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ABSTRACT

We sonsider the numerical solution of a nonlinear
singularly perturbed two-point boundary value problem by combi-
nation of numerical solutions of boundary value problems which
approximate the original problem in two parts of the considered
interval and the solution of the reduced problem. To approxima-
te the differential equation we use the Hermitian approximation
on a special nonuniform mesh. Some numerical examples are given
to demonstrate the efficiency of the method.

1. Introduction
In this paper we shall consider the problem

Teu== —ezu' + cix,u) =8, x €1 = (0,11,

(1.1)
u(® = u(1) = @, '
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where g € (B,ea), ae<<1, is a small perturbation parameter. We

assume that the following conditions are satisfied:

ceckaxr, kKeN (1.2)

gix) < cu(x,u) £ B(x), (x4 u) E IR (1.3)

§ = min { Sg(x) — 26¢(x) : x E I } > @ (1.4)

@< y2<gix), Ig-txdl <L, 16¢CII KL, x €1 (1.5)

Numerical treatment of problem (1.1) was considered,
among the others, in Bakhvalov [1]1, Boglaev [21, Doolan, Miller
and Schilders [9]1, Herceg ([12]1, Herceg and WVulanovic< [131,
Marchuk and Schaidurov [28]1, Shishkin [23]1 and WVulanovid¢ [26]
and [28]. The prablem (1.1) occurs in the study of chemical
catalisys, fluid mechanics (boundary value problems) ,
elasticity, quantum mechanics and fluid dynamics.

We note that the problem (1.1) with conditions (1.2) and

8< y2¢ €, (Xsu)y  (x,u) € IxR (1.8)

occurs frequently in the literature. In linear case,
c{x,u)=Ff(xX)u + e(x); problem (1.1) can be considered under
conditions (1.2), with k>»2, and (1.6) only. Because of gi(x) =
G(x) = £(x) > 72 and § = min{3f(x): x € I} > 372 conditions
(1.3), (1.4) and (1.5) are satisfied.

It is well known that there exists a unique solution
ueeck+2(1) to (1.1) which in general displays boundary layers
at x=@ and x=1 for small £, [11,[2]1,[9]1,L19]. The corresponding
reduced problem c(x,u)=@ has also a uni que sclution
umeck(l) which in general does not satisfy the boundary condi-

ditions. For the solution uc to (1.1) it holds, [23]1,[25]1:

M1 + c—iexp(—yx/e)). B<{x<3.5
(i)
tu P oo g 1i=@,1,00. k. (1.7)
M(1 + g exp(-y(1-x)/g)), @.5{x<1
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Here and throughout the paper M denotes any positive
constant that may take different values in different formuiaé,
but that are always independent of £ and of discretization mesh.

In this paper we 'shall talk about a numerical solution

o# problem (1.1) which consists aof u_(x) for x€ls,1-s

(. alr S S
(0,8.3) and numerical solutions to problems
2 . - '
£ v" + cix,v) =8, x €1 = [8,s5],
(1.8)
vad) = @8, vis) = un(s),
2 =
—g w" + cix,wW) =8, x €I = [1—50,1],
: {(1.9)
u(l—su) = uu(l—sm), wi(l)=0.

A choice of s and Sa is described in section 2.
From now on we consider a construction of numerical
solution to (1.1) on (B,8.5). A numerical solution on [8.5,11
can be constructed in a similar way.
Let
h:= @8.5/n , Ih = {xi = ala,ih): i=0,1,...,n3, (1.1@)

be a special discretization mesh with mesh generating function:

aa,t) = EEE-?T s t €& [8,0.5], ‘ (1.11)

where
q= 8.5 + ar ,

and a satisfies
B < 2ag < 1. : - (1.12)

Let Is = { x& Ih= X £ s 3. On Is we solve (l.é) ﬁsing

Hermitian approximation. If we denote this solution by vh

T
=tv0,v1,...,vm] y ME N, m<n, then we prove that

Ivix. ) — v, I < Hh4 vy X. €1
i i i s
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where v is the exact solution to (1.8). The existence of v and

the following estimates
luc(x) - vix)l € M( exp(—-sYy/Eg) + ez ) , x& [s5,0.5], (1.13)
v 601 ¢ M1 + g texpl-yx/e)), BEx<B.5 4 i=B,14...,k, (1.18)

follow from the inverse monotonicity of (1.8) under assumption
(1.3), see [191, (23], [25]. For s{x<@.5 we approximate uc(x)

by ua(x) and it holds

lue(x) - um(x)l £ M( exp(-sy/g) + 52 Y , x€ [s,8.5]. (1.15)

Using [1.13 - 1.14] we prove

fu (x) = aGOT < MC ht +e2) , xe I_ U Cs,0.5],

where v for n=x € Is,
uix) = _ .

uatx) for x€ [=,8.51].
For the mesh generating function on [0.5,1] we can take
ala,t) =1 — a(am,t), t€ [0.5,1]1, if @ < Zame < 1. In this

case Sg one can obtain from s¢=xlag,mh) where m satisfied mh <

max { l—ua,l—ui Y £ (m+1)h.

Our numerical results are obtained by solving boundary
value problems which were cosidered in many papers: [21,[5-111],
€15-171,0201,024]1,[27-28]1. These results show that the theoreti-

cal order of converegence is also established numerically.
2, The numerical method
From now we shall take k=8 and a such that (1.12)

holds. Our discretization mesh is of the form (1.10) with the

mesh generating function » given by (1.11) and




On numerical solution of a stngularly ... 167

n > max {3,3.5L/§ ¥ , (2.1)
The value of s we choos as follows. Let

%, =q - qac, %, = q - ha + 23,

and let m& N be determined so that

(m—1)h < min{ua,ul} < mh .
Then we take

8 = x = ata,mh) .
m

Since L < 8.9 it holds s € (0,0.5). Now we shall give some

properties of the function a(a,t). It is easily seen that
(i) 3 .
a (t) >a, t € ra,a.51, i=1,2.
Let us concider the follaowing two cases.

Cil. % £ LD In this case it holds

4.5ag < Yage < (3 + NH1Z , (m-1)h < «, < sh < o
and

a* h

s = a(a,mh) > a(a,«m) > ag(3In/(3+2 3) - 1) .
Thus,

yyse) < MY,

exp{-sy/eg) £ exp(-a(x <

< @
A" (a,t) € a‘(a,mh) < a’(a,u *h) = B.75age/h’ < N3+1.75 ,
t € [@,mh].

C2. « Here it holds

@ > “1'

{m—1)h < =, < mh £ ®, + h £ % + h,

s = ala,mh) > a(a,ul) = ae(ﬁ1+u.5/(ae) -1 .

Thus,
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exp (—say/e) < eup(—x(ul)yle) < Hez ’

A‘(a,t) € a‘(a,mh) < a’la,a,+h) ¢ a'(a,an+h) < ¥3+1.75
t 8 [@,mh].

It follows that in boﬁh cases we have

exp(-sy/e) < MhZeg2) (2.2)
a‘(a,t) (V3+1.75 , t 6 [B,mh]. 2.3

In order to form a discretization of the problem (1.8)
we approximate the differential equation of (1.8) by differeﬁce
formula of Hermite type in Xg 6 I;, i=1,2,...ym—1. The coef-
ficients of this formula are not constant, i.e. they depend on
iy %50 Xioqe These coefficients one can obtain in a similar
way as on aquidigtant mesh. Let

Thyi== al(x)yi_1 + amu)yi + a2(1)yi+1 + b1(1)y i=1 + bm(1)y i + b2(1)y i+

where Yy = y(xi) and y"i - y"(xi),far a function y(x).

We obtain the coefficients ap(i), bp(i), p=@,1,2 from
the following system: ‘

T"'x;‘ =0, ke@,1,2,3,4

(2.3)
bl(i) + bn(i) + bz(i) = 1.

Let h, = x, — x

i i i-17 i=1,2,...4n-1. Then from system (2.3)
. ~2 . =2 . 2
a (i) &« —m—— (1) = e (i) =
1 c(h. +h, ' ’
. hyth+h D ) h gy *h, 0 't Aihiy

2 _ .2
b (1) =~ - h%
= -a () th] = hT ¢ hoh

' /12,
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a2 2
byti) = -ati) i, - nZ e nh /12,
b (i) = a.(i)(h2 +hZ+3n.h, )1/12.°
] "] i+l i i i+l

Using this we approximate the differential equation of (1.8)
in X5 e Is si=1,2,...4m-1, by

F.v.,: = ezta

. )y, +a (idv, + a_(i)y, )
ih i- i

1 1 "] i 2 +1

(2.5)

+ bl(l)c(xi_l,vi_l) + bm(l)c(xi,vi) + bz(i)c(xi ) = 0.

+1'"Vi+1

Using this and (2.5) we form discrete analogue of
problem (1.8):

F.v 1= 22(5

iVh 1(1)vi_1 + 30(1)vi + az(l)vi+1) + bl(l)C(xi—l’vi-l)
(2.6)
+ bﬁ(i)c(xi,vi) + bz(i)c(xi+1,vi+1) = 0, i=1,2,...,m1,
Fmvh== Va & uﬂ(s). .

T : .
The solution vh=[va,v1,...,vn1 of (2.6), i.e. of
th=ﬂ, where F=(FB.F1,....Fm). is the approximation of exact
solution u_ of (1.1) for x€I_.

Theorem 1. Suppose that conditions (1.2)-(1.5) are satisfied.
Then the equation th=0,i.e. (2.6) has a unique solution Vh
is a point of atraction of SOR-Newton and Nemton~SOR wmethods wmith
relaxation parameter wE{(0,11.

mhich

Proof. The Frechet-derivative F°‘(z) of F for arbitrary

T s .
z=[zn,zl,...,zn] is tridiagonal matrix
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120 .
(1 @ e ’
AL B G
F'(2) = . . . '
-1 Bm—l cm—l
X 2 a 1 i
where
A = cza (i’ + b, (i)e (x z )
i b 1 u i1-1'"i-1°"
B, = eza (i) + b_(¢ide (x_ ,z.)
i o Qo u i'i?
C, = eza (i) + b, (¢i)ec (x, z ).
i 2 2 u i+1'"i+et
Let ] .
ot=minC IB. {1 — A, 1 - IC .| 2 1<i<m—12.
i i i

For the coefficients ap(i), bp(i), p=0,1,2, i=1,2,...,m1 it
holds

nl(i) + aa(i) + .2(i) = a, bl(i) + ba(i) + bz(i) =1,

(i) > a, a

a, (i) <@, a o

(i) < @, bﬂ(i) 2 S/6.

1 2

Since i < m—-1 we have

ih < o <=3 b)) > -1/6.
For i=1,2,....,m1 it holds

~-1/6 £ bl(i) <b (i) € 1/6.

2(15, 112 ¢

2

Now we consider two cases: bl(i) < @ and bl(i) > 0. In the first
case Ai < @ and in dependence of Ci we have the following two

subcases.
If Ci £ @ it holds
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2 < . . :
c 2E (al(l) +a (1) + a (i) + b1(1)cu(xi_

2 5 ,zi_ ) + b (1)cu(xi,zi)

i 1 @

+ b (1)cu(xi >

5 ) 2 bm(1)g(xi) + b,

+1,zi+1 (1)g(xi+1) + b1(1)G(xi_1)

¢ > (b (i) + b (i))g(xi) + bl(i)G(xi) + b

2 2 tidg mi+)h' + b, (16 (ei_)hi

2 1 i+l 1 1

bo > llg(xi) - G(xi) - g (ei+ )ih - 16 (ei_l)lhi 28 - 2Lhi+

1 i+1 1

o > §/6 - Lhi+1/3'

If Ci > @ we have

2 . . . .
¢ > 28 az(x) + bl(l)cu(xi—l’zi—l) + bm(1)cu(xi,zi) b2(1)cu(xi+1,zi+1)
5> ba(x)g(xi) + (bl(l) - b2(1))G(xi) - bz(})G (ei+1)hi+1 + bl(x)G (ei_l)hi
bo > Sg(xi) - ZG(xi)\— 16 (ei+1)lhi+1 - !G (6i_1)lhi A 2Lhi+f

] ; /6 — Lhi+1/3'

In the second case, i.e. in the case bl(i) > @ in a
similar way as above we conclude that for Ai < 9, Ci < @ it

holds czyz and in other cases it holds

c > §/6 — Lhi+1/b.

c > mind{y v 6/6 - Lh /3.
i+l

Since hi+ = a“(aye)h for some eE(ih,(i+1)h) we have from (2.3)

1

@ < a‘(a,t) <\3+1.79), tera,mhl.

Now from (2.1) it follows
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e 2 min{y2, §¢1.75 - {37213
and : .
WF () 1y 176 < M. (2.7)

Now by Hadamard Theorem, [21] it follows that equation th = @

has a unique solution v The matrix F’'(z) is srictly diagonaly

h*® .
dominant matrix and convergence of the Newton-SOR and
SOR—-Newton iterative methods for wE(@,1]1 follows by well known

theorems from [211l.
The theorem below is the main result of our paper.

Theorem 3. Suppose that conditions (1.2)-(1.35) are satis-
fied. Let uc be the solution tto problem (1.1) and let

v for x=x_ €1,
1 i s
Uix) = ‘
u.(x) for x € [s,0.57,

mhere v, = [v',vx,...,v.JT is the solution of (2.6) on

discretization mesh given by (1.18)-(1.12) mith
n 2 max{3, 3.5L/§3.

Then we have

fu, 0 = wbot g nht + %, x e I_ U s,0.51. (2.8)

Proof. From (1.13) and (2.2) it follows that (2.8) is
valid for x € [(s,0.3]. For x = L € I5 we have

luctx) - utxd)] £ lue(x) ~ vix)} + Jvix) - vil.

Using (2.2) and (1.13) we see that for proof of (2.8) it is
sufficient to prove
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Voo - v 01 < mn?,
where vh = Cvix_ Y vIX ) yuua,yvix )]T;ﬁ
@ VIXgheavixg
For a function f € Cb(I) we have
Rf,:= Thfi = (—al(i)h? + azti)h§+1)f‘5{xi)/1zu
. (—blti)hf + bz(i)hf+1)+‘slxi)/6
+ (al(i)h? + az(i)h?+1)+(6{aii/72a
+ (bl(i)h: + bzti)h:+1)+‘6¥ci)/24 .
with gi,ci = (xi_1,§i+1).‘5imple calculatinn‘shnws that
Ré. = (h, - hi)(2h§ + 2hf+1 +5hh ) +‘5¥xi)/1au
- (h? + hf+1)+(6¥ei)/kzsm(hi tho
+ (h: + hg+1 - hfhf+1)+‘6lai)/144 )

(2.9)

For the solution v to problem (1.8) we have for i=1,2,...,m—1

ezThv(xi)

Let Rh =

s
= e‘Rv(xi) = cz(a (i)v(xi_ ) +a (i)v(xi) + a

1 "] 2

1

» + . .
+ b {1)elx, 1,v(xi_ )) bm(1)c(xi,v(xi))

1 i- i

+ b (i)exn, }).

2 1+1’V‘xi+1
It is easy to see that for i=1,2,...,m1

ezThv(x.) - F.,v, = F.vh - F.v, = ezRv(x.).
i ih i ih i’

eztﬂ,Rv(xl),Rv(x ),...,Rv(xm_I),B]T. From

2

(i)vix,
1
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h
Fv th = Rh’
it follows

. h R
Fre<z) (v -~ vh) = Rh'

for some z=(z_,z _,...,2 ]T. Now from (2.7) we have
2'"1 m

h
nu Vi, S MnRu -
In order to prove (2.9) we need the estimate

4
thl. LM
i.e.
2 4
£ IRv(xi)t <M, i=1,2,...,m1. (2.1@)
By u;inq the technique from (251, [25] and [27] we can
obtain the last inequality. Here we give the main steps only.
The truncation error of our discretization one
can write as

2
czRv(xi) :»(Pi + Qi + Si)'

where
P o= th . - hi>(éﬁf + 2hf+1+ Shyh, ) v‘5%xii/190,
g, = - ]+ hi‘ﬂ)v“"‘hi)/(3@01'i +h M
s, = (h: - h:+1 - hfh?+1)v(6*ci)/144 .
The estimates of ethi + Qi + Si); will be

given in the faollowing two cases.
Ci. Becaus®s of q>2h there is a number Q@ € (1,M3
such that n>2/¢((@-1)q)>1/qg. Now 1let (i-1dYh<gQ/(@-1)n). It

follows that (i+1)h<q and

q — (i-1)h £ Q(q ~ (i+1)h).
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Since

2 1]
hiyg — by S MG+,

hi+1 = Addi+1dh) - adih) £ ha’({i+1)h) ,

> ((i+1)h) = aeq(q — (i+1)) 2 ¢ agq@®(q - (i—l)h)—z ’

A" ((i+1)h) = Zagq(q — (i+1)) > < agg@>(q - (i-1IR) > |

we have

4 3.7 -3
£ Mh (agq) @ (1 + g exp(—ya((i-1)h)/g))/(q — (i—l)h)7 ’

'_U
A

4 -
< Mh 53(1 + £ Sexp(—yatti—l)h)/e))/(q - (i—l)h)7 v

T
o)
A

. _ _
Mht e 12 + £72¢q - (i-Dm T expl-yati-12h) /e))

T
a8

Analogously

2 4 -,

1R, + S 1 < Mh e2(1 + g 6exp(-ya((i—1)h)/e))a'((i+1)h)4,

2ia 4 -4 ; 4 i -8
e i 5L <M 4 g Texpl-yatti-1IhI/eNe (q — -1 T,
E2IQi + 8.1 < mht 1 + (g - -1 Baxp—yatti-DhI/ze)) < mrTY |

C.2. In this case is @ < q — 20h/(@-1) < (Hi-1)h £ «

and g < M h2. Now we use

elev(xi)l < Melmax{lvi (x) 1 s XELx _ 4%, 13

17 i+l

< Me2(1 + £ 2exp(—ya((i-11h)/g)) £ mh?

So in both cases we get (2.1@), which completes the proof of

the theorem.
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3. Numerical sxamples

In this section we presanf‘ the results of some
numerical experiments using the scheme described in previous
section. Our examples are often used in the literature to
compare different codes. For some of the selected examples the
exact solutions are known. In cases where the exact solution is
not available for comparasion purposes, we compute a good
approximation to it by asymptotic expansions. We also give the
numerical validation of the theoretical order of uniform
convergence for the scheme discussed in section 2.

We shall here list our examples and the characteristics
of the examples. The boundary conditions for all examples are

the same as in (1.1),i.e. u(@)=u(l1)=0.

Example 1.
Equation: -azu" +u + cnsz(nx) + 2(:n)2cos(2nx) =0 .
Solution: ua(x) = (exp(~x/g) + exp(=(1-x)/g))/(1 + exp(-1/g)) - cosz(nx)
References: >a) Cash,[&]
b) Dickhoff,Lory,Oberle,Pesh,Rentrop,Seidel ,[81
c) Deuflhard,Bader,(71 :
d) Doolan,Miller,Schilders,C9]
@) Hemker, Schippers, de Zesuw,{11]
¥) Herman,Berndt,[135]
g) Lentini ,Osborne,;Russel ,[146]
h) Lentini ,Pereyra,f17]
i) Stoer,Bulirsch,[241]
j) Vulanovié¢,Hercag,Paetrovié,[27]
k) Vulanovic,C28] .
Parameters: e = 1/20 in b,g.h,i

e = 1/k, k=28(28)20@ in c
e = 1/k, k=2,10,100,1008 in e
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= 1/k, k=108-10 @3B in f
= 1n'k, k=1-8 in a
= 1/400 in d

= 10K, k=3,6,9,12 in j.k -

[ T3 B < B |

Constants and functions

from (1.3)—-(1.5) = vy=1, L =@, g{x)=6G{x)=1, § =3I .
Condition for n: n>3.

Example 2.

Equation: -ezu" +u -1=0 .

Solution: ue(x) = 1-ch(x/g) - sh(x/g)(1 - ch{l/e))/sh(i/g) .
References: a) Bohl ,{S53

b) Herceg,[143 .

Parameters: e = 1/k, k=10,20,30,300,10800,1030 288 in a

e =2%, k=20-80 in b .

Constants and functions

from (1.3)—-{(1.5) = y=1, L =0, g{x)=6{x)=1, § =3 .
Condition for n: n2>23.

Example 3.

Equation: —ezu" +u -18(2 - expix)) =@ .

Solution: uz(x) = 20 - dexp(x) + (28 - d)(:th(l/e)sh(x/e) - chix/g))
+ dexp (1) (20 — dexp{1)) sh(x/g))/sh(l/g)

d = 10/¢1 - £2) .

Reference: a) Marchuk,Schaidurov,(28] .
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Parameters: e = 1/k, k=10,20,1008 .

Constants and functions

from (1.3)—(1.5) : Yy=1,L =0, gx)=G(x)=1, § = 3 .
Condition for n: n>3.

Example 4.

Equation: 2+ (- W + 02+ (1 -/ + )2 =0 .

Solution: u ) = x4 (274 ME (1 - e THE T Ly, _ 72t L,
Reference: a) Boglaev,[23 .

Parameters: e = 1/k, k=10,100,10 20,1000 020 .

Constants and functions

from (1.3)-(1.5) 1 ¥ = (1-€y) /2, L = 3/4, 5 = 2-2.5¢, ,
g) = (l—eo)/(1+x2), 6 (x)=1/(1+x2)

Condition for n: n 2> max{3, 10.5/((3-10@0))} .
Example S.

. 2, 2 2 2
Equation: —gu" 4+ (1 +)u - (12xT - 13X + D)1 + X)) =0 .
Solution: ue(x) = 12x2 - 13x + 5 + 2.5((x/e)2 + x/g -2)exp(—x/g)

—4(((x-1)/e)2 = 1.5(x=-1)/elexp(2(x-1)/e) + p(x) ,
lptx) 1 € Hez -

Reference: a) Doolan,Miller ,Schilders,{91 .

Parameters: € = 2—k, k=1(1)9 .
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Constants and functions

from (1.3)—(1.5) = y=1, L =2, gh)=B(x)=(1+x)2, § = 3 .
Condition for n: n >3.
Example 6.

, 2 3 2 2 2 _
Equation: —gTu" + (2% - 3IxT 4+ blu - (27 - 3Fx + 2)({x -~ .5 +2) =0,
Solution: w0 =1-x+ (12%2 = 12% + B) (X2 = x + 2.25)/(2x° - 3x2 + &)

- dexp(-Yéx/g) - 3.é6exp({B(x-1)/g) + plx) ,

Ipixit £ Mez -

Reference: a) Doolan,Miller,Schilders,[9] .

Parameters: e = 2 %, k=1(1)9 .

Constants and functions
2

from (1.3)-(1.4) = Y =95, L =3/2, g = 28

gix)=G{({x)= 2x3 - 3x2 + 6.

Condition for n: n >3 .

Example 7. ]
Equation: 22"+ -1/ +dl —u) =0, @<d<{TE -1 .
Solution: unknown . )
References: a) Bohl,[53 .

Parameters: & = 1/k, k=10,20,338,300,1008,100 220 .

Constants and functions

from (1.3)—(1.5) : Yy =1/(1+d), L =@, g(x)=1/(1+d)2,

Bix)=t, § =S/(1+d)2 -2 .

Condition for n: n>3.
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We denote by En the maximum of Iuc(x) - uil{x)lt,

x 8 I, i.e. E

E = max{lu {x. ) — ulx.)l = i=0,1,2,...,n2 .
n € b} 1

Also, we define in the usual way the order of convergence Ord

for two succsesive values of n with respective errors En and E2n=

Ord =

We expett that Ord = 4 for small g.

sults for
examples 1,2 and & respectivelly.

values of o, and «

numerical

In

(log(En) - lng(Ezn))/IOQZ -

Tables 1-3.
solution obtained by

table 4

y as a functions of n and g.

our

present the re—

method for

we give some

2
Table 1. Example 1. a=2.
\ o~ 58 S16 32 64_,~60
3 2 2 2 2 m
4| 7.92966(-2) | 1.44092(-1) | 1.35368(-1) | 1.35335(-1) |1.35335(-1) | E_
- - - - - Ord
6 6 6 6 6
8 [ 7.92966(-2) | 3.82619(-3) | 4.49273(-3) | 4.49559(=3) | 4.49559(~3)
. 000 5.235 4,913 4,912 4.912
12 15 14 14 14
16 | 7.92966(-2) | 3.32807(-4) | 3.48598(-4) | 3.48711¢-4) | 3.48712(-4)
0. 000 3.523 3.668 3.688 3.688
23 29 30 30 30
32 | 1.04333¢-1) | 3.21196(-8) | 2.12123(-5) | 2.12160(-5) | 2.12165(~5)
-0.394 0.144 4.839 4.839 4.039
45 57 62 &2 a &2
68 || 1.17451(-1) | 3.01196(-4) | 1.31068(-6) | 1.31247(-6) | 1.31340(-8)
-9.171 2. 000 4.017 4.815 3.014
a9 114 126 126 126
28 | 1.24171¢-1) | 3.81196(-4) | 8.21892(-8) | 8.21892(-8) | B.63802(~8)
-. 080 e.000 3.995 3.997 3.926
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Table 2. Example 2. a=1.
\ o4 .8 S16 32 564,80
3 2 2 2 2
4| 1.35336(-1) | 3.73563¢-1) | 3.67982(-1) | 3.67879(-1) | 3.67879(-1 | E
- - - - - Ord
7 6 6 6 6
8 | 3.02811(-2) | 5.45253(-2) | 4.98053(-2) | 4.97871(-2) | 4.97871(-2)
2.164 2.776 2.885 2.885 2.865
13 14 14 14 14
16 | 7.42751(-2) | 1.4108B(-3) | 1.66095(-3) | 1.66191(~3) | 1.66191(-3)
-1.298 5.273 4.906 4.995 4.925
25 30 30 30 30
32 | 1.83032(-1) | 1.27891(-4) | 1.28421(-4) | 1.28449(-4) | 1.28458(~4)
-8.472 3.472 3.493 3.694 3.694
49 59 62 62 62
68 | 1.18787(-1) | 2.19385(~5) | 7.88961(~6) | 7.80984(~&) | 7.81030(~6)
-@.205 2.534 4.039 4.040 4.940
97 118 126 126 126
128 | 1.26968(~1) | 2.19385(-5) | 4.82891(-7) | 4.84288(-7) | 4.84521(-7)
-8.896 2. 008 4.815 4.811 4.811




182

D. Herceg and N. Petrovid

Table 3. Example 6.

a=2.

ts\g o8 ;8 S-16 32 ;b4 _,80
3 2 2 2 2 m
4| 6.77863(-2) | 1.51891(-1) | 1.64B08(-1) | 1.64850(~1) | 1.64B61(-1) | E
- - - - - Ord
6 & 6 & s
8| S5.45800(-3) | 9.82175¢-3) | 1.04836(-2) | 1.04861(-2) | 1.084861(-2)
3.584 3.951 3.975 3.975 3.975
12 15 14 14 14
16 | 8.85083(-3) | S5.44772(-4) | 6.23719(-4) | 6.23875(-4) | 6.238746(-4)
—.647 4,172 4.071 4.071 4.071
23 29 b} 30 30
32| 9.86107(-3) | 4.73624(-5) | 3.84313(-5) | 3.86424(-5) | 3.84387(-5)
-2.234 3.523 4.013 4.013 4,013
45 57 &2 62 62
&4 1 9.12677(-3) | 4.58336(-5) | 2.41213(-6) | 2.42237(-6) | 2.41585(-4)
-2.104 0. 840 4.801 3.994 3.999
89 114 126 126 126
128 | 9.18783(-3) | 4.57688(-5) | 1.61119(-7) | 1.44355(-7) | 1.59256(-7)
-8. 296 -2.011 3,904 4.069 3.923
Table 4. . g = um(n,e), 1 = cl(:) for a = 2.
\e 274 ;8 ’2—16 ;32_,-100
4 | .3556624327 | .2384749327 | 2306929503 | .2306624327
- .4903312164 | .3731437164 | 3653617339 | 3653312164
16 | 5576656082 | .4404781082 | .4326961258 | .4326656082
321 .5913328041 | .4741453041 | .4663633217 | .4663328041
&4 | 6081664028 | .4909769020 | .4B831969196 | .48314664020
128 | .6165832010 | .4993957010 | .49146137186 | .4915832010
256 | 6207916005 | .Sesevstees | .4958221181 | .4957916005
5§L,'3454915@28 -444B261113 | .4961241484 | 4999847417
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REZIME

0 NUMERIEKOM REEAVANIU SINGULARNG PERTURBOVANIH
KONTURNIH PROBLEMA I

Posmatra se numeritko refavanje nelinearnog singularno
perturbovanog konturnog problema pomocu kombinacije reenja
adgovarajuceg redukovanog problema i numeritkog regenja
polaznog problema na onom delu intervala koji sadr2i graniltni
sloj. Pri tom se za aproksimaciju diferencijalne jednacine
koriste Hermitove diferencne formule na speci jalnoj
neakvidistantnoj mrefi. Numerifki primeri ilustruju efikasnost
predloZenog postupka i potvrdjuﬁu teoretske rezultate.
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