from a € A it follows that RLLE €,
and by Corollary 1 a? = g¢. Hence if n is even a = €.
(tii) TFirst we prer that ¢ Aut(f). If o € ©, we
have proved that (an,a-i,...,a-l) € ACE) and o = «”1, hence

a € Aut(f). Also, if ¢ € Aut(£f), i.e, T = (n$1) € A(f), and
o € ®, then T 1(lel,a,3-é-1,a-1,n'g+1) T = (telle la¢,3 &= 1,

m-la'1¢,n"g+1) € A(f) for all i,j € N . Consequently, o top ¢ 0.

Proposition 6. Let (Q,f) be a G-n-loop, where G is
transitive. If a € O, then a® = ¢.

Proof. If a € ®, then (lgi,a,j_%-i,a-i,n-g+1) € A(f)

for all i,j € Nn. Hence for all x? € Q

) = f(x 1,ax.,x?‘ ).

i-1
f(x1 20Xy 5 53%341

1+1
Putting in the preceding equality X e k #+ i, where e is a
unit of f, we get
oxX. ='f(lal,x.,J-é—l,ae,nEj).
i i
Since G is transitive, there is ¢ € G such that o(n+l) = i. Ap-
plying o to the last equality, we obtain

X; = f(péi, X: p- 2 ,ae, e 9,

where op = n+l, oq = j. But (Pél,a,Pfé'i,a'l,n‘§+1) € A(f),

hence
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-1 -
x; = f(Pe ,uzxi,nep) = azxi,

Corollary 2. If n ie even, the group ® of all in-
ner regular permutations of an idempotent G-n-loop, where G is
traneitive, consigts of the identity mapping only.

Theorem 3. Let (Q,f) be a G-n-quasigroup, where G ig
traneitive and let o € A, o * €. Then

() a 78 an automorphism of (Q,f) iff n ie odd.
(Z7) If n 1e even and (Q,g) s isotopie to (Q,f),
fT = g, where T = (g,u), then g i1e tsomorphic

to f.

) . . Proof. Since a € A, by Prbposition 4 and Theorem 1
(1el,a,378 1,0, 3%y € ACE) for all i, € N_.

(i) Hence

=

2 2 ne2i-1 (8,€)€EA(F) if n is even,
n (€,a, € 7) = { n+1
i=1 (a7 )EA(S), if n is odd.

Since two autotopisms differing in only one compo-
nent must be equal, it follows that if a is an automorphism of
f and n is even, then o = €, which is a contradiction.

(ii) If n is even, we have proved that S = (§,e) €

€ A(f). Therefore g = (fs)T = fST, where ST = (“31).
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REZ | ME

REGULARNE PERMUTACIJE PARASTROFNO INVARIJANTNIH
n-KVAZIGRUPA

n-Kvazigrupa (Q,f) se naziva G-n-kvazigrupa ako i
samo ako je f = fO za svako ¢ € G, gde je G podgrupa simetri&-
ne grupe stepena n+l a fO je definisano sa

o
f (x01""'xcn) = Xi(nel) ® f(xI,...,xn) = X4

U ovom radu su posmatrane regularne permutacije (defi~
nicije“l, 2 i 3) nekih klasa G-n-kvazigrupa i ispitane neke nji-~
hove ocsobine.
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