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ABSTRACT

In this paper we consider the spectra of finite di-
graphs whose 0-1 adjacency matrix is normal but not a symmet-
ric one. Some general properties of such diagraphs are proved,
all the normal digraphs whose order is at most 5 are found,

and the spectra of such digraphs calculated.
1. INTRODUCTION

In this paper we shall consider (connected and dis-
connected) digraphs G = (V,E) without multiple edges and with-
out loops. V = V(G) is the set of vertices of G and E = E(G)
is the set of its oriented edges, i.e. a set of ordered pairs
(x,y) of its vertices (x # y). By this definition, all edges
of G are obviou'sly simple. ' '

If x,y € V(G), then x is adjacent to y means
that (x,y) € E(G). By this definition, for each ordered pair
(x,y) of vertices from G (x # y) there is at most one arc
leading from x to y, and for any pair of distinct vertices
x,y there are at most two arcs joining x -and y.
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If x 1s adjacent to y, and y 1s nonadjacent to
X, we write x -+ y. If x is adjacent to y and conversely,
then we write x e y. If x-+y or if y - x, roughly speak-
ing we say that "edge" xy of G (in fact the corresponding
edge of a digraph obtained from G by deleting the orientation
of its arcs) is simple., If x & y, we call the "edge" «xy
double. Hence, any "edge" xy of G is either simple or double.

For a digraph G, let A = A{(G) = [axy] be the 0-1

adjacency matrix of G, where a__ =1 if x 1is adjacent to
'y, and a = 0 otherwise. G is called normal if its adjacency

matrix A = A(G) 41is normal, i.e. if AA’ = AR’A. G is called
symmetric 1f all its edges are double. Such a digraph is
obviously normal because its adjacency matrix A(G) is a sym-
metric one. This case is not interesting for us, because we
only want to generalize the spectral theory of symmetric
graphs. Hence, we shall search only for non-symmetric (brief-
ly - proper) normal digraphs, which we denote by PND for short.

Let G° be the simple graph obtained from G by delet-
ing the orientations of arcs in G, then by joining its double
edges in simple ones. We call it the basic graph of G, and
notice that this graph is obviously unique. We also call G the
over-digraph of G,. The order of G is the order of its basic

graph Go' and is denoted usually by |Gl. G is8 called connect-
ed if Go is such.

As the example of the graph G° = K2 shows, not
every graph G° has a proper normal over~digraph. Hence, in
this respect two problems arise:

(1) Find all the graﬁhs G° having at least one proper
normal over-digraph; '

(i1) If this class is G and if G, € G, find all
proper normal over-digraphs of Go‘

In this paper we shall develop some methods to solve
these questions. In particular, we shall prove that some large
classes of graphs have only symmetric digraphs as their normal
over~digraphs.
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If G is a digraph with n vertices, the spectrum
o(G) = {Al,...,kn} of G (Re}, 2 Rekn) is defined to be the
spectrum of its adjacency matrix A = A(G) (see [2], p.12).
In a general case the spectrum is not real. If G 1s a proper
normal digraph, then its spectrum contains at least one non-
-real eigenvalue. The spectrum of an arbitrary digraph is
obviously symmetric around the real axis.

Because of completeness, in the next theorem we in-
dicate some basic properties of spectra of normal digraphs.
Some of them are valid for general digraphs (see [2]), while
for instance (vii) and (ix) are specific for normal ones.

THEOREM 1. Let 0(G) = {Xl,...,kn} be the spectrum
of a normal digraph G (Re)\1 2 e 2 Rekn). Then:

(z) Its speetral radius r(G) = Xl(G) 18 real;
(1) All the spectrum 0 (G) lies in the cirele |A|s r(G);
(121) r(G))is a simple eigenvalue if and only i1f G is8 a

connected digraph;

(Zv) G 78 bipartite if and only if 0(G) is8 symmetric
around the zero; )

(v) If G i8 connected and -r(G) € o0(G), then G is bi-

partite and -r(G) is a simple eigenvalue of G;

(vi) The spectral trace of A(G) is zero, t.e.
n ,
tr(a) = X A.(G) = 0;
j=1 7
(vii) The numerieal range of A = A{(G), i.e. the set W(A)=
= {<ax,x> ||x]] = 1} coineides with the convez hull

of the spectrum o (G);
(viit) There is at least one etgenvector corresponding to
r(G) whecse all coordinates are real and positive;
(iz) There is a set of mutually normal eigenvectors

VireeasV € H = Cn, whiech correspond respectively

n
to the eigenvalues Al""’xn’ which 18 then an

orthonormal basis of the space H.
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If G1 and G2 are two digraphs, we say that G1 is iso-
morphic to G, and we write G, « G, if there is a bijection
m:V(Gl) - V(G2) such that one of the following cases occurs:

1°) for any two vertices x,y € V(Gl), (x,y) € E(Gl)
implies that (w(y),w(x)) € E(G,);

2°) for any two vertices x,y € V(Gl)’ (x,y) € E(Gl)
implies (w(y), w(x)) € E(Gz).'

In the first case we say that Gl and G2 have the
same orientation, while in the second case - the opposite one.
Two isomorphic digraphs obviously have the same order.

If A; = A(Gi) 1s the adjacency matrix of the di;
graph Gi (1 =1,2), then G1 = G2 if and only if A2=UA1U
or A, = UAiU-1 for a unitary matrix U. Hence, G, is normal
if and only if G2 is such. The spectra of two isomorphic di-
graphs (including their multiplicities) are obviously same.
Hence, with respect to the spectrum, it makes a sense only to

search for nonisomorphic normal digraphs.

Throughout this paper we shall use the following
equivalent criterion of normality. Let X and y be any two
(not necessarily distinct) vertices of a digraph G. A vertex
z2 € V(G)  1is called a common successor (short - suc) of x
and y if both x and y are adjacent to z. A vertex

z € V(G) is called a common predecessor (short -~ prc) of x

and y, 1f 2z 4s adjacent to both x and y. Let sch(x,y)=
= suc(x,y) be the number of all common successors of x and
Yy, and prcG(x,y) = prc(x,y) Dbe the number of all common pre-

decessors of x and y. In particular, suc(x) = suc(x,x) is
the number of all the vertices y € V(G) such that x is
adjacent to y, and prc(x) = prc(x,x) is the number of all
the vertices y € V(G) such that y is adjacent to x. We
also denote by sc{x) the number of all the vertices vy € V(G)
such that x - y, and by pc(x) the number of all the verti-
ces y € V(G) such that y = x.

Using the definition of normal digraphs, the fol-
lowing proposition is then immediate.
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PROPOSITION 1. A digraph G is normal if and only <if

the following 18 true:

(1) suc(x,y) = prec(x,y),

for any two .(not necessarily distinct) vertices X,y € V(G).
In particular, relation (1) means that

(2) suc(x) = prc(x),

or equivalently

(3) sc(x) = pc(x),

for any vertex x € V(G).

If G is a PND and if x,y € V(G) (x # y), then in-
stead of the sentence "by relation (a) related to the pair
(x,y)" we often say for short "by the pair (x,y)", and in-
stead of the sentence "by relation (3) related to the vertex
x" we often say only "by the vertex x".

In this paper, Kn'Pn'Cn denote the complete graph,

path and the cycle on n vertices, respectively, and Km
denotes the complete bipartite graph on min vertices.

N

By the degree of a vertex x € (V(G) we mean the
degree of x 1in the basic graph Go'

2, SOME GENERAL RESULTS ON NORMAL DIGRAPHS

In this section we shall describe all the proper
normal digraphs having as their basic graphs some particular
classes of graphs (cycles, trees, unicyclic or bipartite
graphs) . First we have the following.

PROPOSITION 2. Let G be a disconnected digraph

m
with the components Gyre+-sGp, that 18 G = |J G Then G %8

U Sy
normal if and only if all G, do. i=1

m
In this case the spectrum of G 8 o(G) = U (Gi)'
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PROOF, If A = A(G) 1s the adjacency matrix of G
and Ai = A(Gi) is the adjacency matrix of the digraph Gy

(i=1,...,m), then we obviously have

A= diag(Al,...,Am ) and A’ = diag(A’,...,Aﬁ).

Hence, the condition AA’ = A'A is obviously equivalent to

AiAi = AiAi 1=1,...,m),q.e.d,

m
U o{(G,) 1is then obvious.D
i=1 1+

The previous statement shows that the consideration
of normal digraphs can be reduced only to connected ones.

The equality o¢(G) =

Therefore, in the sequel we shall consider only connected di-
graphs.

PROPOSITION 3. The unique proper normal digraph
having the graph C, (n > 3) as its basic graph is, up to the
i8omorphiasm,, the directed cycle En (Figure 1).

PROOF. The cycle En is
obviously a PND. Conversely, let G
be an arbitrary PND with the basic
graph C . Starting of any its simple
edge and applying Proposition 1, we
easily find that G is isomorphic to

the digraph En.ﬂ E“
PROPOSITION 4. Each nor-
mal connected tree, and each connect- Figure 1

ed unicycliec digraph with at least one
vertex of degree 1, is necessarily a symmetric digraph.

PROOF. First, let G be a normal connected tree and
4 € V(G) be any of its vertices of degree 1. Then, obviously,
the unique edge ab of G incident to a must be double, and
all the edges bc of G (¢ # a) must also be double. Hence,
it can easily be seen that the induced subdigraph G-a of G
(which is also a connected tree) is normal too, and the in-
duction on |G| completes the proof.
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Since the proof bf the second statement is based on

the previous one, we omit it.o

As an immediate consequence of this proposition we
have the following.

COROLLARY 1. ©The unique normal digraph having the

graph K1 {n 2 1) as its basie graph is the symmetric digraph.
r

n
Since the proof of the following lemma is similar
to the previous ones, we also omit it.

LEMMA 1. Let G be a digraph having a vertex a
doubly adjacent to all the other vertices of G. Then G is

normal if and only if the induced subdigraph G-a is such.

Now we want to describe all the proper normal di-

graphs with the graph K {m,n 2 2) as its basic graph. We

do it only for some smaTinvalues of the parameter m, in fact
only for m = 2,3. The similar problem for m 2 4 remains to
be open. In the sequel, any white circle {and in particular,
a point) denotes the induced subdigraph of a digraph G con-
sisting only of isolated vertices. The number under a circle
indicates the number of its elements. If there are all the
possible edges between such two circles, and all of them are
of the same kind, it is indicated by drawing only one such

representing edge between these circles. First we have

PROPOSITION 5. For any two parameters m,n 2 2
there 78 at least one PND with the basiec graph Go = Km n-
14

PROOF. The graph G = Ton {m,n 2 2) presented in
7

the following figure is obviocusly PND, and has the mentioned
property, g.e.d.n ’ :
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Figure 2

PROPOSITION 6. The unique PND with the basie graph

(n 2 2) 28 the digraph Q, (1 £ r £ n/2) presented
14

Go = K2,n r =

in the following figure:

Figure 3

PROOF. The above digraph Qn,r is obviously PND.
Conversely, assume that G is a PND with the basic graph
G, = K, ,- Denote the 2-subset of V(G) with {a,b}. If x
is any other vertex of G, then a -+ x implies x-+b, x-a
implies b + x, and x # a implies x ¢ b. Hence, the n-sub-
set of V(G) can be divided into three mutually disjocint sub-
sets

A={x€vVv(G)la+»x}, B=1{x€VGI x> al,
= {x € V(G)| x & a}.
By the vertex a we obiviously have that |A| = [B| =

=r, where r 2 1 since G is by assumption non-symmetric.
Hence, |C|] = n - 2r 2 0 whence r £ n/2. We observe that the
subset C can be empty, while the subsets A and B do not. This
completes the proof.no
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PROPOSITION 7. The following two graphs R, r(l <
¢ L

<r £n/2), Sn,r (1 <r < n/3)

Figure 4

are the unique proper normal digraphs with the baste graph
G, = K3,n (n 2 2).

PROOF. The above graphs Rn and Sn'r are obvious-

29 ]
iy PND. Conversely, assume that G in PND with the basic graph
G° = K3 n (n » 2). Denote its 3-subset by {a,b,c} and its

r
n-subset by Mn' Then Mn can be divided into the following sub-

sets:

A’ = {x € Mnl Xe a, X > b, ¢ » x},
A" = {x € Mnl Xe a, X > ¢, b+ x},
B’ = {xt¢€ Mnl X b, xoc, a->x},
B" = {x € Mnl X o b, x> a, ¢ » x},
C' ={x¢€ Mn| Xw Cc, x »a, box},
c" = {x € Mnl Xwc, x+b, a-x},
L ={xeM| xea x-b, x»c}.

By the vertices a, b and ¢ we obviously get equations

IB”1 + IC"] = |B"| + |C']|,

(4) Ic’1 + |1a"| ic"p + 1a’(,

1A' + |B"]

1a"1 + IB'I.

Choosing two arbitrary vertices x € A’ and y € B" we have
that {A’|-1B"| = 0. Generally, we find a sequence of equalities:
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(5) IA"|-|B"] IA"{«IB"| = [Aa’[-lCc"] ia"1-lc’l =

it

0.

IB'I-IC"| = |B"F-[C’]|

Using some simple combinatorial arguments in the system (4),
(5) we conclude that only two cases can arise:

(1) IA’] = IA"] = {B’| = [B"| = 0, while
IC'| = 1C" = r 2 1;

(1)  |A’} = |B’| = |C'| = 0, while
|A"| = |B"| = [C"]l = r 2 1.

In the first case we obtain that G is isomorphic to
the digraph Rn,r’ while in the second_case G is isomorphic to
the digraph sn,r‘ In both cases we have that r > 1, since G
is a nonsymmetric digraph.

This completes the proof.o
3. PROPER NORAML DIGRAPHS WITH AT MOST 5 VERTICES

In this section we shall describe all the proper
normal digraphs having at most 5 vertices. It is done in the
most economical way, with a help of computer, using the list
of all connected graphs with at most 5 vertices ([2],pp.273-
-277), Proposition 1, and a program for the isomorphism of
digraphs. Clearly, the same result could be get also by hand,
but this way would spend many more time and space.

THEOREM 2. The unique PND (up to the isomorphism)
with at most 5 vertices are the digraphs Xy (1 =1,...,14)
presented in the following figure:
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In the next table we give the characteristic poly-
nominals and the spectra of all connected normal digraphs
with at most 5 vertices. The number n indicates the order
or a digraph.
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n | digraph | CHARACTERISTIC POLYNOMINAL P (1) AND SPECTRUM
s % W3 -1 = el el
Ap 51, Ay 3= -1/2 2 17372
X, Ao 1= (1) (A-1) (A%41)
* A =l dy g = El, Ay = -l
W | % Vo332-a0e3 = (A20A41) (12oAe3)
A= 1/2+/13/2, A2,3=-1/2:1/372, A4=1/2-/I’3'/2
X, ao2x%an = a0-2) A Zs2a42)
’ Ay T2 Ay =0, Ay 4 = mlkd
; Xq Ao=1=(A-1) (A %+ /§?IA+1)(A2— 1§;l +1)
A =1, ;213éo,3090:o,95111, A4,55-0,809010,5878i
Xg A-ard-aaoaael = (A2 (W32 2-aa4)
> A,=2,4605, A,=0,2391, A3,4=-1/2ti/§72,k55-]q6996
s X, A2-2x3-3x = A (A%-3) (W %+1)
A =3, Ay =0, A3,q = i, Ag = -/3
. Xg A2-aa3-62244 = (A Z+20+2) (A3-222-22+2)
52,4812, Azéo,saas, Ay 4=-l¥i, Ag=-1,1701
Xg A0-4x3-402050-4 = (A+1) (A%-2-4) (A%+1)
° MTOITH /2, 4y 3=21, Ag=m1, Ag=-(T7-1)/2
X1p | A°-632=72%-61 = A(A=3) (A+2) (A2+2+1)
° A=3, A,=0, A314=—1/2tiM372, Ag=-2
X, | A°-5a%-5x-2 = (a-2) W he2ndeanesae)
° A2, Ay 3=-1/2:0,36334, A4'5é-1/2¢1,53881
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n |digraph CHARACTERISTIC POLYNOMINAL P,()) AND SPECTRUM
s X2 A5—7A3-13A2-12A-5 = (A+1) ()\2-2)\-5) (A2+A+l)
A =146, N, 3=-1/2¢1/372, A 4=-1, Ag=1=v€
S| *is AS_ead-1222-8% = A (a2-2x-4) (W Z+22+2)
Al=1+/§) A,=0, A3’4=—lti, A5=1—/§
o | X4 AS-sa3-1002-50-3 = (a-3) W H+3n34an %2040
A,=3, A2’3é-0,1910zo,58781, A4’5é-1,3090:0,951li

REMARK. 1In a subsequent paper the author describes

all proper normal digraphs whose degrees of all vertices do
not exceed 3. A student of the author also describes all pro-
per normal digraphs with exactly 6 vertices.
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REZ I ME

SPEKTAR JEDNOG NORMALNOG DIGRAFA

U ovom radu posmatramo spektre kona&énih digrafa &ija

je 0-1 matrica susedstva normalna ali ne i simetri&na. Dokazu-
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jemo izvesne op3te osobine ovakvih digrafova, nalazimo sve
normalne digrafove sa najvife 5 &votova i izra&unavamo njiho-

ve spektre.
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