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ABSTRACT

An uniform boundedness theorem for the class of se-
quential continuous homomorphisms on uniform commutative semij-~-
groups is proved. For that purpose two kinds of boundedness are
introduced. A diagonal type theorem on uniform semigroup is
proved and by it a theorem on continuous convergence is obtain.

0. INTRODUCTION.

The paper deals with sequential continuous mappings
defined on commutative uniform semigroup $; and with values in
an another commutative uniform semigroup S:.

The main purpose is to. obtain an uniform boundedness
type theorem - Theorem 2.1, By out knowledge this is the first
uniform boundedness type theorem for homomorphisms on semigroups,
i.e. on structures without scalar multiplication. For the pur-
pose of that theorem, two kinds of boundedness (functionally and
root) are introduced. We introduce also the subclass of root
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bounded subsets so=called K-root bounded subsets, in the same
way as in [3]. ‘ '

We have proved also a diagonal type theorem, as a
generalization of Lemma from {2}, for uniform semigroups.This
theorem enables us to obtain a theorem on continuous conver-
gence, ’ '

1. BOUNDEDNESS ON AN UNIFORM SEMIGROUP

Let S be a uniform commutative semigroup with a ne-
utral element. The uniformity of 8 is induced by a family D of
pseudometrics d which satisfy the condition

dlx+x°,y+y”) € d(x,x") + dly,y")

for x,x°,y,y” € S (see [10], [8]). For a fixed d€D the functio-
nal f defined by f(x) = d(x,0), (x € S) is a triangular functio-
nal (see [8], [91), i.e. £(0) = 0, f(x+y) € f(x) + f(y) and
f(x+y) » |[£(x) - £(y)|, (x,¥y € S).

Let

F= {f|f(x) = d(x,0) x €5, 4 €D}~

F is called the family of triangular functionals induced by the
uniformity of S. .

A seguence (xn) from S converges to 0 iff f(x ) » 0
(f € ). We shall introduce some kinds of boundedness on uniform
semigroup S,

Definition 1.1. A subset A of S ie functionally bo-
unded if for each sequence (un) of nonnegative real numbers such
fhat a, + 0, anf(X),+ 0 holds for each sequence (xn) from A
and each £ € F, where T 18 the family of triangular functionals
induced by the uniformity of S. '

Proposition 1.2. A subset A of S 18 functionally
bounded Tff %f(xn) + 0 ag n + « for each sequence (xn) from A
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and each f € F.

The preceding propositioniobviously follows by the
same property of non-negative real numbers .

Specially, a subset A of S is functionally bounded
iff %nf(xn) + 0 as n + = for each sequence (xn) from A and
each sequence (rn) of natural numbers such that T, ®, as
n -+ =, \

Let the algebraic semigroup S satisfy the condition

(R) For each n € N and x € S there exists y € §
such that ny = x. We denote by L the function Yn @ S +»8
such that Yn(x) =y (x and y from (R)).

Obviously, the map Y, has the following properties

Yn(x+y) = Yn(x) + yn(y),

n[yn(x)] T X,

i.e. v, is a root function - {71.
The following definition holds for FLUSH convergen-
ce semigroup (see for the definitions [8]), which are more ge-

neral then uniform semigroups.

Definition 1.3. A subset A of a FLUSH convergence
semigroup S which satisfies the condition (R) is noot bounded
iff an(xn) + 0 as n + = for each sequence (xn) from S, and for

each sequence (rn) from N such that T,
We have the following characterization..

Proposition 1.4, A subset A of an uniform semigroup
S which satisfies the condition (R) 18 root bounded iff holds

(1) For each neighborhood U of zero there exists

n € N such that

Ac {nu | ueU.
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Proof. Suppose that A is root bounded and that
there exists a neighborhood U of zero such that for each n € N

A ¢ {nu | u€ U}

We choose a sequence (x ) from A such that x, € A\ {nujueu}
(n € N). By the construction Yn(xn) € U, (n € XN). This implies
f(Yn(xn)) # 0 for some f € F. Contradiction to the assumption that
A is root bounded.

Suppose now that for a subset A of S (i) holds but
A is not root bounded. Then there exist a sequence (xn) from A
and £ € F such that f(Yn(xn)) # 0. There exists a neighborhood
U of zero such that Yn(xn) € U forn > no (we can take ny, = 0).
This implies X € nU, a contradiction.

Proposition 1.5, [Let S be a uniform semigroup
which satisfies the condition (R)., If a subset A of S8 is root
bounded, then it i8 also funetionally bounded.

Proof. The assertion follows by the inequality
f(xn) =z f(n[Yn(xn)]) < nf(Yn(xn)),
where (xn) is a sequence from A.

Proposition 1.6. Let S be a locally convexz space
and A g subset of S. Then the following conditions are equiva-
lent:

(<) A 18 functionally bounded;

(i) A 18 root bounded; .

(ii1) A ie bounded, i.e. for every neighborhood U
of sero there exists € > 0 such that tA © U whenever |[t]| < e.

For different type of boundedness on topological
groups see [5], [6]1, [11] and on topological vector spaces -
[4], [12].
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Definition 1.6. Let S be a FLUSH convergence semi-
group with zero element 0 and with the property (R). A sequen-
ce (xn) in S i8 K-convergent sequence if each subsequence of

(xn) has a subsequence (xn, ) 8such that

I~y

Xp * X for some x € S.

k=1 k

If S is a topological group then K-convergent se-
quence converges too0. The converse, in general, 1is false, but
in complete spaces, it is true also the converse statement -

(31, [8].

Definition 1.7. A subset A of a FLUSH convergence
gemigroup S which satigfies (R) i8 K-root bounded if it i8 root
bounded and for each sequence (xn) from A the sequence (Yn(xn))
i8 a K-convergent sequence.

Remark. If S is a topological group, then the sup-
position of root boundedness of A in the preceding definition
is superfluous.

2, UNIFORM BOUNDEDNESS THEOREM

Theorem 2.1. Let A be a family of additive and
sequenttially continuous mappings from a commutative uniform
semigroup Si,with property (R) to a commutative uniform gsemi~
group Sz. If the family A is pointwise functionally bounded,
then it i8 uniformly functionally bounded on each K-root bounded
subset of S;:

Proof. Let (Tn) be a sequence. of mappings from A,
let (xh) be a sequence of elements from a K-root bounded subset
A of S . We have to prove %f(Tn(xn)) + 0 as n + » for arbitrary
f € F.

There exists a sequence (rn) of positive integers

such that r,o* e and %rn + 0 as n + », Por arbitrary f € F we
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have
(1) LE(T (x.)) = SE(r T (yp (x)) € En £(T_(yp (x.0)).
n nn n nn'n""n nn > 'n ' n
Let
xg5 = %rif(Ti(ng(xj))), for i # j and xg; = 0 (i € N),

Since A is pointwise bounded‘we have

Lim x,. =0 (j € N).-

i+ 1] i
Since A is root bounded we have Ypn:(x:) * 0 as j * = and by
continuity of Ti follows @im %53 = 0, (i € N). Applying Antosik”s
Diagonal theorem from [113"%e obtain an increasing sequence (pi)
of positive integers such that

(2) Lim } x =0.
ive 1 i%)
Since A is K-root bounded there exists a subsequence
(Si) of (pi) such that
n
(3) . Iovg (xg ) » x
‘ j=1 J J
for some x € S;.
We have for arbitrary p € K

i+p
1 1 -
= v £(T_ (v (x ) < X = r  f£(T_ (y (x YN o+

Si Si Si I‘si I‘Si ) j=1 Si i Si Y j I‘Sj

i+p i#§
1 3
+ <;i I‘sif<TSi<.. Yrs,(xr‘s,)))’, (i € ).

j=1 73 j

For p + « we obtain by (3) énd continuity of Ts_

1
«©

v £ (v, (x, < | x + 1o s .
5;%i Si s, Ts ORI o B T T
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Now, letting i + «, we obtain by (2)

S .
lsl 1 S. S
1 pR

1
= p .f(Ts.(Yr »(xp ‘))) - 0.
Hence by (1)
e, (x M)+ 0
g . tlig X ) .
i i i

The Urysohn property {(U) of real numbers implies

1
a f(Tn(xn)) + 0.

3. CONTINUQUS CONVERGENCE

Diagonal Theorem 3.1. Let [xij] (i, € N) be a
matrixz of elements from a uniform semigroup S and let F be the
induced family of triangular functionals. If for each increa-
8ing sequence (mi) of positive integers there exists a subse-
quence of (mi) such that

(i) Lim £(x Y= 0 (jJ EN, fEF
1 S+ n.n. .
and 1 Wl J ‘
(ii) Lim £¢C J x ) =0, (f €F),
L T D3ty .
j=1
where
@ S
£C 2 X p)i s :ﬁﬂ £C } X, .0 (£ €F),
j=1 113 . 3=1 1]
then

Lim £(x;4) = 0, (£ € ).

i oo

Proof. The main idea of the proof is similar to the
proof of Lemma from [2], so we give only a skzatch of the proof.

Let f be a functional from the family F and let (ni)
be a subsequence of (mi) such that (i) and (ii) hold. Then we
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can choose a subsequence (pi) of (ni) such that
(1) flxg, o) <2777, d,iew, 14 9.

By (ii) there exists a subsequence (qi) of (pi)
such that

(2) Lim  £C T x ) = 0.
. C{oo 521 quj
Then (1) implies '
(3) I f(x ) < 27
. q‘iqj
J=1
, jéi
The inequality
v i+p ’ i+p
f(x, )€ b f(x, o)+ E(F x ), (i,p€ N),
9; §=1 qiqj L quj g ?
, j#i 1=1
(2) and (3) imply f(xq.q_) + 0. Hence we obtain the assertion
iti

of Theorem.

» Theorem.3.2. Let g, n € N, be additive and sequen-
titally continuoue mappinge from a uniform gemigroup S, to a
untform semigroup S (endowed with the induced families F, and
F,, nrespectively), both with neutral elements.

If

then n>e
L4m f(gn(xn)) = 0

==

for eaeh K-sequence (xn) from S,.

 Proof. Put Xy < gi(xj), (i,j € X) and apply Diago-
nal theorem 3.1.
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REZIME

NIZOVNO NEPREKIDNA PRESLIKAVANJA NAD
UNIFORMNIM POLUGRUPAMA

U radu su uvedene dve vrste ograniEenosti (funkcio-
nalna | korena) nad uniformnim polugrupama. Ovo je omoguéilo da
se doka¥e teorema o uniformnoj ogranilenost! za nizovno nepre-
kidne homomorfizme nad uniformnim polugrupama - Teorema 2.1.

Dokazana je diJagonalna teorema nad uniformnim
polugrupama. te pomodu nJe teorema 3.2. o neprekidnoj konvergen-~
clji
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