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ABSTRACT

An upper bound for the search number of the Cartesi-
an product G4 + Gz is determined, where the search numbers of
the graphs G1 and G2 are s(Gi) and s(Gz2), respectively. Using
this, some estimates for the search numbers of n-cubes are obta-
ined, for n natural. :

Let G be a finite connected graph without loops or

multiple edges. We may assume that G is embedded in R3 so that

- its vertices Vi,V2,...,V, are represented by distinct poihts,
and its edges are represented by closed line segments in R?
which intersect only at the vertices of G. Regarded as a sub-
set of R3, G is a topological space with the relative topology.
Then G is a compact locally connected metric space in which
every ccnnected set is arcwise connected.
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The following definitions are from Parsons ([1], [2]).

pefinition 1. 4 search plan for G is8 a family F =
z {fi|1 < i g k} of continuous funetions fi : [0,») + G, such
that for every continuous funection g : [0,») » G there exists
to € [0,») and an 1 € {1,2,...,k} such that g(ty) = fi(to).

We think of g(t) and fi(t) as the positions at time
t of a lost man and the ith searcher in the cave represented by

graph G, in which the searchers and the lost man move conti-
naously.The searchers must proceed acéording to a predetermi-
ned pian which will capture the lost man even if he were an
arbitrarily fast, invisible evader who, clairvoyant, knows
the searchers” every move. Then a search plan must catch any

possible evader in a finite time.

Definition 2. The search number s(G) of G 18 the

minimum cardinality of all search pldne for G,

Our problem is to give an upper bound for the search
number of the Cartesian product of given graphs for which the

search numbers are xnown. .
Let G4y = (V,4,E4) and Gz = (V2,E2) be two finite con-
nected graphs. We denote by G4 + Gz the Cartesian product 5 of

~

the graphs G4 and 332 (somewhere called the sum), i.e.

G =G_1 + Ga = (V,E),
where
V=V, xV3
and

E = {{x4,y4){(xa,y2)|(x1x2 € Eq and y1 = ya)

or (x4 = x3 and ysya € Ez)l}.

Theorem 1. If G4 = (V4,E,) and Ga = (Va,Ez) are
two finite connected graphs, then
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S(G, + G) S min{|Vs|s(Ga), |Va|s(G1)} + 1.

Proof. Let V4 = {x1,xa,...,xp}, Va = {yﬁ,ya,...,yk},
s(G1) = m, s(Ga) = n. Suppose that pn ¢ gm and that we have at
our disposal pn + 1 searchers. Denote these pn + 1 searchers by

1 2 1 2 1 2
Cos C4,C1s.+.,CF5 C2,C2,...,CE5...; cn,cn,...,cg.

let the vertices Yy (not necessarily

1’ykz""’ykn _
different) make a starting position for a search plan in Ga.
(Of course, if s(G) = n, for a graph G, then any set of at
most n points of G, considered as a subset of R3, can serve a
starting position for a search plan, but the theorem also holds
for digraphs). First, we place all searchers C; (i€ {1,2,
.-.>P}, 3 € {1,2,...,n}) on the starting vertices in such a way
that the searcher C% occupies the vertex (xi,ykj). Now, all
the vertices of the copies Gyk1’GYkz)""Gykn of the graph G4
are occupied. (Gyk is the copy of G4 induced by the vertices
(X1,yk), (xz,yk), ceus (xp,yk) of the graph G = G4 + Ga. Simi-
larly, GXh is the copy of Gz induced by the vertices (xh,Y1),
(xh,yz),...,(xh,yq) of the graph G = G4 + Gz2). Then the search-
er Co traverses all the edges of these copies. If the lost man
is on some of these edges, he will be found. If not, we begin
by simultaneous realizations of p search plans in the copies
Gx1 ze pr of Gz; the searchers C1,Cz,...,C;‘search in the
copy le. Each time the searchers CJ (i€ {1,2,...,p}, J € {1,2,
...n}) occupy all the vertices of some copies Gyf1’Gyti""GYtn
(not necessarily different) of G4, they make a pause during
which the searcher Co traverses all the edges of these copies.
The search continues in this way. So, the 1ost man w111 be found
either in a copy Gx. of ‘G2 by the searchers C1,C;, ..,C or in
a copy Gyr of Gz by’the searcher Co. O

Theorem 1 can be generalized in the following way

Theorem 2. Let G4 = (V4,E4), Gz = (V2,Ea),..., Gm =
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= (Vm,Em) be finite connected graphs.
Then

§(Gq + Gz + ... + G ) S min {s(G,) T |v.|} + 1.
' m 1<i<m t . ]
: 1<3<m

j#i
Proof. Similar as for Theorem 1. O

From Theorem 2, we obtain an upper bound for the
search number of the n~dimensional cube Q.

Corollary 1.

s(Q,) s 21y g,

.For 1 and n = 2, the striet inequality holds.

n =
Namely, s(Q4) = 1 and s(Qa) = 2,
’ For n = 3, the equality holds, i.e. s(Qa) = 5, but

a rigorous proof vequires gome care.

Similarly, for the search number of the Cartesian
product of paths we obtain:

Corollary 2.

N4 N2 . nm
s(P + P + ... +P_) g + 1.

n n n
! 2 m max{n1,n3,...,nm}
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REZ | ME

ISTRAZNI BROJ KARTEZ|JEVOG PRO{ZVODA GRAFOVA

U radu je odredjena jedna gornja granica za s-broj
Dekartovog proizvoda G, + Gz, za poznate s-brojeve s{(G,) i
s{(G2). Kao posledica dobijena je procena za broj s(Qn), n je
prirodan broj, gde je Qn n-dimenzionalna kocka.
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